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BBE.QEHIIIE 
)J,amwe noco6¥IC 5IBJI5leTc5! pesyJILTaTOl\I o6o6urcmi5! MHoronenrero 

OTibiTa pa60Tbl aBTOpa ITO TIO,UrOTOBKC lliKOJibHHKOB K DCTYTIHTCJibHb!M 

HCI1biTaHH5!M B BblClliHC H cpe,UHHC CITC[(IIaJibHbiC y-qe6HbiC 3aBe,UeHH5l, a 

TaKlKe 011biTa TIO,UrOTOBKH a6nTypueHTOB K U:CHTpaJIII30BaHHOMy TCCTU

pOBaHUIO. 

UeJJb rroco6¥l5! - JIHKnn.n:au:H51 rrpo6eJJoB B snamurx u onna.uerrue Bbi

nycKHHKOM lliKOJibl CHCTCMOl1 MaTeMaT>I'ICCKHX 3HamJi1, KOTOpb!C Heo6-

XO,UHMbf KaK ,UJI5! ycnelliHOro 11pOXOlK,UeHH5! BCTYI1HTCJibHI>IX HCI1biTainn':J 

B BhiCillne H cpe.urme crreu:HaJJLHhie y-qe6HLre sane,n:eHIJ5!, TaK u ,UJI5! .uanb

Heillllero npo,UOJI1KCHU5! MaTCMaTH'ICCKOrO o6pa30BaHH5!. 

I1e.uarorn'lecKa5! rrpaKTHKa noKa3LIBaeT, 'ITO norrbrTKa aKTyanrrsau:HH 

He 11pHBe,UeHHbiX paHee B CHCTCMY 3HaHHH Herrs6elKHO Tpe6yeT fiX Me

XaHY!'IeCKOrO 3ayqrJBaHH5I H BC,UCT K KpaTKOBpeMeHHOMY 3aiTOMIIHaHHIO. 

C 3TOH U:eJibiO B !10C06HH H3bJ!T 113 CHCTeMbi <<JII1illHI1Ih MaTepHaJI (TOT 

yqe6HLIH MaTepna.TI, KOTOpbiH He BJIH5!CT Ha o6pa30BaHHe CB5!3CH B CHC

TeMe) H C03,UaHa CHCTeMa OIITHMaJJbHbiX MeTO,UOB pelliCHHH 3a,n:aq, 3TO 

1103BOJIH.Tl0 yMeHbillHTb 06'beM MaTeprraJJa, Tpe6yron~ero MeXaHH'ICCKO

ro 33IIOMHHaHH5!, II YCT3HOBHTb CB5!3H MClK.UY 3JICMCHTaMU y-.:re6uoro 

MaTepuaJJa KaK D npe,UeJJaX O,UHOII TCMbi (MO.UYII5!), TaK H MCiK.UY BCCMH 

yqe6HLIMH MO.UYJI51MH, II TeM CaMbiM CIIOC06CTBOBaTb OOpa30B3HHIO yc

TOI~IqHDbiX acCOU:HaU:HH H TIOBblillCHIIIO Ka'IeCTBa H CKOpOCTH pelliCH115l 

sa,n:a'l. 

Kaura co.ueplKHT 23 y-qe6nr.rx MO.UYJI5! (TeMbi). l1syqeHrre ncex Mo,n:y

JJei1: rrpono,n:uTc51 no cJJe,n:yrou~ei1: cxeMe: 

1. TeopeTH-.:recKHH 6noK co.ueplKHT orrepaTHBHLre TeopeTH-.:recKHe cne

,n:eHnH: cucTeMy noH5!THH, cnoilcTB, npusnaKoB, yTnep1K,n:enui1:, rrpanun, 

MeTo,n:on 11 aJJropHTMOB pelllerrni1 KJIIo-.:reBLrx sa.ua-.:r. KoHTponL: TeMaTn

'lecKHH TeCT Jl:JI5! rrponepKII TeopeTH'ICCKHX 3HaHI1H. 

2. PellleHne KJJIO'IenLrx sa,n:a'I. ITpnne,n:eHLI npnMepLr pellleHHM onop

HhiX sa.ua-.:r. PaccMoTpenLr onTHMa.TihHhie MeTo,n:Lr peruemrl1. IToKasanLr 

11pl1CMbi perneHIIM TeCTOBbiX 3a,UaHni1:. 

3. Pernenne o6yqarournx sa,n:a'I. flpe,n:cTannena cncTeMa o6yqarournx 

3a,U3'1, B KOTOpo}i OTpalKCHbl BCC OC06eHHOCTII 3a,Ua'l ,UaHHOro KJJacca. 

flpiiBC,UCHhi 3a,n;aqn penpo,n:yKTIIBHOro, 'IaCTII'IHO-ITOHCKOBOrD, IIOHCKO

DOro H HCCJICJJ;ODaTeJihCKOro xapaKTepa. KOHTpOJJh: TeMaTI1'1CCKIIM TCCT 

)J;JI5l rrpoBepK11 rrpaKTH'leCKllX YMCHYIHH HailhiKOD. 

TeMaTWieCKHe TeCThi ,UJJ51 nponepKH TeopenrLiecKHX 3Hatml1 co.n:ep)KaT 

3a,n:aHH5! C Bhi60pOM O.ll:HOro npaBHJibHOI'O OTBeTa 11 C Bhi60pOM HeCKOJih

KI1X rrpaDHJibHh!X OTBCTOD, 3a,n:aHH51 Ha COOTBCTCTBHe H 3a,n:aHI15! Ha 110CT

poeHYI51 aiiroprrTMOn. TeeTh! JJ;JI5! rrponepKH yMeimn 11 HaBLIKOB co.n;eplKaT 

TOJJ&Ko sa.n;aHII51 c Dbr6opoM o.n;noro rrpaBHJILHoro oTneTa. 

B COOTBeTCTBl1!1 C Tpe6oBaH!151Mll, rrpe,Ub5IBJIHCMblMH K 3HaHHHM, yMe

Hll5!M 11 HaBLIKaM lliKOJibHI1KOB H a6rrTypHeHTOB, D IIOC06HH 6oJiblliOe BHI1-

MaHI1e y,n;eJICHO paCCMOTpCHliiO OCHOBI!biX BOI1pOCOB TCOpHH ll npaKTI1KH 
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pcmemm 3a;:I;a'I. B sToil cBa3H B Ka)l{,n:OM pa3,n:eJie rrpnae,n:eHhr rrpnMepbr 

JlCIIICHH}I KJIIO'ICBbiX 3a,z:I;a'I H rrpe,n:JIO)KCHa CHCTCMa o6y'IaiOIUHX 3a,n:a'I. 

Hoco6ne co,n:ep)I{HT 1674 3a;:I;a'IH, B TOM 'IHCJie K 246 3a,n:a'laM rrpnBe,n:eHbi 

IIO,n:po6HbiC pelliCHH}I. ,l{Jia 3aKpCIIJICHH}I TCOpCTH'ICCKHX 3HaHHH H Bbipa-

60TKH yMeHHH H Hai3biKOB rrpe,n:JiaraiOTca 3a,n:aHHa ,n:Jia caMOCTOaTCJibHOH 

pa6oThi. K yrrpa)I{HCHHaM, rrpe,n:JIO)KCHHhiM ,n:Jia caMOCTOaTeJibHoro pellie

HH5r, ,n:aHhi OTBCTbi. ,l{JI51: pelliCHH5J: rrpe,n:JIO)I{CHHbiX 3a,z:J;a'I, KaK rrpaBHJIO, 

,n:OCTaTO'IHO TCOpCTH'ICCKHX CBC.ll:CHHH, IIpHBC.ll:CHHbiX B Ha'IaJIC Ka)l{,n:OrO 

pa3,n:eJia rroco6H5r. 

CncTeMa 3a,n:aq noco6na He ,n:y6JinpyeT 3a,n:a'IH lliKOJibHhiX yqe6HH

KOB MaTeMaTHKH H CO,n:Cp)I{HT 3a,z:J;aHH5J: pa3JIH'IHOH CTCIICHH Tpy,n:HOCTH, 

60Jibllia5r 'IaCTb KOTOpbiX OTHOCHTC5J: K 3a,n:a'IaM IIOBbllliCHHOH CJIO)KHOC

TH. fiocKOJibKY B KHHre rrpHBC.ll:CHbi HC TOJibKO OIITHMaJibHbiC MCTO.lJ:hi pe

IIICHHH 3at~:a'I perrpo,n:yKTHBnoro H 'IaCTH'IHo-rroncKonoro xapaKTepa, no 

H y,n:CJICHO ,T(OCTaTO'IHO MHOrO BHHMaHH5J: pelliCHHIO 3a,T(a'I IIOHCKOBOrO, 

TBOp'ICCKOro H HCCJIC,n:OBaTCJihCKOrO xapaKTepa, TO, OCBOHB yqe6HbiH Ma

TCpHaJI ,n:auuoro IIOC06Ha, o6y'IaCMbiH B COCTOaHHH ycrrelliHO BbiiTOJIHHTb 

BCC 3a;:I;aHH51: ~CHTpaJIH30BaHHOrO TCCTlipOBaHH51: H IIOJIY'IHTb I1pH 3TOM OT 

70 ,n:o 100 6aJIJIOB. 

Kmrra cot~:ep)I{HT cJiet~:yiOIUHH MaTepHaJI no apmpMeTHKe H aJire6pe: 

rrpH3HaKH ,n:eJIHMOCTH HaTypaJibHbiX 'IHCCJI, rrporrop~HH H rrpo~eHThi, MO

,n:yJIH, CTCIICHH H KOpHH, JIOrapH<pMbi, MHOrO'IJICHbi, rrporpeCCHH. fiOKa-

3aHbi rrpHCMbi apHcpMCTH'ICCKHX Bbl'IHCJICHHH H rrpeo6pa30BaHHH aJire6-

paH'ICCKHX Bbipa)I{CHHH; rrpHBC.ll:CHbi aJiropHTMbi pelliCHHH ypaBHCHHH H 

uepaBCHCTB; rrpe,n:JIO)I{CHbi MCTO,n:bl pelliCHHH TCKCTOBhiX 3a,z:I;a'I H MCTO.ll:bl 

nccJie,n:onanH5r MaTeMaTH'ICCKHX 3a;:I;a'I. PaccMoTpenhr rpacpHKH sJieMen

TapnhiX cpynK~HH, crroco6hr rrpeo6pa3onannil rpacpHKOB cpyuK~HH H cpyu

~HOHaJibHhre MeTo,n:hr pellieHHH ypaBueunil H uepanencTB. BKJIIO'ICHhi oc

HOBHhre cpopMyJihi TpHrDHOMCTpHH H IIOKa3aHbi MCTO.lJ:bi rrpeo6pa30BaHHH 

H Bhi'IHCJICHHH TpHrOHOMCTpH'ICCKHX Bbipa)I{CHHH, a Tal{)l{e MCTO.lJ:bi pellie

HHH TpHronoMeTpH'ICCKHX ypaBneunil. IIpnBe,n:enhr ocnoBnhre rrpaBHJia 

,n:HcpcpepeH~HpOBaHH5J:, Ta6JIH~a rrpOH3BO.lJ:HbiX 3JICMCHTapHbiX H CJIO)I{HbiX 

cpyHK~HH, aJiropHTMbi HCCJIC,T(OBaHH}I cpynK~HH C IIOMOIUbiO rrpOH3BO,n:Holl. 

feOMCTpH'ICCKHH MaTepHaJI co,n:ep)I{HT CBOHCTBa MHoroyroJihHHKOB H OK

py)I{HOCTCH, Bbi'IHCJICHHC ITJIOIUa,z:J;CH cpnryp, IIJIOIUa,z:J;CH IIOBCpXHOCTCH H 

06'bCMOB rrpoCTpaHCTBCHHbiX TCJI, KOM6HHa~HH MHOrorpaHHHKOB H TCJI 

Bpameuna. B rroco6ne BKJIIO'Ien MaTepnaJI no TeMe ~BeKTOpbil>. 
IIoco6ne MO)I{CT 6hiTh ncrroJib30Bano a6nTypnenTaMH H lliKOJihHH

KaMH rrpH CaMOCT05J:TCJibHOH rro,n:roTOBKC K 3K3aMeny 3a Kypc cpe,n:ueil 

lliKOJihi H ~CHTpaJIH30BaHHOMY TCCTHpOBaHHIO, a TaK)I{C Y'IHTCJI5J:MH MaTe

MaTHKH IIpH opraHH3a~HH cpaKyJihTaTHBHbiX 3aH5J:THH CO lliKOJibHHKaMH 

CTaplliHX KJiaCCOB B yqpe)l{,n:CHH5J:X o6pa30BaHH5J:, o6eCIIC'IHBaiOIUHX IIO

JIY'ICHHC cpet~:nero o6pasoBaHH5r, H npn opranH3a~HH 3aH5rTHH na Kypcax 

ITO MaTeMaTHKC Ha rro,n:rOTOBHTCJibHbiX OT.lJ:CJICHH5J:X BbiClliHX H cpe,n:HHX 

CllC~HaJibHbiX yqe6HbiX 3aBe,n:eHHH. 
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APVIQlMETIII'-IECKIIIE 
Bbi'-IVICnEHVIfl 

1.1. '-IIIICilOBble MHO>KeCTBa 

K 'IHCJIOBhiM MHO)KeCTBaM OTHOC5IT: 

a) MHO)KeCTBO uamypaJlbHblX 'lUCeJl N, cocT05Illlee H3 'IIICeJI, KO

Tophre IIpHMeH5IIOTC5I IIpH C'IeTe rrpe,Z:J;MeTOB: n E {1; 2; 3; 4; 5; ... }; 
6) MHO)KeCTBO f4eJlbtX 'lUCeJl Z, cocT05Illlee H3 naTypaJihHhiX 'IHCeJI, 

IIpOTHBOIIOJlO)KHhiX HM 'IHCeJI I1 'IHCJia 0: mE{ ... ; -2; -1; 0; 1; 2; ... }; 
B) MHO)KeCTBO paf4U011aJlb1lblX 'lUCeJl Q, COCT05IIUee I13 'IHCeJI BH:,CI,a 

m, r.n;e mE Z, nE N; 
n 

r) MHO)KeCTBO uppaf4U011aJlbHblX 'lUCeJl I, cocT05Illlee H3 6ecKo

He'IHhiX HerrepHO,ll;H'!eCKHX ,z:J;eC5ITH'IHbiX ,n;po6eif; 

.n;) MHO)KeCTBO OeUCmBUmeJlb11blX 'lUCeJl R, COCT05Illlee I13 paU:IIO

HaJihHbiX I1 HppaU:HOHaJihHhiX 'IHCeJI. 

3aMeTHM, 'ITO mo6oe ,n;eHCTBHTeJihHOe 'IHCJIO MO)KHO 3aiiHCaTb B 

BH,z:J;e ,z:J;eC5ITH'!HvOH ,n;po6H: 
2 

a) KOHe'!HOH: Haiip11Mep, 5 = 5,0, 35 = 3,4; 

6) 6ecKOHe'IHOH rrepiiO,ll;H'IeCKOH: HaiipiiMep, 

15 

1 
3=0,(3)' 

7=2,(142857); 
B) 6eCKOHe'IHOH HerrepHO,ll;H'IeCKOH: HaiipHMep, 1t = 3,14159 ... , 

J2 =1,1442135 ... 
B neKoTophrx cJiy'IaJIX neo6xo,n;HMO BhiiiOJIHIITh oKpyrJieHIIe .n;e

CJITH'IHOH .n;po6H. ITpii mcpy2Jle11UU oecJlmU'l11blX opo6eu .n;o KaKoro

HH6y.n;h pa3p51,ll;a IIOCTyrraiOT CJie,n;yiOIIIHM o6pa30M: 

1) Bee u:mpphi, cJie.n;yroruue 3a aTIIM pa3p5I.ll;OM, 3aMeH5IIOT HYJI5IMH, 

a eCJIH OHH CT05IT IIOCJie 3aii5ITOH, TO OT6paCbiBaiOT; 

2) IIOCJie,z:J;HIOIO OCTaBIIIYIOC5I U:Hcppy He I13MeH51IOT, eCJIH rrepBa5! 

CJie,n;yiOlllaJI 3a HeH U:Hcppa 0, 1, 2, 3, 4, HJIH IIOCJie,z:J;HIOIO U:H<flpy yBe

JlH'IIIBaiOT Ha e,z:J;IIHHU:y, eCJII1 rrepBa5! CJie,z:J;yiOlllaJl 3a 3THM pa3p51,ll;OM 

u:u¢pa 5, 6, 7, 8 HJIH 9. EcJIH OT6pachmaeMaJI u:11¢pa CTOJIJia .n;o 3arrJI-

TOH, TO Ha ee MecTe IIHIIIYT HYJih. 

HanpUMep, oKpyrJIHM 'IHCJIO 367,5243: 

a) ,ll;O COTeH: 367,5243 = 400; 

6) ,ll;O e,z:J;HHHU:: 367,5243 = 368; 

B) ,ll;O COThiX: 367,5243 = 367,52. 
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1.2 . .Qefli/IMOCTb HaTypanbHbiX l.iliiCen 

Ec;m OJJ:Ha H3 HaTypaJihHhiX qnceJI JJ:CJIHTC5I Ha JJ:pyrae 6e3 oCTaTKa, 

TO nepBOC qHCJIO Ha3biBaiOT Kpam1lb/Jit BTOpara, a BTOpoe - aellUmeJleM 
nepsoro. 

IIpnauaKH JJ:eJIHMOCTH uaTypaJibHbiX quceJI ua 2, 3, 4, 5, 8, 9, 10, 
11, 25. 

1. LincJio JJ:CJIHTC5I Ha 2, ecJIH era 3aiTHCh 3aKaHqnsaeTC5I 'J:eTHai1 

u:n¢poi1:: 0, 2, 4, 6, 8. 

2. LincJio JJ:CJIHTC5I Ha 3, ecJin cyMMa u:n¢p qncJia JJ:CJIIITC5I Ha 3. 
3. LIIIcJio JJ:CJIIITC5I Ha 4, ecJIII JJ:Be rrocJieJJ:HIIe U:II¢phi ero 3aiTIICII 

o6pa3yiOT qiiCJIO, I<OTOpoe JJ:CJIHTC5I Ha 4. 

4. LincJio J];eJIHTC5I Ha 5, ecJIH ero 3amiCh 3aKaHqiisaeTC5I U:H¢poi:J: 0 

liJIH U:I11Jpoi1: 5. 
5. LIHCJIO JJ:CJIHTC5I Ha 8, CCJIII Tpll IIOCJICJJ:HHe U:H<lJpbl era 3arii1CH 

o6pa3yiOT qHCJia, KOTapoe J:(eJIHTC5I Ha 8. 

6. LIHcJio JJ:eJIHTC5I Ha 9, ecm1 cyMMa u:H¢p qncJia JJ:CJIHTC5I na 9. 
7. LincJio JJ:eJIHTC5I ua 10, ecJIH ero 3anHCh 3aKaHqHsaeTC5I U:I1¢poi1: 0. 

8. LIIIcJio J];eJIHTCH Ha 11, ecJIII pa3HOCTh cyMM U:H¢p, cTa5IIUHX Ha 

qeTHbiX I1 HC'J:eTHbiX MCCTaX, JJ:CJII1TC5I Ha 11. 

9. LIHCJIO J];eJIHTC5I na 25, ecJIH JJ:Be nocJieJJ:HIIe U:HcPPhi ero 3anHCII 

o6pa3yiaT qncJio, KaTopoe J];eJIHTC5I na 25. 

Ha11pUMep, q11cJia 225432 JJ:CJII1TC5I Ha 2, 3, 4, 8 H 9, a q11cJio 34875 

J];eJII1TC5I Ha 3, 9, 5 I1 25. 

,lJ;eJieHHe OJJ:HOra HaTypaJibHOro qnc.na Ha JJ:pyroe He BCerJ];a BhiiiOJI

HliMO. B 3TOM c.nyqae HMeeT MecTo JJ:CJienne c ocTaTKOM. 

Pa3JJ:CJII1Th naTypaJihHoe qncJia 11 ua HaTypaJihHOe qiicJia m c ac

TaTKaM- 3HaqiiT npeJJ:CTaBHTh qiiCJIO 11 B Bll,T(C 11 =em + r, f,T(C C- HC

ITOJIHOC qaCTHOC, a r- OCTaTOK OT J:(CJICHII5I 11 Ham. 

Hanpu.Atep, 17:3=5+~ HJIH17=5·3+2. 

1.3. npoCTble Ill COCT88Hble YliiCna 

PaccMoTpHM MHO)KCCTBO HaTypaJibHhiX quceJI, HCKJIJOqHB H3 Hero 

qnCJIO 1, KOTOpoe He 5IBJI5ICTC5I HI1 npOCTbiM, HH cacTaBHhiM. B 3TOM 

CJiyqae BCe acTaBIIIHCC5I q11c.na pa3,T(CJI5ITC5I na npOCThiC ll COCTaBHbie. 

qllCJia, KaTOpbiC MO)KHO IIpCJJ:CTaBHTh B BI1JJ:C npOH3BCJ];eHI15I JJ:BYX 

I1 6oJiee MHO)KHTeJICH, 6yJJ:CM Ha3biBaTb COCTaBHhiMll. 

Ha11pUMep, qlJc.na 4, 6 H 8 - cocTaBHhre, TaK KaK 4 = 2 · 2 = 2 2, 

6 = 2 . 3, 8 = 2 . 2 . 2 = 23. 
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qHCJia, KOTOphie He HMeiOT pa3JIO)KeHH51 Ha MHO)KHTeJIH, 51BJI51IOTC51 

rrpOCTbiMI1. 

Hanpwt·tep, l.J:HCJia 2, 3, 5, 7, 11, 13, 17, 19, 23, ... - rrpocTbre. 

HaTypaJibHhie l.J:HCJia na3biBaiOTC5! B3aHMHO rrpocTbiMH, ecJJn OHH 

He !1MeiOT o6W:11X JJ,eJJHTeJJei:f, 3a 11CKJIIO'!eH!1eM '!11CJJa 1. 
HanpUMep, '-IHCJJa 15 n 8 B3aHMHO rrpocThre. 

BcRKoe cocTamme qncJJo MO)KHO eJJ,HHCTBeHHhiM o6pa3oM rrpeJJ,

cTaBHTh B BHJJ,e rrpOH3BeJJ,eHH51 IIpOCTb!X MHO)Kl:!TeJieR. 

1.4. Ha11160J1bLJ,JiiiLII o6~111L1 AeJlvtTeJlb 
111 HaliiMeHbwee o6w.ee KpaTHoe 

06UJ,U.lll aeJtumeJte.lll HCCKOJibKHX 'IHCeJI Ha3hiBaiOT l.J:HCJIO, CJiy)Ka

:w:ee JJ,emrTeJieM JJ,JIR Ka)KJJ,Oro n3 HHX. CpeJJ,H Bcex o6w:11x JJ.CJIHTeJiei1: 

BCCrJJ,a 11MCCTC51 Han60JihlllHR. 3TO 'II1CJIO Ha3hiBaCTC51 Han60JihlllHM 

o6w:11M JJ,eJIHTeJieM (HO,ll). qT06hr HaRTH HO,ll HeCKOJihKHX l.J:HceJI, 

He06XOJ],HMO pa3JIO)Kl1Tb HX Ha rrpOCTb!C MHO)KHTCJIH I1 HaRTH rrpOH3-

BeJJ,CHHe TOJibKO TCX MHO)KHTCJICR, KOTOpbiC IIMCIOTC5! B pa3JIO)KCHH5!X 

Ka)KJJ,Oro II3 '!IICeJI. 

HanpUMep, l.J:IICJia 2, 3 II 6 51BJI51IOTC51 o6w:nMH JJ,eJinTeJI51MII 'IHCeJI 6 

n 30, a HO,ll(6; 30) = 6. 

06W,U.lll KpamHbl.lll HCCKOJihKIIX 'IIICCJI Ha3hiBaiOT '!IICJIO, CJiy)Kaw:ee 

KpaTHhiM JJ,JI51 Ka)KJJ,Oro H3 mrx. CpeJJ,H Bcex o6w:IIx KpaTHhiX BcerJJ,a 

CCTh HaHMCHhlllee. 3TO 'IIICJIO Ha3hiBaeTC51 HaHMCHhllliiM o6W:IIM KpaT

HhiM (HOK). qTo6hr naRTH HOK necKOJihKIIX quceJI, neo6xoJJ,IIMO 

pa3JIO)Kl1Th HX na rrpOCThie MHO)KHTCJIH, naRHI rrp0113BeJJ,eHIIC BCCX 

MHO)KHTCJieR, BXOJJ,51W:IIX B pa3JIO)KCHIIe OJJ,HOfO !13 l.J:HCCJI II HCJ],OCTaiO

W:HX MHO)KHTCJICR l13 pa3JIO)KeHHli OCTaBlllHXC51 l.J:HCeJI. 

HanpUMep, qncJia 30, 60, 90 n 120 KpaTHbi '!HCJiaM 6 n 30, a 

IIOK(6; 30) = 30. 

1.5. nponop'-'111111, npo'-'eHTbl 

qaCTHOe OT J],CJICHII51 OJ],HOfO '!HCJia na JJ.pyroe Ha3hiBaiOT IIX OTHO

lllCHHCM. ,llBa paBHbiX OTHOlllCHII5! o6pa3yiOT nponop/1U10: 
a_c 
b-d' 

rJJ,e a n d- KpaRmre, b :n c - cpeJJ,Hne '!JICHhi rrporropi!HH. 

0C1l061lOe C60UCm60 nponOp/1UU: I1pOH3BeJJ,eUHe cpeJJ,HIIX '!JieUOB 

IIpOIIOpiJHH paBHO rrpOII3BCJ],CHHIO ee KpaRHHX '!JICHOB: 

% = J ¢:::; be =ad . 
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J(Be B3aiiMHO 3aBHCIIMbie BeJIH'-IHHbi nponop~U01laJlb1l'bt, eCJIII OT

HOIIIeHIIe IIX 3Ha'-IeHHH OCTaeTC5I Heli3MeHHbiM. HeH3MeHHOe OTHOIIIe

HI-Ie nponopu:rroHaJihHhiX Benrrqrrn Ha3biBaiOT K03rj)(jJU~Ue1lmo.M npo
nop~U01laJtb1lOCmu rr o6o3HatiaiOT k. 

125 300 
Hanpuhtep, 

25 
= 

60 
= 5 = k . 

Ilpou:eHTOM qrrcna a Ha3biBaiOT OtJ:HY coTyiO qacTh :=noro qrrcna: 

1 % OT '-IHCJia a paBeH 0,01a. 
C IIOHRTHeM npou:eHTa CBR3aHhi TPH THrra 3a,LJ;a'-I. 

1. HaxoJKt~;emre npo~e1imOB om aa1i1l020 1£UCJla: 

% a 
p o OT '-IHCJia a paBHhi 

1 
OO · p. 

2. HaxoJKt~;eHHe 'l{UCJla no aa1l1lOU BeJlU1£U1le ezo npo~e1lmOB: 

eCJIII p % '-IHCJia paBHhi a, TO 3TO '-IHCJIO paBHO !!:_ ·1 00 . 
p 

3. HaxoJKt~;eHne npo~e1im1iozo om1lOUte1iUfl1£UCeJt: 

rrpou;eHTHOe OTHOIIIeHHe '-IHCeJI a I1 b paBHO % ·1 00 %. 

TeeT AflSl nposepKIII TeopeTw-teCKIIIX 3HaHIIIIII 

YKaJICume ece eapua1lmbt npaBUJlb1lbtx omeemoe ( 1-16 ): 

1. MHoJKecTBO u:enhiX '-IIICeJI: 

1) COCTOHT H3 HaTypaJihHbiX 'IIICeJI II '-IIICeJI, liM IIpOTIIBOIIOJIOJKHhiXj 

2) COCTOIIT II3 HaTypaJihHbiX 'IIICeJI, npOTHBOIIOJIOJKHhiX liM 'IIICeJI 

rr 'IIICJia HYJih; 

3) COCTOIIT II3 'IIICeJI, KOTOphie npiiMeH5IIOTC5I IIpii C'-IeTe IIpet~;MeTOBj 

4) 5IBJI5IeTC5I IIOtl;MHOJKeCTBOM paU:iiOHaJihHhiX '-IIICeJI; 

5) BKJIIO'-IaeT MHOJKeCTBO HaTypanhHhiX '-lliCeJI. 

2. MHoJKecTBO pau:rroHaJihHhiX queen: 

1) 5IBJI5IeTC5I IIOtl;MHOJKeCTBOM HppaU:IIOHaJibHhiX '-IHCeJij 

2) 5IBJI5IeTC5I IIOtl;MHOJKeCTBOM t~;eHCTBHTeJihHhiX '-IIICeJij 

3) BKJIIO'IaeT MHOJKeCTBO IJ;eJihiX 'IIICeJij 

4) COCTOIIT IIX rrepiiOtl;II'IeCKIIX t~;eC5ITII'IHhiX t~;po6eli; 
5) COt~;epJKIIT MHOJKeCTBO HaTypaJihHhiX 'IIICeJI. 

3. MHoJKeCTBO t~;elicTBIITeJibHhiX qrrcen: 

8 

1) 5IBJI5IeTC5I IIOtl;MHOJKeCTBOM IIppaiJ;IIOHaJihHhiX 'IIICeJij 

2) BKJIIOqaeT pau:rroHaJihHhre rr rrppau:rroHaJihHhie 'IHcna; 

3) COCTOIIT II3 HaTypaJihHbiX H rrppaU:IIOHaJibHbiX 'IHCeJI; 

4) COCTOIIT II3 6eCKOHe'-!HhiX HerrepiiOtl;II'IeCKIIX H IIepiiOtl;II'IeCKIIX 

t~;eC.siTH'IHbiX t~;po6eli; 
5) cocTOHT H3 nepnot~;wrecKHX t~;ecRTH'-IHhiX t~;po6el'r. 



4. 2J:emiTeJI5IMII qiiceJI 30 II 24 5IBJI5IIOTC5I qiiCJia: 

1) 2, 3 II 5; 2) 2, 9 Jii 5; 
3)2M3; 4)3. 

5. KpaTHbi qiicJiaM 30 II 24 qiicJia: 

1) 720; 
3) 1440; 

6. HO!l qiiceJI 30 II 24 paBeH: 

1) 2; 
3) 2 Jii 6; 

7. H 0 K qiiceJI 30 11 24 paBHo: 

1) 240; 
3) 480; 

2) 60; 
4) 72. 

2) 1; 
4) 6. 

2) 720; 
4) 14400. 

8. ITpocTbie qiicJia, KOTOpbre JIBJIJIIOTCJI .n:emiTeJIJIMI1 q11cJia 34: 
1)1; 2)2; 
3) 17; 4) 34. 

9. CoCTaBHbie qiicJia, KOTOpbre KpaTHbi qiicJiy 17: 

1) 17; 
3) 68; 

10. qiiCJIO KpaTHO qiicJiaM 2, 4 II 8, eCJIII: 

2) 34; 
4) 170. 

1) ero 3amiCb 3aKaH'IIIBaeTC5I 'IeTHOH IIHcPPOH; 

2) ,ll;Be IIOCJie,ll;HIIe IIIIcPPbi ero 3aiiJiiCI1 o6pa3yiOT 'IIICJIO, KOTOpoe 

.n;eJIJ1TC5I Ha 4; 
3) Tpn noc.ne.n:H.IIe IIIIcPPbi ero 3aiiiiCII o6pa3yiOT qiicJio, KoTopoe 

.n;eJII1TC5I Ha 8; 
4) ero 3aiiiiCb 3aKaHqiiBaeTC5I IIIIcPPOH 8. 

11. qiiCJIO KpaTHO qifCJiaM 5, 10 II 25, e\.JIII: 

1) ero 3aiiiiCb 3aKaHqi1BaeTC5I IIIIcPPOH 0 HJII1 5; 
2) ,ll;Be IIOCJie,ll;HIIe IIIIcPpbi ero 3aiiiiCII o6pa3yiOT 'IIICJIO, KOTOpoe 

,ll;eJIIITC5I Ha 25; 
3) .n;Be nocJie.n;Hne IIHcPPbi ero 3anncn o6pa3yiOT q11cJio SO; 
4) ,ll;Be IIOCJie,ll;HI1e Il11cPpbi ero 3amiCI1 o6pa3yiOT qeTHOe qiiCJIO, KO

Topoe .n:eJII1TC5I Ha 25. 

12. qiiCJIO KpaTHO q11cJiaM 2, 3 H 9, eCJII-J.: 

1) CYMMa IIHcPP q11cJia .n;eJIIITC5I Ha 3; 
2) CYMMa IJ:IIcPP qncJia ,ll;eJIIITC5I Ha 9; 
3) CYMMa IIIIcPP qiiCJia .n;eJIHTC5I Ha 3 11 3aiii1Cb qncJia 3aKaHqHBaeT

C5I qeTHOH IIHcPpol\:; 

4) CYMMa IIIIcPP q11cJia .n;eJIIITC5I Ha 9 II 3aiiHCb qiicJia 3aKaH'IHBaeT

C5I 'IeTHOH IIIIcPPOH. 
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13. qi1CJIO i'J,eJIIfTC.H 6e3 OCTaTKa Ha 22, eCJII1: 

1) pa3HOCTb CYMM QH<jJp, CTO.Hlll.HX Ha t.IeTHbiX II Het.IeTHbiX MeCTaX 

i'J,eJIHTC.H Ha 11; 
2) pa3HOCTb CYMM QH<jJp, CTO.Hlll.HX Ha t.IeTHhiX H Het.IeTHbiX MeCTaX 

i'J,eJIHTC.H Ha 11, H 3aiiHCb t.IHCJia 3aKaHt.[HBaeTC5I qeTHOH UHcppo_H; 

3) t.IHCJIO i'J,eJIHTC.H H Ha 2 H Ha 11; 
4) t.[HCJIO i'J,eJIHTC.H Ha 44. 

14. EcJIH npH i'J,eJiemm HaTypaJibHoro qHcJia m Ha HaTypaJibHOe qHcJio 

k IIOJiyt.[H-!J:H HeiiOJIHOe qaCTHOe p H OCTaTOK C, TO: 

1) n=mp+c; 2) m=pk+c; 
3) ~ = p+I; 4) m = pk-c. 

15. ITporropuHei:'r Ha3hiBaiOT: 

1) OTHOIIIeHI1e rrpOIIOpUHOHaJihHbiX BeJII1t.[I1H; 

2) m =p. 
n k' 

3) paBeHCTBO i'J.BYX t.[HCeJI; 

4) paBeHCTBO ,[(BYX OTHOIIIeHHH. 

16. ITpoQeHTOM qHcJia a Ha3hiBaiOT: 

1) coTyro qacTh qncJia a; 

3) 0,01a; 

OmBembl 

HoMep 3a.D:aHn.H 1 2 
HoMep rrpaBHJibHOro 2,4,5 2,3,5 
OTBeTa 

HoMep 3a.ZJ:aHHli 9 10 

3 

2,4 

11 

2) 100a; 
4) 1,01a. 

4 5 

3,4 1, 3 

12 13 

6 

4 

14 
HoMep rrpaBHJibHOro 2,3,4 3 3,4 4 2, 3, 2,3 
OTBeTa 4 

np111Mepb1 

n 1 B 
(6,35-5, 7): 6,5+9,9 

pHMep • blt.[HCJII1Te 
5 1 

( 1,2: 36+1,2:0,25-116): 7 24 

7 8 

1 2,3 

15 16 

2,4 1,3 

Pewenue. BhiiiOJIHHM rrocJiei'J,oBaTeJibHO i'J,e:HcTBH.H c ,[(eC.HTHt.[HhiMH 

H 06hiKHOBeHHhiMI1 ,[(p065IMH. 

Ha:H,[(eM 3HaqeHHe Bbipa)KeHII.H, CTO.Hlll.ero B t.[I1CJIHTeJie ,[(po6H: 

1) 6,35-5,7 =0,65; 
. - 65 . 65 - 65 10 - 10 - 1 - . 2) 0•65 · 6•5 -100 "10 -100.65-100-10 -O,i, 

3) 0,1 +9,9 = 10. 
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Hair)]. eM 3Ha'!emJe BbipaJKemur, CT05ILQero B 3HaMeHaTeJie 1J.p06H: 

12 12 1 1 1 4) 1•2 :36 = 10 : 36 = 10.36 = 10·3 = 30; 

~ . 5 - 12 . 25 - 12. 100 - 6. 4 - 24 . 
J) i, 2 . O, 2 - 10 . 100 - 10. 25 - 5 ·1 - 5 ' 
6) _1 +24 = 1+24·6 = 145 = 29. 

30 5 .30 30 6 ' 

7) 29_1j_=123_1j_= 23 _ _2_=23·8-5·3=184-15=169. 
6 16 6 16 2·3 2·8 2·3·8 2·3·8 48' 

8) 169.169=169·24=1. 
48 . 24 48·169 2. 

Pa3)J.eJIHM 'IHCJIHTeJib IJ.po6H Ha ee 3HaMeHaTe.irb: 

9) 10:~=10·2=20. 

Omaem:20. 

. T 2 +4 755° 
IlpuMep 2. Bbr'IHCJIHTe ' 2 + 10,75. 

0,5-2 -5·( -2r2 +(~ r 
Peweuue. ITpnMeHHM nocJie)J.oBaTeJibHO cBoi"rcTBa cTeneHei1 2.8 II 

2.1 ( CM. II. 2.3) H IIOJIY'IHM: 

1 1 
2+1 3 4+1 3-

•) 2 2 +104= 5 9 +104-

( 10)~ -5·-1-+(l) 4-4+4 
5 ( -2)2 2 

5 
4 3 51 3 ~ 3 4 =-+10- =-·-+10- =-+10-= 10- = 11 

4+1 4 4 5 4 4 4 4 . 

Omaem: 11. 

IIpnMep 3. Ha}r)J.HTe X H3 nponopQIUI 

-'--( 4_-_3_, s_. -'-( 5_2-'-t_-_5_15"-'-
1 

)-'-) _· o_, 1_6-_
1 

= _3_7.:,-,
2 ::----"-1~"'--1 :__,i'-:-::-

x 46 49" 
141168-140 60 

Peweuue. Hai1)J.eM 3Ha'!eHHe BbipaJKemm, CT05ILQero B 'IHCJIHTeJie 
nepBOH IJ.p06H: 

1) 521-511.=11._1=§._1.= 8·5 - 1·7 = 33 · 
7 5 7 5 7 5 7. 5 35 ' 
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35 33 33 2) 10.35=10= 3,3 ; 

3) 4-3,3=0,7; 

4) 2.(1§_)-i = 7·100= 7·10= 7·5=35 
10 100 10·16 1·16 8 8 . 

Haii,n:eM 3Haqemie BbipaJKeHIHI, CT05IJ.nero s qncJIHTeJie BTopoii 
.n:po6n: 

5 3 1 3·6 3·3 9 
) 14 :6= 14 =7=7; 

2 2 2 2 
6) 37-17=27-7=2. 

Haii,n:eM 3HaqeHne BhipaJKeHH5I, CT05IJ.nero B 31-JaMeHaTeJie BTopoii 
.n:po6n: 

46 49 23 49 107 49 7) 141 168-140 60= 184-60=12·7-12·5= 

107·5-49·7- 535-343 192 16 16 
= 12·7·5 - 12·7·5 =12·7·5=1·7·5=35' 

35 

3arrnrneM rrponopiJ.IIIO ~ = 
1
2
6 

. IT pHMeHIIB ocHOBHoe csoiicTBO 

35 
35 16 ' 

rrporropunii, rroJiyqiiM: 2X = S · 
35 

, 2X = 2 , X = 1 . 

Om6em: 1. 

llpHMep 4. BhrqncJIHTe Han6oJiee paunoHaJihHhiM crroco6oM: 

Peweuue. IIpnMeHHM ¢opMyJiy pa3HOCTH KBa,n:paToB n Bhll10JIHHM 
,n:eiiCTBH5I C o6hiKHOBeHHhiMII ,n:po65IMH H apn¢MeTnqecKHMH KOpH5IMH: 
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=( .J102-1020 _ 4MJ· 62.JIO =(.J1o2
2 

·10 4.J10J. 62.J10 = 
30 ._1_ + 30 ._1_ 2 . 30. 3 
7 20 7 20 7. 20 

{oyw 4-JiO J 62-JiO ~c 02 ·:o 7 
4-JiO} 62-JiO = 

= 34· .J10. 7. 62-JiO -4-JiO. 62-JiO = 40·17. 7 ·31_40· 62 = 
3 3 

=40·31(17·7 -2)= 40·31·113 =46706~ 
3 3 3" 

OmBem: 46706~. 

IlpnMep 5. 3aMemrre nepHo.n:wrecKyro .n:ec.HTwmyro .n:po6b 1,(3) 
o6h!KHOBeHHO~L . 

Peweuue. Donara5I 1,(3) = x 11 yMHO)Ka5I o6e qacTH 3Toro paaeHc-

TBa Ha 10 , 3anmueM 1, (3) ·1 0 = 1 Ox , 13, (3) = 1 Ox . Bwnna.H H3 noc-

.4 OmBem. 3 . 

13,(3) =10x 
1,(3) = X 4 

12= 9x' x=3· 

IlpnMep 6. Haii:.n:HTe HO)l (HaH6onhrniii1 o6Il\IIM .n:eJIHTeJih) II 
HOK (HaiiMeHbiiiee o6Il\ee KpaTHoe) 'IHcen 148 II 426. 

Peweuue. Pa3JIO)KIIM 'IHCJia 148 II 426 Ha npoCThie MHO)KIITeJIII: 
148=2·2·37' 426=2·3·71. 

qTo6hi HaMTH HO)l 'IHCeJI 14811 426, BhmHrneM MHO)KIITeJIH, axo
.lJ:.Hll\IIe a pa3JIO)KeHHe o6o11x 'IHCeJI: HO)l (148; 426) = 2. 

qT06br Hai1TH HOK 'IHCeJI 148 11 426, BhiDIIIIIeM ace MHO)KIITeJIH, 
BXO.lJ:.Hll\IIe B pa3JIO)KeHHe nepBOfO 'IIICJia, II TOJibKO Te. MHO)KHTeJIH 113 
pa3JIO)KeHII5I BTOporo 'IHCJia, KOTOpbie He BC'rpe'IaJIHCb B 3allHCI1 nep
BOfO: HOK (148; 426) = (2 ·2 ·37) ·(3 ·71) = 148.213 = 31 524. 

OmBem: HO)l (148; 426) = 2; HOK (148; 426) = 31524. 
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IIpuMep 7. ITpn LJ;eJiennn mrTH3naqnoro qncJra 45n2m na 5 B oc

TaTKe IIOJiyqaeTCR. 3. HaHL(HTe STO qncJIO, eCJIH H3BeCTHO, qTo OHO LJ;e

JIHTCR. Ha 36. 
Pew.e1-tue. CorJiacno ycJIOBHIO 3al(a'"IH qncJio 45n2m LJ;eJinTc.a na 36, 

CJie,l.(OBaTeJibHO, OHO LJ;eJIIITCR. H Ha 4 I1 Ha 9. 
EcJIH HCKOMOe qncJIO L(eJIHTCR. Ha 4, TO qnCJIO 2m LJ;eJIHTCR. Ha 4. 

Tor,n:a m MO)KeT rrpnnnMaTb o,n:no H3 3naqennli: HJIH 0, HJIH 4, HJIH 8. 

IIocKOJibKY rrpn LJ;eJieHHH qncJia 45n2m na 5 B ocTaTKe rmJiyqaeTc.a 3, 
TO m=8. 

EcJIH )Ke qncJio 45n2m ,n:e.JIHTC.a na 9, TO cyMMa rrncpp sToro qncJia 

,n:eJIHTc.a na 9, TO ecTb 4+5+n+2+8 =(19+n): 9. TorLJ;a rrpn ycJIOBHH, 

qTo n = 8 qncJio 6yLJ;eT LJ;eJIHTbc.a na 9. 

3arrniiieM HCKOMoe qncJio: 45n2m = 45 828 . 

Omeem: 45 828 . 

IlpMMep 8. YKa)KHTe Bee noMepa parrnoHaJibHbiX '"IHCeJI LJ;annoro 
MHO)KeCTBa: 

1 

a) ~32#2 · i4; 

B) (.J2 -1i; 

.n:) __1L + 2../3 . 
.J3+3 

6) .J10+4.J6 -2; 

Bapual-lmbt omeemoe: 1) a, 6, LJ:; 2) a, r, LJ:; 3) 6, B, LJ:; 4) 6, B, r; 5) a, B, r. 

Pewe1-tue. ITpnMeHHM MeTOLJ: ncKmoqennli, BblllOJIH.a.a cJieLJ:YIOIIIHe 

rrpeo6pa3oBann.a. 

1. I1peOOpa3yeM Jiro6oe qnCJio L(aHHOro MHO)KeCTBa, HarrpiiMep qnCJIO (LJ:): 

__1L+2.J3 12(3-.../3) +2.../3 = 12(3-.../3) +2.../3 = 
.J3+3 (.J3+~~-.J3) 6 

= 2(3-../3)+2../3 = 6-2../3 +2.../3 = 6. 

qHCJIO (LJ:) parrHOHaJibHOe, 3HaqnT, HCKJIIOqHM BapHaHTbl OTBeTOB, 

He COLJ;ep)KaiiiHe STOrO qncJia, TO eCTb BapnaHTbi 4) H 5). 
2. I1peo6pa3yeM qiiCJIO (B): ( .J2 -1i = 2- 2.J2 + 1 = 3-2.J2. qHCJIO 

(B) nppa!IHOHaJibHOe, 3HaqHT, HCKJIIOqHM BapnaHT OTBeTa 3). 
3. I1peo6pa3yeM Jiro6oe H3 qnceJI (6) HJIH (r), TaK KaK qncJio (a) 

BXOL(HT B o6a OCTaBIIIHXCR. BapnaHTa OTBeTa: sinO 1° = 1 . qHCJIO ( r) -

parrHOHaJibHOe. 

Omeem: 2. 
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IlpHMep 9. Hai1.ZJJ1Te Bee l(eJinre 3Ha'IeHH51 k, rrpH KoTopnrx -n,po6n 

- 3Qk
2

5 
~~~; 240 

51BJI51eTC51 l(eJihiM 'IHCJIOM. 

Peweuue. YrrpocTHM _n,po6n 

30k2 +5k+240- 5(6k
2 
+k+48)- 6k2 +k+48 

5-15k - -5(3k-1) - 3k-1 
Pa3-n,eJIHM 'IHCJIHTeJih _n.po6H Ha ee 3HaMeHaTeJih ( CM. rr. 2.2): 

- 6k
2 +k+4813~-1 

6k2 -2k 2 +1 
3k+48 
3k-1 

49 
6k2 +k+48 49 

3arrHineM pe3yJinTaT -n,eJiemm: 
3
k _

1 
= 2k + 1 + 

3
k _

1 
. Qqe-

BH-n,Ho, 'ITO _n.po6b 
6k

2

3~~~48 
6y_n.eT l(eJibiM 'IHCJIOM, eCJIH 49 pa3_n.e

JIHTC51 6e3 OCTaTKa Ha 3k -1 , TO eCTh eCJIH 'IHCJIO 3k -1 6y_n.eT -n,eJIHTe

JieM 'IHCJia 49. 
3arrHineM -n,eJIHTeJIH 'IHCJia 49: ±1; ±7; ±49. PernHM ypaBHeHH51: 

1) 3k-1=1 k='L 2) 3k-1=-1 k=O· 
' 3' ' ' 

3) 3k-1=7, k=~; 4) 3k-1=-7, k=-2; 

5) 3k -1 = 49, k = 50 ; 6) 3k -1 = -49, k = -16 . 
3 

ITocKOJihKY corJiacHo ycJIOBHJO 3a_n,a'IH k - l(eJioe 'IHCJIO, TO kt = 0, 
kz=-2 H ~=-16. 

Omeem: {-16; -2; 0}. 

IlpHMep 10. Haif-n,HTe cyMMY Bcex 'IHCeJI m, Kam_n.oe H3 KOTopnrx _n.e

JIHTC51 6e3 OCTaTKa Ha 18 H rrpHHa_n.JieJKHT rrpoMeJKyTKy ( -252; 299). 

Peweuue. PaccMoTpHMOTpe3oK [-252; 252] HHHTepBan (252; 299) 
(pHC. 1.1). 

-18 18 
-252 0 252 299 m 

Puc. 1.1 
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1. PaccMOTpHM OTpe30K [ -252; 252]. CyMMa scex qHceJI, Ka:>K~oe 
113 KOTOphiX ~eJIHTC5I 6e3 OCTaTKa Ha 18 H rrpHHa~Jie:>KHT 9TOMY 0Tpe3-

Ky, 6y~eT pasHa HYJIIO ( -18 + 18 = 0, -36 +36 = 0 H T. ~- ). 

2. PaccMoTpHM HHTepsaJI (252; 299). 3HaJI, qTo qifcJio 252 ~eJIHT
C5I Ha 18 (TaK KaK OHO ~eJIHTC5I I1 Ha 2 I1 Ha 9), HO He IIpHHa~Jie:>KHT 
paccMaTpnsaeMoMy nnTepBany, Ha:l1~eM see qficJia, KpaTHhre 18 n He 

rrpeBOCX0~5II.U:He qfiCJIO 299. 
TioJiyqHM: m1 =252+18=270, m2 =270+18=288. 
Toma m1 +m2 =270+288=558. 

Om6em: 558. 

llpHMep 11. qHCJIO a= 15 I1 COCTaBJI5IeT 3% OT qHcJia b. qHCJIO C 

COCTaSJI5IeT 40% OT qncJia b. Bo CKOJihKO pa3 rrpou;eHTHOe OTHOllleHHe 

qHcen a H c 6oJihllle rrpou;eHTiiOro OTHOllleHH5I qnceJI a H b? 
Pewe1tue. 1. TiocKOJihKY qficJio 15 coCTaSJI5IeT 3% oT qficJia b, To: 

b= 1]·100=50. 

2. l10CKOJihKY qncJIO C COCTaBJI5IeT 40 % OT qficJia 50, TO: 

50 c= 
100 

·40=20. 

3. Hail~eM rrpou;eHTHOe OTHOllleHHe qncna a K qncny c: 

~~ ·100 %=75 %. 

4. Hail~eM rrpou;eHTnoe OTHOlllenne qncna a K qncny b: 

t~·100 %=30 %. 

5. Ha:l1~eM BO cKonhKO pa3 rrpou;eHTHoe OTHOllleHIIe qncen a H c 
6oJihllle rrpou;enTlloro OTHOllleHH5I qiicen a II b: 75: 30 = 2,5. 

16 

OmBem: B 2,5 pa3a. 

3aAall.flil Aflfl caMOCTOfiTenbHoro peweHIIIfl 

BhrqiiCJIIITe ( 1-12): 

. 1 2 2 3,(3)·1,9+19,5.42. 3,5+43+215 

1. o,82(6)-0,16 · 0 5 _(1.1._+ 4 1) · 
, 20 , 

2. ( 3-~3~~r ,z-' +12,5·L2s-'. 

300:0,0925 



( 0,625+2~): 2,5 
3

' ( 23 4 ) 110 : 2 . 1•3+ 30 +TI . 401 

1 ((17 -16,35): 6,5+9,9)·128 
4. ( 1 )' 1 :0,125· 

1,2:36+15:0,25-1,8(3) ·14 

( 12~~ -1o 1~): 13~+3 is.~~ 5. ·0 5. 
( 

1 7) 1 ' 58--53-·-
2 9 85 

3,75: 1~+( 1,5: 3~)·2~+( it-~): fit 
6

· 1 ( 1 ) ( 5 17) 18 . 2:35+ 34:13 :0,(6)- 218-36 .65 

(( 4,625-*·-k): 1+2,5: 1,25:6, 75): 1~ 
7

· ( 1 ) (15 14) . 32-3,375 :0,125+ 18-·24 :(0,358-1,4796:13,7) 

( ( 51
7
2-4 i~ +2-1J)·tft-i2·( 3~+%))·1{§ 

8
· 19 ( 13 13 5 ) 2 1 4 . 

84: 15 42-12 28+24 +127-3"9 

9.((22~-0;):0,003 (1~-1,l51lJ: 62 210 +1,364: 0,124. 

(35 -7 )·4. 0,2 (2,44+125). 8 

10 5.1. (s 4 .z.(6- (2,3+5: 6,25)· 7 )- 203,84) 
. 7. ' . 6 8·0,0125+6,9 13 . 

(0,6)
0 
-(0,1f

1 
·0 (6) 

11. 1 ( 1 )-1 ' . 
(3:23r ·(1,5)3+ -3 

,)66,3·33,7(~66,3 -~33,7) 
12. 233,7 66,3 . 

)(66,3+33,7) -4·66,3-33,7 

17 



PermiTe rrporroprmn ( 13-16): 

13. 1,2:0,375-0,2 = 0,016:0,12+0,7 
6,16:15,4+0,8 X 

JL (2 28 -t-12)·07 
8 - . 63 21 ' 14

· (57- 42)·814- 0,675·2,4-0,02. 
72 80 32 

z 3. ( 1 ~~ -0,945 : 0, 9) 
15. 3 =~~~----~ 

10,5·0,24-15,15: 7,5 1.1._-4~. 7 
40 8. 

(
13 2 5 1) 

16. 15,2·0,25-x48,51:14,7 = 44-TI(-~: 22 ·1•2). 

3,2+0,8 252-23,25 

17. Hali:,n:nTe nan6oiihiiHIH o6mni1 ,n:eJIHTeJih 'IHCeJI 126,540 H 630. 
18. Hali:,n:nTe naMMeHhlllee o6mee KpaTnoe •mceJI 270, 300 11 315. 
19. Haw,n:MTe HaM6oJihlllee TpeX3Haqnoe 'IMCJIO, KoTopoe ,n:eJIHTC51 

6e3 OCTaTKa Ha 12. 
20. Haw,[(HTe HaH60Jihlllee u:eJioe 'IHCJIO, KOTopoe rrpn ,n:eJiemm na 

16 C OCTaTKOM ,n:aeT 'IaCTHOe, paBHOe 9. 
21. Hali:,n:nTe nan6oiihlllHH H3 ocTaTKOB rrpH ,[(eJienwn 'IHCJia 

713854012 Ha KaJK,n:oe H3 'IHCeJI: 2, 3, 4, 5, 9, 10. 
22. ITpn ,n:eJieHHH II5ITH3naqnoro 'IHCJia 3n19m na S·B ocTaTKe rro

IIyqaeTc51 2. Haw,n:I-ITe nan6oJihlllYIO B03MO)KHYIO cyMMY u:ncpp m n n, 
eCJIHH3BeCTHO, 'ITO I1CXO,ll;HOe 'II1CJIO ,n:eJIHTC51 na 12. 

23. Haw,n:nTe cyMMY rrpocTbiX qnceJI, rrpnna,n:Jie)Kamnx rrpoMe)KyT
Ky (0; 19). 

24. YKa)KHTe Bee HOMepa pau:nonaJibHbiX quceJI ,[(annoro MH0-
3 

)KeCTBa: a) 1,0(3); 6) 1,(6)-12,(6); B) 1254; r) .J8+6Jf3 -JfS; 
1 1 

.n:) Ji1 + 2+../3. 

Bapua11mbt om6emo6: 1) a, 6, .[(; 2) 6, r, ,n:; 3) a, 6, B; 4) B, r, ,n:; 5) a, r, ,n:. 

25. YKa)KHTe naTypaJibnoe 'IHCJIO n, rrpn KOTopoM ,n:po6b n
2 
+3n

2
- 3 

n+ . 5IBJI.l'IeTC51 U:eJibiM 'IHCJIOM. 
26. Haw,[(HTe cyMMY ncex He'IeTHbiX qnceJI k, Ka)K,n:oe H3 KOTOpbiX 

,n:eJIHTC51 6e3 OCTaTKa na 7H rrpHHa,ll;Jie)KHT OTpe3KY [-110; 160]. 
27. Haw,n:nTe 182% qnciia a, ecJin 'IHCJIO 26,25 coCTaBJI5IeT 175% 

'IHCJia a. 

18 



28. lbBecTHo, '-ITO a= 1050, b = 1500 w c = 1820. Ha CKOJihKO 

npou,eHTOB '-IHCJIO C 60Jibllle '-IHCJia a H na CKOJibKO npOu,eHTOB '-IHCJIO C 

60Jibllle '-IHCJia b? (BbiqllCJIIITe C ToqnoCThiO JJ:O 0,1 %.). 

5 17 OmBembt: 1. 4. 2. 11. 3. 1. 4. 3 . 5. 9. 6. 16. 7. 
27

. 8. 5. 9. 12. 
15 1 10. 14. 11. -1. 12. 1. 13. 3. 14. 5. 15. 5. 16. 25. 17. 18. 18. 18 900. 

19. 996. 20. 159. 21. 4. 22. 11. 23. 58. 24. 1. 25. 3. 26. 399. 27. 27,3. 

28. Ha 73,3 %; na 21,3 %. 

KoHTpOI1bHbl171 TeeT 

.N!! 3a)J.aHH.SI BapuaHTbiOTBeToB 

Pe3yJihTaToM oKpyrnenmi qiicna 1) 1,20; 2) 1,21; 
1 1,20499 C TOqHOCTb!O JJ:O COTbiX 5IBJI5I- 3) 0,22; 4) 1,204; 

eTC5I ~mcno 5) 1,205. 
Pe3yJihTaT BhiqiicJieHII5I Bbipa:>KeHH5I 1) -24,94; 2) -6,02; 

2 4,3· (-5,5)-( -2,3)· ( -4,3) -2,2·4,3 3) -43; 4) -24,08; 
paBeH 5) -0,43. 
Pe3yJihTaT Bhi'-IIICJieHH5I Bbipa:>KeHH5I 1) 5,6; 2) 10,6; 

3 3,22 +3,2·0,2+0,12 -2,32 
paBeH 3) 1; 4) 0,64; 

5) 3,3. 
Pe3yJihTaT BhFIHCJieHII5I Bhipa:>KeHH5I 19 19 
( -4,22 +4,2·0, 7): 4,2+4,1{3) paBeH 

1) -30; 2) 30; 
4 

4) 19. 3) 21; 
5) 0,19. 

3' 

1/:12,5- 10 
5. 2) 27. 1) 86, 4' 

5 
EcJIII 21.-12- 36-(x-4,(6)) 'To 13 4) 19. 

7 ' 3) 44; 4' 
3HatieHIIe X paBHO 

2 
5) 3" 

YKa:>KIITe tiiiCJIO naTypanbHhiX ,rJ:eJIIITe- 1) 12; 2) 5; 
6 neil '-.IHCJia 33 ·52 3) 6; 4) 11; 

5) 21. 
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№ Задания Варианты ответов 

7 
Если разность двух натуральных 
чисел равна 66, а НОК равно 360, 
то сумма этих чисел равна 

1) 294; 2) 422; 
3)110; 4)396; 
5) 114. 

8 

Количество натуральных чисел п, 
s п2+2п-\2 

при которых дробь 
п + 6 

натуральное число, равно 

1)2; 2 )3 ; 
3 )4 ; 4 ) 1 ; 
5) 5. 

9 
Если число 1234n67m делится без 
остатка на 6, то наибольшая сумма 
цифр тип равна 

1) 14; 2) 15; 
3) 16; 4) 17; 
5) 18. 

10 
Сумма 1 3 + 2 3 +. . .+59 3 делится 
на число 

1)120; 2)48; 
3) 16; 4) 60; 
5) 61. 

11 
Если число а при делении на 8 дает 
остаток 6, то остаток от деления 
числа а на 4 равен 

1)0; 2 ) 1 ; 
3) 2; 4) 3; 
5 ) 5 . 

12 

Если сумма квадратов двух целых 
простых чисел равна 13, а разность 
их квадратов - простое число, 
то модуль разности этих чисел равен 

1)11; 2)6 ; 
3) 3; 4) 13; 
5) 1. 

13 
Найдите число, половина которого 
равна ( 4 6 + ^ : l | ) : 4,6-1,75 

1)1,75; 2)3,5; 
3) 7; 4) 17,5; 
5) 35. 

14 
Процентное отношение модулей 
чисел 19и | 2 , 4 2 - 2 | - 1 , 9 ) : 2 , 4 - 2 | 
равно 

1) 1000; 2)110; 
3) 10; 4) 90; 
5) 1100. 

Ответы 
Номер задания 1 2 3 4 5 6 7 
Номер правильного 
ответа 1 3 1 2 2 1 5 

Номер задания 8 9 10 11 12 13 14 
Номер правильного 
ответа 4 3 4 3 5 3 1 
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2 nPE06PA308AHVIs:l 
Bb IP A>KEHVIVI 

2.1. CbopMyllbl coKpa~eHHoro YMHo>KeHIIls:t 

Ll)ur mo6hrx a, b H c H u,eJioro rroJIO:>KHTeJibHoro n BepHhi cJie.n:yro
IQHe paBeHCTBa: 

(a±b)2 = a2 ±2ab+b2; 

(a±b)3 = a3 ±3a2b+3ab2 ±b3
; 

a2 -b2 = (a-b)(a+b); 

a3 ±b3 = (a±b)(a2 +ab+b2); 

(a+b+ci = a2 +b2 +c2 +2ab+2bc+2ac; 

( a+b rz =an +nan-1b + n(;.; 1) an-2b2 + ... +bn. 

2.2 . .Qe11eH111e MHOrOYJleHOB 

MllOWtUZello.M CTerreHH n Ha3hmaror Bhrpa:>KeHHe BHI'l:a: 

P ( ) n n-1 n X =anX +an-1X + ... +a1x+a0 . 

L(eJieHHe MHOfO'-IJieHOB BhiiiOJIH5IIOT aHaJIOfH'-IHO .n:eJieHHIO U,eJihiX 
qHceJI: .n:eJIHT crapumH: qJieH MHoroqJiena-.n:eJIHMoro na crapumH: qJieH 
MHOroqJieHa-.n:eJIHTeJI5I, 3aTeM qaCTHOe YMHO:>KaiOT Ha MHOfOqJieH-I'l:e
miTeJib H rroJiyqennoe rrpmi3Be.n:enHe BhiqHraror H3 MHoroqJiena-.n:e
JIHMoro. MnoroqJien-rrepBhiH ocTaToK anaJiorHqHhiM o6pa30M .n:eJIHT 
na MnoroqJien-.n:emneJih. L(eJiemre rrpo.n:oJI:>KaiOT .n:o rex rrop noKa ne 
rroJiyqar ocraroK 0 HJIH crerrenh MnoroqJiena-ocraTKa ne 6y.n:er Menh
rne crerremi MnoroqJiena-.n:emneJIH. 

HanpU.Mep, 

_x4 -3x
3

+5x
2

+21 x 2 +x-2 
x 4 +x3 -2x2 x 2 -4x+11 

-4x3 + 7x2 +2 
-4x3 

- 4x2 + 8x 
11x2 -8x+2 

11x2 +11x-22 
-19x+24 
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Pe3yJioTaT !J:CJICHHR 3al1HChiBaiOT cJie~J:yiOrn;HM o6pa3oM: 

x 4 -3x3 +5x2 +2 = ( x 2 +x-2)( x 2 -4x+11 )+( -19x+24). 

Teope.Ma Ee3y. OCTaTOK rOT !J:CJICHYIR MnoroqJiena Pn(x) na IJ:BY'I

JICH (x-c) paBeH 3Ha'ICHHIO MHOrO'lJiena npH x = c, TO eCTb r = Pn(c). 
C.neiJcm6ue 1. )lJIR !J:C.JIHMOCTH Mnoro'IJieHa Pn(x) ria !J:BY1-IJICH 

(x- C) HC06XO!J:HMO H ,ll;OCTaTO'IHO, 'IT06b! 'IHCJIO C 6b!JIO KOpHCM MHO

rO'IJICHa Pn(x). 
C.neiJcm6ue 2. EcJIH c1 , c2 , ... ,en nee KopHH MHoro'IJiena 

P ( ) n n-1 n X =anX +an-1X + ... +a1x+ao, 

TO Pn(x) =an (x-c1 )(x -c2 ) ... (x-cn). 
TeopeMa o ~e.nbtx uopHRX. BcRKHH ~eJihiH Kopeno MHOroLIJiena c 

~CJib!MH K03cpqrHI.J,HCHTaMH 5IBJI5ICTC5I IJ:CJIHTCJICM CB060lJ:HOrO '!JICHa. 

C.neiJcmBue H3 TeopeMbi o ueJihiX KopnRx. I1p11 OTbiCKanHH QeJrhrx 

KOpHCH MIIOrO'IJICHa C l(CJibiMH K03cpcpH~HCHTaMH lJ:OCTaTO'IHO pac

CMOTpCTb IJ:CJIHTCJIH CB060lJ:HOrO l.JJICHa. 

2.3. CTeneHIII 111 ap111CpMeTIII'-feCKIIIe KOpHIII 

IlpOH3BCIJ:CHHC n COMHQ)KHTCJICH, Ka)J(ll,hiH H3 KOTOpbiX paBeH a, 
na3biBaiOT n-noi1 cmeneHb10 ttuc;za a. 

ApurjJ.MemUtteCKUM KOpHe.M n-HOII CTCIICHH H3 HCOTpHI(aTCJibHOrO 

l.JHCJia a Ha3biBaiOT TaKOC HCOTpHQaTCJibHOC 'IHCJIO b, n-aR CTCllCHb KO-

TOporo paBna a: r;/ci = b <:::> bn =a . 

CsoiicTBa cTerreHei1 H apncpMeTnqecKHX KOpHeii: 

(2.1) (2.9) 

(2.2) 1 1 
a-; = r;/ci; a2 = .Ja (2.10) 

(2.3) 
(2.11) 

(2.4) (2.12) 
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(an)m = anm; (2.5) 
1 

~=~=(1Y; (2.13) 

(ab)n = anbn; (2.6) 2~=1al; (2.14) 

(ar an b = bn; (2.7) 
2n+<j a2n+ 1 = a ; (2.15) 

-n 1 1 
a =-· (2.8) !fjiFa = nn.;J(i = a mn . (2.16) n ' a 

PaseHCTBa 2.2-2.9 sepHbi t~:JIR JII06brx n II m II rroJio:>KIITeJibHhiX a II 
b. PaseHCTBa 2.1II 2.10-2.16 sepnhi t~:JIR HaTypaJibHbiX n II m II JII06hrx 

HeOTpiiU:aTeJibHbiX a II b. 

BHCCCHHC MHO:mHTCJICH IIOP: 3HaK KOpH.SI H BbiHCCCHHC MHO)KHTC

JICH H3-IIO,l.l; 3HaKa KOpH.SI 

B CJiy<Iae He'IeTHOH CTerreHH KOpH51 BC51KHH MHO:>KIITeJih MO:>KHO 

BHCCTI1 IIOp: 3HaK :'JTOrO KOpH51, a eCJIII CTCIICHb MHO:>KHTeJI51 Bbiiiie CTe

IIeHH KOpH51, TO II BbiHeCTH H3-IIOP: 3HaKa ::nora KOpH5I. 

B CJiy<Iae 'IeTHOH CTerreHII KOpH51 Heo6xop:HMO IIOMHIITb, 'ITO: 

1) IIpH 8fteCeHUU .MHOJICUmeJlJl noa 3HaJC KeaapamHOlO 'KOpHJl (B o6-

IIJ:eM cJiy<Iae rro;a: 3HaK KOpHR <IeTno:H cTerrenii) neo6xop:HMO yqHThi

BaTh 3HaK ::noro MHO:>KHTeJI51: 

aJb = {.J:Jb, ecmr a > 0, 
-.J:Jb, ecmr a < 0; 

2) IIpH U38JletteflUU KeaapanntOlO KOpflJl (KOpH51 qeTHOi1: CTeiieHH) 

II3 rrpoH3Bep:eHH51 neo6xop:IIMO y<IIITbnaTh, 'ITO KopeHb orrpep:eJien II 

B CJiy~rae, eCJIH o6a MHO:>KHTeJI51 llOJIO:>KHTeJibHbl, H B CJiy<Iae, eCJIII o6a 

MHO:>KHTeJIR OTPHU:aTeJibHhi: 

Jab= {J; ·Jb; ecrrrr a> 0, H b > 0, 
F-a . ..J-E, ecrrrr a< 0, II b < 0. 

TeeT .Qns:. npoeepK111 TeopeTW·IeCKII'IX 3H8HII1111 

YcmaHoeume coomeemcmeue (1-5): 
1. <I>opMyJihi coKpamennoro yMno:>KeHIIR: 

2) (m-n)(m+n); 

a) n3 +m3 +3nm(n+m); 

6) m2 +n2; 
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3) (m-n)(m2 +mn+n2
); 

4) (m+n)( m2 -mn+n2
); 

5) (m+n-p)2
; 

6) (m+n)3
; 

7)(n-m)3
; 

8) m2 -2mn+n2
. 

2. CBOMCTBa CTerreHei1: 

1) xn+m; 

n 
2) £. 

n' y 

3) Xn·yn; 

4) x-n; 

1 

1) b~; 

.!!:. 
2) bm; 

3) 2Wn; 
4)~; 

B) m2-n2 ; 

r) (n+m)2
; 

11:) (n-m) 2
; 

e) n3 +m3
; 

:/K) n3 -m3 +3mn(n-m); 

3) m3 -n3
; 

n) m2 +n2 + p2 +2(mn-mp-np); 

K) m2 +n2 + p 2 +2mn+2mp+2np. 

a) (xyt; 

a) 1 . 
bmn' 

6) b; 

B) bJb; 

r)~·m; 



1 

5) b2; 

6) 2n+-<j b2n+ 1 . 

n) lbl; 

e) rfiJb; 

IK) .Jb ; 
3) '(jj. 

4. BbmeceHIIe MHOJKIITeJieH: II3-non 3HaKa KopHJI: 

BbiPA)KEHI1E 

1)~; 

2) .J-a3b4c6 
; 

3)~; 

4) ~-a3b4c6 . 

PE3YJibTAT YI1POIUEHI15I 

a) -abc2~; 

6) -ab2 lcl3 Ja; 
B) -ab2lc13 J=a ; 
r) ab21cl3 ,fa ; 

n) abc2~; 

e) -abc2~. 

5. BHeceHwe MHOJKIITeJieH: non 3HaK KopH51: 

BbiPA)KEHI1E 

1) ab2c2~, c<O; 

2) ab2c2~, c > 0 ; 

3) -2ab2c'$1C; 

4) -2ab2c!ifaC. 

HoMep 3a,l(aHHJI 1 
HoMep 1- r, 2- B, 
rrpaBHJ!bHOfO 3-3,4- e, 
OTBeTa 5- H, 6- a, 

7- )!(, 8- )'(. 

PE3YJibTAT YI1POIUEHI15I 

a)~; 

2 

6) V32a6b10c6 
; 

B)-~; 

r) ~-32a6b10c6 ; 

n) -~16a5b8c5 ; 

e) ~-16a5b8c5 . 

3 
1- B, 2-6, 1- e, 2-3, 

4 

1- r, 
3- a, 4- ,n:, 3- ,n:, 4- r, 2- B, 
5- )!(, 6- r. 5- )!(, 6- 6. 3-.n:, 

4-e 

5 
1- B, 
2 -a, 
3- r, 
4-.n: 
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nplr1Mepb1 

IlpHMep 1. Yrrpocnne Bbrpa:iKeHMe 

4 . 1 1 
a+-1- · a+b-1 4-1b(abc+a+c) · 

b+c-1 

Pewemte. Br,moiiHMM rrocJie,n:oBaTeJibHO CJie,n:yrom:Me ,n:eikTBM5I: 

t) 4 = 4 = 4(bc+1) _ 4(bc+1) . 

a+ c a+bcc+1 (bc+i)(a+-c-)- abc+a+c' 
c( b+~) bc+1 

2) _1_= b =-b_. 
a+i b(a+i) ab+1' 

3 
4(bc+1) . _b_= 4(ab

2
c+bc+ab+1). 

) abc+a+c · ab+ 1 b(abc+a+c) ' 

4( ab2c +bc+ab+ 1 )-4 4b(abc +c+a) 
4

) b(abc+a+c) = b(abc+a+c) 
4 

· 

0mBem:4. 

IIpnMep 2. YrrpocTMTe Bbipa:>r<eHHe 

1 + 2x + 1 . 
( )

-2 

x 2 +3x+2 x 2 +4x+3 x 2 +5x+6 · 
(3-x)2 +12x. 

2 

Pewe11ue. CorJiacHo rrpaBHJIY pasJio:>r<eHHJ! KBa,n:paTHoro Tpex'IJie

Ha Ha IIHHeHHbie MHO:iKHTeJIH ax2 +bx+c = a(x-x1)(x-x2 ), r.n:e x 1 H 

x2 - KOpHM KBa,n:paTHoro TpexqJieHa f(x) = ax2 +bx+c, sarrnrneM: 

x 2 +3x+2 = (x+1)(x+2); x 2 +4x+3 = (x+1)(x+3); 

x 2 +5x+6 = (x+2)(x+3). 
Tor.n.a Hcxo,n:Hoe Bbipa)l(eHHe rrpHMeT BH,n:: 

( 
1 . 2x 1 )-

2 
(x-3/ +12x 

(x+1)(x+2) + (x+ 1)(x+3) + (x+2)(x+3) : 2 · 

IlpHBO.ll:J! ,n:po6u K o6meMy sHaMeHaTeJIIo H rrpuMeH5!5I ¢opMyiihi 
coKpameHHoro yMHO)l(eHH5I, rroJiyqMM: 
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(
x+3+2x2 +4x+x+1)-

2 
2 = 

( x + 1) ( x + 2) ( x + 3) x 2 - 6x -1-9-1- 12x 

(x+1) 2 (x+2) 2 (x+3r2 _2(x+1)2 (x+2)2 (x+3)2 _1. 

- (2x2 +6.x+4/(x2 +6x+9)- 4(x+1)
2
(x+2)

2
(x+3)

2 -2 

Omeem: 0,5. 
x2 -11xy +30y2 

llpHMep 3. CoKpanne ,ll,po6h 2 · , · 2 . 
x -9xy+20y 

Peweuue. PaccMoTpHM onrocrne.llbiiO x KBa~(paTHhiM TpexqJieH 

f(x)=x 2 -11xy+30y2
. 3na5I, qTo x1+x2 =11y H x 1x2 =30y2 

(eM. TeopeMy BneTa rr. 5.2), rroJiyqHM x1 =5y, x2 =6y. AnaJiorHq

no nail,ZJ,eM Kopmr KBa,ZJ,panroro TpexqJiena f ( x) = x 2
- 9xy -1- 20y2 : 

x1 = 4y , x2 = 5y . Pa3JIO:>KHM TpexqJieHhi na IInnei1Hhie MHO:>KHTeJIH H 

BhiiiOJIHHM coKpamenne ,ZJ,po6n: (x-Sy)(x- 6y)- x- 6Y 
(x-4y)(x-5y)- x-4y · 

. x-6y 
Omeem. --

4
-. 

x- y 

llpHMep 4. Hai:f,ZJ,nTe KOpHHl\UIOro'-urena 6x3 -11x2 +6x-1. 
Peweuue. Haii,ZJ,eM u,eJibie KOpHH MnoroqJiena. CorJiacno TeopeMe o 

U,eJihiX KOpH5IX MHOfO'-IJieHa, HMII MOfYT 6biTh TOJibKO ,ZJ,eJIHTeJIII CB0-

60,ZJ,HOf0 qJiena, TO ecTb '-IHCJia -1 11 1. Haii,ZJ,eM: · 
' 3 2 

P3 (-1)=6·(-1) -11·(-1) +6·(-1)-1=-6-11-6-1=-24 u 

p3 (1) =6·1-11·1+6·1-1 =0. 
TaK KaK P.1 ( -1) i= 0 , TO qncJio -1 ne 5IBII5IeTC5I r<opneM MnoroqJie

na, a TaK KaK P3 ( 1) = 0 , TO "lHCJIO 1 - U,eJihiH KOpeHb MHOfO'-IJieHa. 

Tor,ZJ,a corJiacno ciie,ZJ,CTBHIO 113 TeopeMhi Ee3y MHOfO"IJieH 

6x3 -11x2 + 6x -1 ,ZJ,eJIHTC5I na ,ZJ,BY'-IJieH ( x -1) . 
BhlrrOJIHHM ,ZJ,eJiemre MHoroqJiei-IoB: 

6x3 -11x2 + 6.:r -1 I x -1 
6x3 

- 6x2 6x2 
- Sx + 1 

-5x2 +6x-1 
-5x2 +5x 

x-1 
x-1 

0 
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; h11111111f'M JII':I,Y.IIIii'<IT )\(~JICIII15I: 

G.r:1 -11x2 + 6x -1 = ( x -1) ( 6x2 - 5x + 1) . 
JJnl!;~eM t<Oplili KBa,z:t:paTHOro TpeX'-IJieHa 6x2

- 5x + 1. fiOJIJ"--HM: 

1 1 
x1 =2, x2 =3. 

CJie,l(oBaTeJihHO, MHoro'-IJieH 6x3 ~11x2 +6x-1 HMeeT TPH Kopm:c 
1 1 . 

1 1 Omeem: 3; 2; 1. 

1; 2; 3' 

llpHMep 5. YnpocTHTe BhrpaiKeHHe 

a-b a2+b2+a 
2a-b- 2a2+ab-b2 b2+b+ab+a 

7
( 4-b4-:-+-4-'-ab-;:-2 ""'+'"-:a2~) """: ('--2b72 -+a.....,.) b + 1 

Peuteuue. BhiiiOJIHHM nocJie,l(oBaTeJihHO ,l(eHCTBH5I c MHOfO'-IJieHa

MH, rrpe,l(BapHTeJibHO paCKJia,z:t:hiBa5I HX Ha MHOJKHTeJIH: 

1) 2a2 +ab-b2 = a2 +ab+a2 -b2 = a(a+b )+(a-b )(a+b) = 
=(a+b)(2a-b); 

2
) a-b a2+b2 +a _ (a-b)(a+b)-(a2 +b2 +a) _ 

2a-b (a+b)(2a-b)- (a+b)(2a-b) -

=a2-b2 -a2-b2-a= -2b2-a _ -(2b
2
+a) . 

(a+b)(2a-b) (a+b)(2a-b)- (a+b)(2a-b)' 
2 

4b4+4ab2+a2 (2b2+a) 2 
3) 1 = 2 = 2b +a. 

2b-+a 2b +a 

4) -(2b2 +a) 2 -(2b2 +a) 
..,.-'-;-:--:-:,---:...,...,.. · ( 2b + a ) = = 
(a +b )(2a-b) · (a +b) (2a -b)( 2b2 +a) 

-1 . 
= (a+b)(2a-b)' 

5) b2 +h+ab+a = b(b+1)+a(b+1) = (b+1)(b+a); 

6) -(b+1)(b+a) = 1 1 
(a+b)(2a-b)(b+1) - 2a-b = b-2a · 

. 1 
OmBem. b _ 2a . 
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IIpHMep 6. Ynpocnue Bbipa:IKeHHe 

~216x3 (5+2.J6) .. ,)3-JfX -2.J3X. 

Peweuue. BhiTIOJIHHM CJieJJ:yiOIIJHe .n:eiiCTBH5I: 

1) -h.J2X-2.J3X =~(3../2X-2.f3X)2 =~30x-12x.J6 = 
=~6x(5-2.J6); 

2) ~216x3 (5+2.J6)~6x(5-2.J6) =~(6x)4 (5+2.J6)(5-2../6) = 

=~(6x)4 (25-24) =~(6x)4 =6x. 

Omeem: 6x. 
f?j 2~ ao 

IIpHMep 7. YnpocTHTe Bbipa:IKemre ~ 
4 a33 a2 if;;?!" 

Peweuue. I1ocJie.l(OBaTeJihHO npHMeH5I5I <J:>opMyJihi 2.1 0, 2.5, 2.3, 
2.4, TIOJiy<IHM: 

~a2~ 
~a3~ 

Omeem:O. 

2.1 s.1.1 -1.1.1 
r.r _ a 3a 4 3a 4 3 
va- 1 1 1 

3·- 2·-·
a 4a 3 4 

~ 4x 2 IIpHMep 8. YnpocTHTe Bbipa:IKeHHe W ~ - 'VX _2 . 
3x -23 x 3 

X 
Peweuue. I1oJiara.H ¥X = y H 'if3 =a , 3armrneM .n:aHHoe Bbipa:IKe-

HHe B BH.l(e: 

a2y5 _ 4y3 y3(a2y2 _ 4) 
-->"-.,--~-- 2y2 = 2y2 = 

ay2- 2y y(ay- 2) 

y2(ay-2)(ay+2) -2y2 = y2 (ay+2)-2y2 = y2(ay+2-2) =ay3. 
ay-2 

Y'1HThiBM no.n:cTaHOBKY 'ifX = y H ¥3 =a , 3anHrneM pe3yJihTaT 

6 . ~-4x 2 3T<>3 npeo pa3oBaHH5I. 
31 

- -:z = v .JX . 
"\13X2 -2'lfX 3 

X 

Omeem: ¥3x. 
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llpuMep 9. Yrrpocnue Bbrpa)Kemre 

J.. .!. 2 m+n 
am -an +22am-n 0 

(aLa;)~+~) ( a:•: J . 

Peweuue. Ha ocHoBamm cBoikTB cTerreHeii 2.1, 2.3 H 2.11 BbiiiOJI
HHM cJieJJ:yrorn:ne npeo6pa3oBaHH5l: 

1) a(m-n) =1; 
[ 

(m+n) JO 

E:!!!!. ..!!!...+..!!_ .!.+_!_ .!. ..!.. 
2) amn =amn mn=an m=an.am; 

m+ 1 n+ 1 m + 1 n + 1 
3) ~am+1 +?</an+1 =a---;;;- +a--;;- =r;;;; +a;;-;;= 

=a m +a n =a·am +a·an =a am +an . 1+.1.. 1+.!. ..!.. .!. ( ..!.. .!. ) 

..!.. .!. 2 ..!.. .!. 

..!.. .!. (x- )2 +4x 
lloJiarM am= x H an= y, 3arrnrneM A= y y . 

a ( x 2 
- y 2

) ( x + y) 

I1pHMeH5l5l cpopMyJibl COKpall(eHHOfO yMHO)KeHH5l, IIOJiyqnM: 

A=x2 -2xy+y2 +4xy = (x+y)
2 

1 
a(x2 -y2 )(x+y) a(x-y)(x+y)(x+y) a(x- y) · 

1 1 

yql1TbiBM, qyo am =X l1 an = y' 3aiiHllieM: A= ( rnr nr) . 
a ~a-~a 

1 

1 

sthV54 + tsms llpnMep 10. YnpocTHTe Bbrpa)KeHHe -=:-?=.;,.;;,;:;....;....::::i~;,;;;;;= 
3V4~ +3V9tff62 . 
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Peme1-1Ue. Ha ocHoBaHHH CBOHCTB CTeneHeil BhiiTOJIHHM npeo6pa-

3oBaHH51 t.£IICJIHTeJI51 H 3HaMeHaTeJI51 i'1,p06H: 

1) sth~h-33 +1SV2' = 5~7 .2k ·3+15·2~ =54 2k (21+15·4) = 

A~ 1 1 
= s\J23 ·34 = s.i12 ·3 = 15-ii2; 

'1~ 2 5 2 1 1 
2) 3'\J"l.~'\1"2" +3~32{/2.34 =3-i3.ii2+3·33.ii2.33 = 

13 1 1 1 
= 3.212 +9· i12 = 212 · (6+9) = 1S-ii2. 

1 

3anmueM: 
15 ·2? =1. 

15-212 

Omeem: 1. 

IIpnMep 11. Haili'J,HTe .Ja --Ja+12, ecJIH .Ja +Ja+12 =130. 
Pemenue. IloJiara51 .Ja-J a+ 12 = x , HaHi'J,eM rrpoH3Bei'J,eHH51 rrpa-

BhiX II JieBhiX t.£aCTeH paBeHCTB .Ja +.Ja+12 = 130 H .Ja -Ja+12 =X. 

I10JIYt.£IIM: (.JQ +Ja+12)(.JQ --Ja+12) = 130x. 0TKyi'J,a: 

a-(a+12)=130x, a-a-12=130x, x=-
6
6
5

. 

Omeem: -
6
6
5 

. 

llpUMCp 12. llpoBepbTe CnpaBei'J,JIIIBOCTb paBeHCTBa 

_1-.Ji -310-7-Ji 
.Ji+1- 10+7-Ji. 

Pemenue. BhiiTOJIHIIM rrpeo6pasoBaHH51 npaBOH qacTII paBeHCTBa, 

YMHO%a51 t.£IICJIIITeJib II 3HaMeHaTeJib i'1,po6II Ha Bbipa%eHIIe conp51-

%eHHOe Bhipa%eHIIIO, 3aiTIICaHHOMY B 3HaMeHaTeJie i'1,p06II: 

.,f10=7.J2 -3 (10-7.Ji)
2 

-3100-140.Ji+98-
V10+1J2- (to+ 7.Ji)(1o-7.Ji)- 1oo-9s -

= 3 2(99~70-Ji) =~99-70-Ji. 
AHaJioriit.£HhiM o6pa30M BhiiiOJIHIIM npeo6pasoBaHII51 JieBoH: qacTII 

. .J2 -1 - ( .J2 -1 )
2 

- 2-2.J2 + 1 - 3-2-Ji 
paBeHCTBa . .J2+1- (.J2+1)(.Ji-1)- 2_ 1 -
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ITocKOJihKY rrpaBa5I qacTh paBeHCTBa rrpeJJ:cTaBJieHa KOpHeM TpeTh

eH: cTerrenH, 3aiiHilleM: 

3-2../i =~(3~2v'2)3 
= <!27 -54../i + 72-16../i =<199-70../i. 

Omeem: PaBeHCTBO cnpaBeJJ:JIHBO. 

IlpHMep 13. 0CB060JJ:HTeCh OT HppaQHOHaJihHOCTH B 3HaMeHaTeJie 

JJ:p06H 3+J2 +J6. 
3-J2-J6 

Pew-e11ue. 3arri1IlleM 3HaMenaTeJih JJ:po6H B BHJJ:e 3-( .J2 +J6). YM-

6 3+.J2+J6 
HOJKI1B qlfCJIHTeJih l1 3HaMeHaTeJih JJ:PO 11 In ,-;:;. Ha Bhipa:>KeHHe 

3-v2-v6 
3+( .J2 +J6), corrpH:>KeHHOe Bhipa:>Kemno 3-( .J2 +J6), H rrpuMeH5I5I 

cpopMyJJhi coKpaiiJeHHoro yMHOJKeHHH, IIOJJyquM: 

32 

3+.J2 +J6 - (3+.J2 +J6)2 = 
3-( J2 +J6)- (3-( .J2 +J6))·(3+( .J2 +J6)) 

9+2+6+6v'2+6J6 +4.J3 17 +6.J2 +6J6 +4.J3 
= 9-(.J2+J6/ = 9-2-4.J3-6 = 

( 17 +6v'i +6J6 +4.J3)( 1 +4.J3) 
= (1-4.J3)(1+4.J3) = 

17 +6v'i +6J6 +4.J3 +68.J3 +24./6 + 72./i +48 = = 

Omeem: 

= 

1-48 

65+ 78.J2 + 72.J3 +30J6 
47 

65+ 78.J2 + 72.J3 +30J6 
47 

IlpHMep 14. HaiiJJ:HTe qucno, 125% KOToporo paBHhi qucny. 

(~+~):~(5·~)2. 
Pewe11ue. HaiiJJ:eM 3HaqenHe Bhipa:>KeHH5I 

(~+~):~(5·~)2 
=A. 

1 1 

. _(33·5)3+(23·5)3 _3·5~+2·5~ _5·5~-
llonyqHM. A- 1 1 1 - 1 1 --1--5. 

- -·- -+- -54.534 5412 53 



3Ha5I, '-ITO 125 % IICKOMOrO l.JHCJia paBHbl 5, 3aTIHIIICM H peiiiHM 

nponop1IIIIO: x-100%.0n<yl(a 125·x=100·5 x=4. 
5-125% ' 

Omaem: 4. 

llpHMep 15. YnpocTHTe BbrpaJKeHHe ~.J2 + 1: ~(7 -5.J2)-1 
. 

PeweHUe. IJpel(CTaBHM KOpHH BTOpOH I1 TpeTbCH CTCTICHH B BIIJ(e 
KOpHeH IIICCTOH CTCTICHH I1 npHMCHHM <lJopMyJihl COKpall(eHHOrO 

YMHOJKCHIUL Ho TIOCKOJJbKY 7- 5.J2 = ..J4§- -J50 < 0 ' TO 3aTIHIIICM 

7- 5.J2 = - ( 5.J2-7) H TIOJIY'-IHM: 

_24(.J2+1)3 .3~(5.J2-7)2 = 

= -~ ( 2.J2 + 6 + 3.J2 + t) ( 5.J2-7/ = -((7 + 5_.J2_)_( 5-.Ji---7~)2 = 

= -~( 5.J2 + 7)( 5.J2- 7)( 5.J2- 7) = -~(50-49)(5.J2-7) = 

=-~5.J2-7 =-~2.J2-6+3.J2-1 =-~(.Ji-1)3 =-~.Ji-1· 

Omaem: -~ .J2 -1 . 

fipHMep 16. I-!a(Il(HTC 3Hal.JCHHC BbipaJKCHHH 

( 1(-J2-ir -~(t-.J2)' r 
PeweHue. YnpocnrM BbipaJKCHI1e ~( .J2 -~ r . 
flocKOJibKY .J2-~ == .J2-.Ji = .J2-g < 0 , 

TO, 3HaH, '-ITO (a-b)
2
n = (b-aln, 3aTIHIIICM ( .J2 -~r = (~-.J2r 

Tor,n;a corJiaCifO CBOikTBY 2.14 TIOJIY'-IHM: ~(~-J2r =~-.J2. 

YrrpocTHM BhrpaJKeHHe ~(1-.J2)5 
. CorJiacno CBOHCTBY 2.15 6y-

,n;eM HMCTb ~(1-.J2)5 
=1-.J'i. 
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Hail:,n:eM 3HaqeHne ncxo,n:Horo Bbipa:>KeHn.a: 

( 3 )-
4 

( 3 )-
4 

( 1 )-4 ( 1 )-
4 

2-~-(1-~) = 2-~-1+~ = 12-1 = 2 =16. 

Omeem: 16. 

3aAaYII1 AJUI caMocTosnenbHOro peweHIIIH 

YnpocTHTe Bbipa:>KeHH.a H Haii,n:nTe nx 3HaqeHH.a B cJiyqae, ecJIHH3-
BeCTHbi qifCJIOBbie 3HaqeHH.H napaMeTpOB ( 1-70): 

34 

1. (1+x+x2 1-x+x2 +2J-1: (5-2x2)-1; .JX =~3,92~. 
2x+x2 2x-x2 

2 3a2 +2ax-x2 10ax-30x2 
2 

· (3x+a)(a+x) 9x2 -a2 · 

3 °-
1-hh(1_a2 -b2 -c2 J· 2a-2b-2c 

• 
0

-1 +-1- 2bc · 22bc ' 
b+c 

a=50-1; c=1,07; b=-11,05. 

b-1 1 2 4
' (abc+a+c) 1 . 1 . 

a+-- 2a+2b
b+c-1 

2 11x-2 -2x -x-2 
( 

2 J-1 
5. (x +2x+ _3x_ 1)· x+1+ 3x+1 ; x=7,(3). 

1+(a+xr1 [ 1-(a2+x2))· -3 1. 
6. 1 . 1 2 ' X = 3 . 

1-(a+xr ax (a-1)-

( ab-1 +a-1b+1): ( a-1-b-1 )-
2 

7
' a2b-2 +a-2b2-(ab-1+a-1b) 

x-6 -64 1 x 2 (-2x-1) 
S. 16+4x-2 +x-4 . 4-4x-1 +x-2 + 0,25-0,Sx · 

9. 2a4 +a3 +4a2 +a+2 
2a3 -a2 +a-2 
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36 

2p-G 12 3 25 -2 - --2 --2 
. x2p +6p : x9-p . x3p-p . 

2nm m(m-n~ 
26 n - m 2 'J • ym-n : y m -n-

27. 

2 
1!22 

-4x q 

( 
1 1 ]2 E.~1 

xq -xP +4x q 

1 1 

1 

29 • ___.,._(_1--.1-1 ---::]2-----:(-m+-n ),...----
3 xm +3xn -36x (mn) 

5(y2 -x2)(~ +Vi/) (3 3U) 
30. 3/5 3r-2f 3i"T2 3rs-5 </XY+'\JY , x=64. 

-'I X~ - '\J X y HJ X y + '\J y 

_I~ +·.E_+ 2 - 2Ja -a
2
ifi 

31. ~a ~ affa-aW · 
1 1 

32 (a+2 -a 2 )i2-a2 
· -ffa + ffa +2 a-:g;; a+2 · 

33. (Ja __ 1 J2 :(Ja-1+ Ja +1 J-1 
2 2Ja Ja+1 1-Ja 



34. 

b 

35 . ..fi (a-x) (( --JX )2 -(ili +.fa_J-1]~; 
a- 2x J2X +.fa -2Ta 

23 2 
a= 52' x =52. 
36. ( ~36mn2p +.J3mn +.J3np )( ~36mn2p -.J3mn -.j2np). 

J3 (a- b2
) + 2J3b2 J2a _ J2C 

37
. ~2(b2 -a)2 +(-2bffa)2 . ...[3.[;;1 -J3J?. 

38 23 _v;zs. (H + 'fn2 J-(vn + 2lfii ) 22 _v;;z 
. 2+lfii . 2+"¥ri ¥n -2 ~ +2"¥ri. 

39 m'lfm-33n'lfm ·(1-3~)-~ . Q +3~ +32RJnZ. nm m . 

40. (.JX+2)(~-1 )-(.JX-2)(~+1 )-~ 
(2-.Jx+2){ ~~+1- 2~) 

41. 1-.J'ii :[~ +{(211 ..fit]. 
1-1(2t)3 1+1(2tr1 

4rn:: .J2t 
1-"\/.a 

2 2 
x3 + 2R/XY + 22y3 

42 (2-~xy-1 ) · (x¥X- 23y<!X): R/XY · 

(x-R +2-2fx)
2 

(1 +fx)
2 

r--1 1,_--.,----
43. '\1 x3 -v4x-1 +4+x. 

x-2+x-1 

44. ( 2.Jab- 2ab( a +.Jab)-1 
)· ( 2( .Jab-b)~( ab )-2 

)-
1

. 

45, ( lJs-x'+3 x: ~~:': x~3 
} ({ ,J2-v'XT

1 
+( .JX +,nt) 
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(~a2+a~ -~a2-a~t (Jb-Ja)2 
58. 2a.J(Jj : .JOjj , a > b > 0 . 

211+0,25( J;;:t -Jat 
59. I . 

\}1 +0,25( J;;:t -Jat -o,5( /;;:t -Ja) 

x+__1£_ 
60. JX+4 +-4-+.Jx+4. 

2-.Jx+4 .Jx+4 

61. (1+.JX + .Jf+x )
2 
-(1-.JX + .J1+x )

2 
. 

.J1+x -1-.JX .Jf+x .JX-1 

62. 2a 22 +23a-1 +22a-2 

4 . 3 1 

(a+1)3 i2 

( 2x2 + 2x..J x 2 -1 t 
63. 4 

x(x+~) -x 

64. ~(x-2)2 . 
.JX -2:.JX 

65. 2~4x(11+4.J6) -~4ffx -2.J3x -~50x2. 

6 ~-x-~·~1-x~ 
6 . ~(x2-1)3 . 

( ~( x2 +4 )..J1 +4x-2 -~(x2 -4 )..J1-4x-2 f 
67. ..J 

x 2
- x4 -16 

68. ~(abc+4)a-1 +4~; a= 5_2 • 

...raiJC +2 
3 3 

69. (2a+1)2 +(2a-1)2. 

J4a+2~(2a)2 -1 

70. 4a2-b2. Ja4-(2ab)2+(2b2)2 .a4+2a2b2+4b4; 3 b 1 
a6 -8b6 \j 4a2 +4ab+b2 a=4, =4· 
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40 

BbiiiOJIHIIB J'Ka3aHHyro ITOil,CTaHOBKJ', yrrpocTIITe Bbip<PKeHim (71-76): 

76. 0,(3)x3 -x+0,3; x=<f.J3 -.J2 +<f.J3 +.J2. 
BhP-IHCJIIITe 3Ha'-!eHIIJI BbipaJKeHIIH (77 -85): 

30</4m92 +42</18~ 
77. 3/ 

~96m+48rns 

78. ( ,-;;4 + ,-;:;6 + 30,-;;):(2.J3+10). 
v3 -1 v3 -2 3-v3 

79. ~ +~64W:S -<fsM/2. 

80. 5~48~ +J32</2,25 -11<!12-/8. 

81. .J160.JT2 +.Ji.5J48 --t/1200 -.J240J27. 

82. <!7 +JSO +<!7 -.JSO. 

83. J3+.J3 -<f-1o-Jf08. 

84. </26+$75 ·(2+.J3t. 

,J5-.J24 (5+2.J6)(49-10.J24) 
85. J2j -Jf62 +.JfOS -JS . 



0CB060,ll,HTeCb OT HppaqHOHaJibHOCTH B 3HaMeHaTeJie ,11,p06H (86-88): 
5 

86. 4fn 4r::> . 
'\/8-'\/3 

1-x 
87. 3r r· 

-vx -vx 
88 23 

. -J2 +.J3 -.J6. 
89. Hali,ll,HTe .J'"'""(3---a..,..)-,-(2_+_a_), ecJIH -J3-a +-J2+a = 15. 

90. Hali,ll,HTe Jtoo-x2 +J5b-x2
, ecJIH H3BecTHo, qTO 

Jtoo-x2 -J5o-x2 =10. 

a3 1 
Om6embt: 1. 0,04. 2. 1. 3. 10. 4. -1. 5. 20. 6. 2(a-t). 7. ab · 

2 a2 +1 !tfX +(ij 2 8. (2x + 1) . 9. --
1 

. 10. 0,2. 11. 0. 12. x+1. 13. 4r JC . 14. 16a . 
a- '\IX -~y 

1 ' 1 2( .JP +J(i)
4 

15. 
12

f""?.""" .16. x -1.17. x- 7 .18. a +b .19.1.20. -b .21. 2 va2b a (p-q) 
1 1 1 

22. ;b. 23. (Jm-Jn( 24. y 10
. 25. xP-3 . 26. y. 27. xP-x(j. 

1 1 

qr- xm+3xn 1 1-a 
28. 2'\/X. 29. 

3 
. 30. 80. 31. 1. 32. ,./a +.J'i.. 33. ,./a . 

34. -4. 35. 1. 36. -3n ( m + p) . 37. -JaG . 38. 2. 39. 0. 40. 2. 41. 1. 

a2b '¥8-x3 
2 42. -1. 43. x(x+1)(x+2). 44. -b. 45. -J2 . 46. (a-b) . 

a- 2 

47. m2 . 48. -1. 49. (%r+b. 50. -1. 51. q(p+q). 52. 1-x2
. 

53. Vx+y -Vx-y. 54. ( ~
2 

) . 55. 1-a, ecJIH aE (-oo; -1); a-1, 
4 a-x 

. . . ( Ja +,Jlj)2 
ecJIH aE ( -1, O)u(O, 1)u(1, +oo). 56. -1. 57. -25. 58. b . 

a-

5 a+ 1 60 1 16xJX 6 2~ 1 
9. -. . -4. 6. ( 2) . 2. -. 63. !?-:" 

a 1 - x ( x -1) a " x 2 -1 
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64. -JX, ecJIH XE (0; 2); .JX, eCJIH X E (2; +oo). 65. 20x. 66. -lfi, 

firr\ 2¥X 
ecJIH xe(-oo; -1)u(1; +oo); ;;;L.,eCJIH xe(-1;1).67. -.68.5. 

X 

69. 4a-..f4a2 -1. 70. ~. 71. 0. 72. 0,2. 73. -0,5.J6. 74. a+b. 75. 1. 

76. 20~+9 . 77.31. 78.o,5. 79. 1m .8o. 2m .81.0.82.2.83 . ..13+1. 

4 4 (J.X+¥X)(x+\lx2+¥X) 
84. 1. 85. 1. 86. (-tls+ti3)(2.J2+.J3). 87. . 

X 

88. 7.J2+5.J3+.J6+12.89.110.90.5.91.1. 

KoHTpOilbHbllil TeeT 

N!! 3a,ll;aHHH BapnaHTbi OTBeToo 

1)-3a2b4.J:ilj; 

2) 2a2b4.J-2b ; 

1 
Pe3yJihTaT BbiHeceHH.H MHOJKHTeJia H3-IIO,ll; 

3) 3ab4J3ab; 
3HaKa KOpHa .J-8a4b9 

paBeH 
4) 3a2b4.fb; 

5) -a2b4.J27b . 

1) 17; 

EcJIH a= 68, b = 4, TO 3HaqeHHe BhipaJKe-
2) 72; 

2 (, 'J[ , , r 3) 0,75; 

HH.H a4 +b4 · ba -4 +b4a-l paBHO 
4) 64; 
5) 1. 

Pe3yJihTaT yrrpom.eHH.H BbipaJKeHH.H 1) a2; 2) (~ r; 
[(~+M) (~+~ax')-1 ~)' 

X 

3 a2 
4) a2x 4

; lfa-VX 3) 4; 
X 

5) R[;J_\Q". paBeH 
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4 EcJIH .J8- X - .J3- X = 8 , TO 3Ha'!eHHe 

Bbrpa:>KeHH5I .Js~x +.J3-x paBHo 

5 Ecmr Fa+ Jb = S, ab = 4 , TO 3Ha'Iemre 

Bbrpa:>Kemm a.Ja +bJb paBHO 

6 Ecmr x + y = 4 , y + z = 8 , x + z = 6 , 
TO 3Ha'!eHIIe Bbipa:>KeHH5I X- y + 2z paBHO 

7 
Hmr6oJibiiiee 3Ha'!eHHe Bbrpa:>KeHH5I 

-4b· (5a +b) -(Sa-2)( Sa+ 2) paBHO 

8 
OcTaToK OT .n:eJieHH5I MHoroqJieHOB 

x 3 -5x2 +3x-1 H x+2 paBeH 

Pe3yJihTaT Bhi'IHCJieHH5I Bhrpa:>KeHH5I 

9 3 . _.! 0 75 
(0,25f2 +3·0,0081 4 +(0,0625f' · paBeH 

B pe3yJihTaTe 

npeo6pa3oBaHH5I Bbrpa:>KeHH5I 

JO 5Rl6J32 -Rl243Jf62 -11VfB+Rl600.J50 
TIOJIY'IHM 

Pe3yJihTaT Bhi'IHCJieHH5I Bhrpa:>KeHH5I 

11 4../S-.JU 

JlapHaHTbl OTBeTOB 

1) 20; 
3) 9S; 
5) 40. 

1) 10; 
3) 40; 
5) 2. 

1) 4; 
3) 40; 
5) 5. 

1) x-2; 
2) x 2 +1; 
3) 0; 
4) 3S; 
5) -35. 
1) 25; 
2) 26; 
3) -1; 
4) 260; 
5) 3 .. 

1) 0; 

3) 1; 
5) lf5. 

1) 4; 

3) 2; 

5) J6. 

2) 1; 

5. 
4) 4' 

2) 263; 
4) 400; 

2) 18; 
4) 8; 

2) 14; 
4) 20; 

2) R./6; 
4)Vf8; 

2) 14; 

4) f/6; 
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N2 3a,~~;aHH.H BapnaHTbiOTBCTOB 

1) 5-2J5; 

Pe3yJihTaT ynpo:r.u:emm: Bbipa)KeHIHI 
2) 0; 

12 
(V9+J80 +:if2+.J5)·:V2-J5 paBeH 

3) 1; 

4) 4-2J5; 
5) -2. 

2 7. 
EcJIII ab-1 = 2-2

, TO 3Ha'-!eHIIe Bbipa)KeHII5I 
1) 7; 2) 2' 

13 
..fa+2b -../b-3a paBHO 

3 . 4) 4; 3) 4' 
../4a+3b +..f13a-b 5) 12. 

1) 2a-3. 
2~ ' 

Pe3yJihTaT ynpon~eHIUI Bbrpa)KeHII5I 5 

14 )4 1 ~ 1 T
2 

-1 

2) ~; 
-+---2 + --+-+2 npii 5 . a 4a-1 4a-1 a 

3) 2~' 
yc.JIOBIIII, 'ITO 0 <a< 4 , paBeH 

4) 2~; 
5) 5~. 

OmBem'bt 
HoMep 3a,namui 1 2 3 4 5 6 7 

HoMep 
npaBHJILHoro 2 1 3 3 3 4 1 
OTBeTa 

HoMep 3a)l:aHH5! 8 9 10 11 12 13 14 
HoMep 
npaBHJILHoro 5 2 1 1 5 1 3 
OTBeTa 
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3 ct>YHKL\VIVI 

3.1. 0CHOBHble nOHfiTI/151 Ill onpeAeJleHIIIfl 

C/JywKupeu y = j(x) Ha3hiBaiOT TaKyro 3aBHCHMOCTb rrepeMCHHOll 

y OT rrepeMeHHOll X , rrpH KOTOpOll Ka)KLJ:OMY LJ:OIIYCTHMOMY 3Haqe

HHIO X COOTBCTCTBYCT CLJ:HIICTBCHHOC 3HaqeHHC y . 
06IIaCTb orrpe.n:eJieHIUI ¢YHKIJ,HH D(j) - MHO)KeCTBO Bcex .n:orryc

THMhiX 3HaqemiH rrepeMeHHOll X. 

06IIaCTb 3HaqeHH51 ¢ynKIJ,HH E(f) - MHO)KeCTBO ncex .n:orrycTH

MhiX 3HaqeHIIH rrepeMeHHOH y . 
<DyHKll,II51 MOHOTOHHa, CCJIH OHa JIII60 TOJibKO B03pacTaeT, JIH60 

TOJibKO y6bmaeT Ha D(j) . 
<DyHKll,II51 qeTHa, CCJIH: 

a) D(j) - CHMMCTpHqHoe MHO:>KCCTBO OTIIOCHTCJibHO naqaJia OTC'ICTa; 

6) f(x) = f(-x). 
fpaqmK qeTJIOH ¢ynKIJ,I1II CI1MMeTpi1qen OTHOCHTCJibHO OCH Oy . 
<DynKIJ,II51 HeqeTHa, CCJIII: 

a) D(j) - CHMMCTpHqnoe MHO:>KCCTBO OTHOCHTCJibHO HaqaJia QT(qCTa; 

6) f(x)= -f(-x). 
fpa¢HK neqeTHOH ¢ynKIUIH CHMMCTpHqen OTHOCHTCJibHO TO'~KH 

0(0; 0). 
<DynKIJ.H51 y = f(x) 5JBJI5JCTC51 rrepuo.n:IIqecKoi1, ecJIH cyilieCTByeT 

TaKOC qHCJIO T :f. 0 , IIpii KOTOpOM LJ:II51 BCCX X II3 o6JiaCni onpe,LI,CJICHII51 

¢YHKIJ,HII BbiiTOJIH5JeTc51 paBencTno f ( x ± T) = f ( x) . 

3.2. fpacpiiiKIII 3JleMeHTapHbiX QJYHK'-'111Vt 

FparjJww.M ¢YHKIJ,HH y = f ( x) Ha3hlBaiOT MHO)KCCTBO ToqeK rriioc

KOCTH, Koop.n:IIHaTbi KOTOpbiX y.n:oBJieTnopmoT .n:amwi1 ¢YHKIJ,HonaJib

noil3aBHCHMOCTH, TO eCTh roqeK BHLJ:a M ( x; f ( x)) . fpa¢nK ¢ynKIJ,HH 

rrpe.n:craBJI5JCT co6oil HCKOTOpyro JIHHHIO Ha IIJIOCKOCTH. 

PaccMOTpHM aJieMenTapHhie ¢ynKIJ,HII II ax rpa¢HKH. 

1. JlU1teUHOU Ha3biBaiOT ¢YHKIJ,HIO BIILJ:a y = kx + b , r.n:e k I1 b HCKO

TOpbiC LJ:CllCTBHTCJibiibiC qJICJia. 

Eciirr b = 0 , TO ¢ynKIJ,H51 npHIIHMaeT BI1LJ: y = kx II na3biBaeTC51 

np51MOU nponopU,UOHOJlb1tOCnlb10. 

D(f):xER; E(f):yER. 
fpa<!JHKOM JIHIIClliiOll ¢YliKl~HII 5JBJI5JCTC51 np5l.MG5l. 
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YrJioBoi1 Km¢¢lHJ;MeHT k rrp51MOH y = kx+b Haxo,n:51T no ¢opMyne 

k = tg a , r,n:e a - yrOJI HaKJIOHa IIp51MOH K IIOJIO)KHTeJibHOMY HarrpaB

JieHHIO ocrr Ox. 
ECJIH k > 0 , TO <}lyHKU:H51 MOHOTOHHO B03paCTaeT. 

HanpUMep, y=x+1 (prrc. 3.1); 
ECJIH k < 0 , TO <}lyHKU:H51 MOHOTOHHO y6biBaeT. 

HanpUMep, y=-x+1 (prrc. 3.2); 
Ecnn k = 0, To, rrpH,n:aBM b npm13BOJihHbie 3HaiieHmi, nonyiiHM ce

MeHCTBO np5IMhiX rrapanneJibHbiX ocH Ox. 
Hanpu.Mep, y = -1 (prrc. 3.2). 

X X 
~~~~~~~~~--~ -3 -2 -1 0 

-1 

-2 

-3 -3 

Puc.3.1 Puc. 3.2 

2. 06pam1tOU nponop~U01taJlb1tOCmb10 Ha3biBaiOT <}lyHKU:HIO BH,n:a 

k k v y =-, r.n:e - OTJIH"'HOe OT HYJI5I ,n:eHCTBIITeJibHOe "'HCJIO. 
X 

D(/): XE {R/ X :;tO}; £(/): YE {R/ y :;tO} 0 

fpa<}lnKOM <}lyHK[(HH y = l!:_ 51BJI51eTC51 tunep6oJla. 
X 

Ecnu k > 0, TO rpa¢nK ¢YHKU:HI1 pacrroJIO)KeH B rrepBOH 11 TpeTbeH 

"'eTBepTI1 KOOp,n:HHaTHOH IIJIOCKOCTM. 

1 Hanpwwp, y =- (pnc. 3.3). 
X 

Ecnn k < 0 , TO rpaq:mK ¢YHKU:MH pacrroJIO)KeH BO BTopoi1 n IIeTBep

TOH IIeTBepTn Koop,n:ImaTHOH ITJIOCKOCTH. 

1 HanpUMep, y = -- (pnc. 3.4). 
X 
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y 
3 

:~ 
-~3 -2 -1 0-1 

-2 

-3 

2 

Puc.33 

X X 

3 
-3 _, _,=I r, , 3 

-3 

Puc. 3.4 

3. Cmenemwu Ha3hiBaiOT ¢YHKu;mo BH.ll:a y = x 11
, r.ne n- .neikTBH

TeJJbHOe 'IHCJJO, OTJJH'IHOe OT Hymr: 

a)ecm1 n=2,To y=x2
. D(/):xeR; E(/):ye[O; +co) (pHc.3.5); 

6) ecJJM n = 3, TO y = x 3
. D(/): XE R; E(/): ye R (pMc. 3.6); 

1 1 
B) eCJJM n= 2, TO y=x2 MJJH y=.JX. D(j):xe[O; +co); 

E(/): ye [0; +oo) (pMc. 3.7); 
1 

r) ecJJH n=1· TO y=x3 MJJM y=lfX. D(/):xe R; E(/):ye R 

(pMC. 3.8). 

y 
3 

2 y=x' 

1 
X 

-3 -2 - 2 3 

X 

3 -2 

-3 

Puc.3.5 Puc.3.6 
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3 

-12 -8 -
X 

-1 0 2 3 4 

-1 

Puc. 3.7 

y 
12 

8 

4 y=VX 

4 8 12 

-4 

-8 

-12 

Puc. 3.8 

X 

4. Il01W3ameJlbHOU Ha3biBaiOT cpyHKUHIO BUll,a y =ax , rll,e a -
canst, a>O u a:t:1. D(f):xER; E(j):yE(O; +oo). 

fpacpUKOM llOKa3aTeJibHOH cpyHKUUU 5IBJUieTC5I 3KCnmteHma. 

EcJIH a > 1 , TO cpyHKUUJI MOHOTOHHO B03paCTaeT. 

HanpUMep, y = 2x (puc. 3.9). 

ECJIU 0 <a < 1, TO cpyHKUUJI MOHOTOHHO y6biBaeT. 

( 
1 )X Hanpwtep, y = 2 (puc. 3.1 0). 

5 y y 

4 

3 

2 

X 

1 2 3 -3 

-1 -1 

Puc.3.9 P.JC. 3.10 

X 

3 

5. JlowpupMU'#.eCIWU Ha3biBaiOT cpyHKUUIO BUll,a y = loga X, rll,e 

a - ll,eHCTBHTeJibHOe 'IUCJIO, npH'IeM, a > 0 U a :t: 1 . 
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D(j):xE(O; +oo); E(j):yER. 
EcJIII a > 1 , TO cpyHKUJUI MOHOTOHHO B03paCTaeT. 
HanpUMep, y = log2 x (p11c. 3.11 ). 
EcJIII 0 <a< 1, TO cpyHKUII5I MOHOTOHHO y6biBaeT. 
HanpuMep, y=log 1 x (pHc. 3.12). 

3 y 

2 

1 1 

X X 
-+-
-3 0 2 3 4 5 -1 0 23 4 5 

-1 -1 

-2 -2 

-3 -3 

Puc.3.11 Puc.3.12 

6. K mpuwHoMemputtecKu.M OTHOC5IT cpyHKUim: 

1) y = sinx . D(j): x E R; E(j): y E [-1; 1] ; ocHOBHOH rrepHo,n: 

cpyHKUIIH T = 2rc (pHc. 3.13); 

2) y=cosx. D(j):xER, E(j):yE[-1; 1]; ocHOBHOH nepHo,n: 

cpyHKUIIH T = 2rc (pnc. 3.14); 

3) y = tg x. D(j): XE {Rj.x :;t:~+rcn}, llE Z; E(j): yE R; oCHon

Hon nepno,n: cpynKunn T = rc (pnc. 3.15); 

4) y=ctg.x. D(f):.xE{Rj.x:;t:O+rcn},nEZ; E(f):yER; ocHoB-

HOH rrepno,n: cpyHKUHH T = rc (p11c. 3.16). 
y 

2 

-2 
Puc.3.13 

X 

21t 

y 
2 

-2 

X 

21t 

Puc. 3.14 
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I 

I 
I 
I I 
I I, 

y=ctgx: I 

:Y=tg X I 

I 
I 
I 

I 
I I X 

I X 
-in -O,Sn1 :O,Sn 11t -O,Sn 0 1,51t 

I 
I 

Puc. 3.15 

-1 

-2 

-3 

Puc.3.16 

3aM:eniM, 'ITO Ha pHCYHKaX 3.13-3.16 IIOKa3aHbi rpa<f>HKH tpHrO-
HOM:CTpH"'CCKHX <f>YHKQHH TOJibKO Ha HX OCHOBHbiX rrepHO,ll;aX T 

7. K o6pam1lblM mpuzoHoMempu"tecKUM <f>yHKi:(HaM otHocat: 

l) y = ar<(sinx. D(f): x e [,-1; 1], E(/): y e [-I; I J (pnc. 3.17); 

2) y = arccosx. D(j): xe [-1; 1], E(j): ye [0; n] (pnc. 3.18); 

' ' ' ' ( 1t 1t) 3) y=arctgx. D(j):xeR, E(f):ye - 2; 2" (pnc. 3.19); 

50 

4) y= arcctgx. D(j):xe R, E(f): ye (0; n) (pnc. 3.20). 

X 

-3 -2 

-3 -2 

-11t 

Puc3.17 

y 
1,51t 

-0,5n 

1 2 3 

Puc.3.18 

X 



1t y 
2 -----------

y 
1t 

-1t 0 
2 

Puc.3.19 Puc.3.20 

3.3. npeo6p83088HIIIS1 rpacpiiiKOB cpyHK~IIILII 

Bo MHOriix CJIJ'IMX rpa4_}IIK ¢YHKQIIII MO:>KeT 6biTb noJiyqeH B pe-

3YJibTaTe HeKOTOpbiX reOMeTpiiqecKIIX npeo6pa30BaHIIH II3BeCTHOrO 

rpa4_}IIKa 4_}yHKI.J;IIII y = j(x). 
1. lloCTpOeHIIe rpa4_}IIKa 4_}yHKI.J;IIII y = j(x)+b: rpa4_}IIK 4_}yHKI.J;IIII 

y = f(x) c~BIIraeM B~OJib ocii Oy Ha b e~IIHIIqHbiX OTpe3KOB BBepx 

npii b > 0 IIJIII BHII3 Tip II b < 0 . 

HanpUMep, corJiacHo 3TOMY npaBIIJIY nocTpOIIM rpa4_}IIK 4_}yHKQIIII 

y = JX + 1 ( 1 ), npe,n:BapiiTeJibHO TIOCTpOIIB rpa4_}IIK 4_}yHKI.J;IIII y = JX 
(*) (piiC. 3.21). 

y y 

5 5 

4 (1) (2) 

3 
- -(*) 2 .... 

1 ,. ... 
/ 

-1 1 2 3 4 5 X -1 1 2 3 4 5 X 
-1 -1 

Puc. 3.21 Puc.3.22 

2. ITocTpoeHIIe rpa4_}IIKa ¢YHKQIIII y = f(x+a): rpa4_}IIK ¢YHKQIIII 

y = f(x) c~BIIraeM B~OJib ocii Ox BJieBo Ha a e~IIHJiqHbiX oTpe3KOB 

npii a > 0 IIJIII BnpaBo npii a < 0 . 
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HanpUMep, B cooTBeTCTBMH c 3THM rrpaBHJIOM rroCTpOHM rpacpHK 

cpyHKQHH y = .J X+ 1 (2), rrpenBapiiTeJibHO IIOCTpOMB rpacpHK cpyHK

QHM y = .JX (*) (pHC. 3.22). 

3. IIocTpoenHe rpacpHKa <PYHKIJJIH y =-f(x): rpacpnK cpynKQHH 

y = f(x) oTpa:>KaeM CHMMeTpHqno oc11 Ox. 

Hanpu.Mep, rroCTpOHM rpacpnK <PYHKU:HH y = -loga x (3), rrpenBa

pHTeJihHO IIOCTpOHB rpacpHK cpyHKQHH y =log a X ( *), IIpH ycJIOBHH, 

qTo a> 1 (pnc. 3.23). 

y 

0 X 

Puc.3.23 

y 

I 
I 
I 
I 
I 
I 
I 
I 

Puc. 3.24 

X 

4. IlOCTPOeHHe rpacpHKa cpyHKIJ;HH y = j( -X): rpacpHK cpyHKQHH 

y = j(x) OTpa:>KaeM CHMMeTpHqHO OCH Oy. 

HanpUMep, rrocTpOHM rpacpHK cpyHKIJ:HH y = logaC-x) ( 4), rrpenBa

pHTeJihHO IIOCTpOHB rpacpHK cpyHKQHH y = loga X (*), llpH ycJIOBHH, 

qTo a> 1 (pnc. 3.24). 

5. IIoCTpoenHe rpacp:tma cpyHKU:HH y = 1/(x)l: qacTb rpacpnKa cpyn

KQHH y = f(x) nan ocbiO Ox ocTaBJiaeM, a Ty, qTo non ochio, oTpa:>Ka

eM CHMMeTpnqno 3TOH OCM. 

Hanpu.Mep, · nocTponM rpacpnK cpynKQHH y = J!J ( 5), rrpenBapH-
k X 

TeJibHO IIOCTpOHB rpacpHK cpyHKIJ;l111 y =- (*) rrp11 ycJIOBHH, qTo 
. . X 
k > 0 (pHC. 3.25). 
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... , 
' ' 

y 

\ 
\ 

(*) \ 
I 
I 

Puc. 3.25 

X 

X 

0 

Puc. 3.26 

6. rioCTpoeHne rpa<}:lrrKa ¢YHKQHH y = f (I xi): qaqb rpa¢rrKa ¢yH
KQIU1 y = j(x) rrpaBCC OCH Oy OCTaBJI5ICM H ee JKC OTpaJKaCM CHMMCT
pHqHQ ::non OCH. 

HanpuMep, rroCTpOHM rpa¢HK ¢YHKQHH y = alx\ (6), rrpep;napM

TCJJbHO IIOCTpOMB rpa<}:JMK lPYHKQHH y =a-'" (*) rrpH ycJIOBHII, 'ITO 

a> 1 (pHc. 3.26). 
7. I1ocTpOCHHC rpa¢nKa lPYHKQHH y = kf(x): KaJKll,YIO Op,rl.HHaTy 

TO'IKH rpa¢nKa <:j.lyHKI(HH y = f(x) yeeJIWIHBaeM B k pa3 (pacnrJKe

une rpa¢m<a ¢YHKQHH y = j(x) B,rJ.OJib ocu Oy rrpu k > 1 n cJKanre

rrpH 0 < k < 1 ). 
HanpUiltep, IIOCTpOHM rpa¢11K lPYHKQHH y = ~ · x 2 (7), rrpe,a.Bapn-

TCJJbHO IIOCTpOHB rpa¢nK ¢YHKQHH y = x 2 (*) (pnc. 3.27). 

y y 

5 
\ I \ 

' 
4 (*) , \ I 

I '(*) 
3 I 

-3 -2 -1 2 3 X -3 -2 -1 1 2 3 X 

-1 -1 

Puc. 3.27 Puc. 3.28 

53 



8. IlocTpoenne rpa¢nKa ¢YHKUHH y =I ( kx): Ka)K,ll,YIO a6culiccy 

TO'IKH rpacpHKa ¢YHKUHH y = j(x) YBCJIWJ.HBaeM B k pa3 (paCT5l)KC· 

HHC rpacpHKa cpyHKUHH y = j(x) B,ll,OJib OCH Ox rrpH k > 1 II C)K3THC

rrpn 0 < k < 1 ). 

HanpUMep, rrocrpoiiM rpacpHK ¢YHKUHH y = (2x / (8), rrpe,ll,Bapa· 

TCJibHO IIOCTp011B rp~cpHK cpyHKUHH y = x 2 (*) (pHC. 3.28). 
3aMeTHM, 'ITO ecJIH ¢YHKUH5I y = I ( x) TpHrOHOMeTpHqecKa.H, TO 

rrpeo6pa3oBaHHe y = I ( kx) H3MCH.HeT ocnoBHOM rrepHO,ll, ¢YHKUHH. 

3 
2 
1 

y 

y ~ cosx 

HanpUMep, paccMOTpHM 

cpyHKlJ.HIO y =COS X , OCHOBHOM 

nepHO,ll, KOTopoii T = 2n. Toma 

x rrepHO,ll, cpyHKUHH y =COS kx 
~~""""--~-+---\.--~~~~ Haii,ll,eM no ¢opMyJie: 

-1 ~ T 2n 
-2 y ~ cos 2x 1 = 1ki HJIH 11 = lkf . 
-3 Ha pncynKe 3.29 H3o6pa)Ke-

Puc.3.29 
Hbi rpacpHKH cpyHKil,Hil y =COS X 

n y =cos2x. 

3.4. 1/1306pa>KeHiil51 HeKOTOpbiX MHO>KeCTB TO'-IeK 

Ha nnocKOCTiil 

YpaBHCHHeM JIHHHH Ha IIJIOCKOCTn Ha3biBaiOT ypaBnenne c ,ll,BYM.H 

rrepeMeHHbiMH F ( x; y) = 0 IIJin y =I (x) , KOTOPOMY y,ll,oBJieTBopmoT 

KOOp,ll,HH3Tbi X ( a6CUHCCa) H y ( op,ll,HH3Ta) JII06oif TO'IKH ,ll,3HHOM JIIIHHH. 

YpaBHCHl}:e Kpimoii F ( x; y) = 0 3a,ll,aeT ¢ynKUHIO 1-teJLBllo. 

q T06bi 3a,ll,3Tb cpyHKUHIO 5IBHO, He06XO,ll,HMO II3 ypaBHCHH5l KpHBOH 

Bbipa3HTb O,ll,Hy KOOp,ll,HHaTy 'Iepe3 ,ll,pyryiO. 

Hanpu.uep, paccMOTpHM ypaBHCHHe rHrrep6oJibi xy = -3 . Bbrpa3HB 
. 3 

rrepeMeHHYIO x qepe3 rrepeMeHHYIO y, rroJiy'IHM x = --. A Bhrpa3HB 
y 

rrepeMeHHYIO y 'Iepe3 rrepeMCHHYIO X, IIOJIY'IHM y = _1_ . 
X 

PaccMoTpHM ypaBHeHHe OKpy)KHOCTII x 2 + y 2 
= R2 

, KoTopoe He

Jib35l C'IHT3Tb rpacpHKOM HCKOTOpoif cpyHKUIIH, T3K KaK K3)K,ll,OMY 3Ha

'ICHHIO X COOTBCTCTBYCT ,ll,Ba 3H3'ICHH5l y. 
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HanpUMep, ecJIII ypaBHCHIIe OKPYlKHOCTII IIMeeT BII,ZJ; x 2 + y 2 = 2, 

TO rrpii ycJIOBIIII, qTo x = 1 , rroJiyqiiM: y = ±1 . 
O,n;HaKo ecJIII pacc~aTpiiBaTb He BCIO oKpyiKHOCTh, a TOJibKO · ee 

qaCTb, TO MOlKHO O,ll;H03HaqHO 3aiiiiCaTb y, KaK <f>yHKI.(IIIO OT X. TaK, H:a'

rrpiiMep, CCJIII B35ITb qacTb OKpyiKHOCTII x 2 + y 2 = 2 , paCIIOJIOiKCHHYIO 

Ha,n; ochiO a6cl(IICc, TO y=.J2-x2
, a eCJIII B35ITh qacTh OKPYiKHOCTII; 

paciiOJIOlKCHHYIO IIO,ll; OCbiO a6Cl(IICC, TO y = -.J2-x2 
. 

PaccMoTpiiM pacrroJiolKeHIIe mcpyJICuocmu Ha Koop.n;rmarHofi: 

IIJIOCKOCTH (p11C. 3.30 113.31 ). 

y 

X 

X 

Puc.3.30 Puc.3.31. 

1. EcJ111 ypaBHCHHe OKPY1KHOCT11 11MeeT BII.U x 2 + y 2 = R2 
, TO ee 

l(CHTP Haxo,n;IITC5I B ToqKe 0(0; 0), a pa,n;11yc paBeH R (p11c. 3.30). 

2. EcJIH ypaBHCHHe oKpy1KHOCT1111MeeT Bl1A (x-a)2 +(y-b )2 = R2
, 

TO ee l(CiiTp HaxOti;l1TC5I B TOqKe 0' (a; b) , pa,n;11yc paBeH R (p11c. 3.31 ). 

3aMeTI1M, qTo HepaBeHCTBY x 2 +l < R2 
y.z:(oBJICTBOp5IIOTi I<O

opA11HaTbi Bcex ToqeK IIJIOCKOCTH, JielKaii(HX BHYTPH OKPYlKHOCTH 

x 2 + y2 = R2 
, a HepaBeHCTBY x 2 + y2 > R2 

.YAOBJieTBOp5IIOT Koopt~:Ima
Thi Bcex ToqeK, JielKamnx BHe :noti: oKpyiKHOCTH. 

PaccMoTpHM pacrroJiolKeHHe KBaopama Ha KoopAHHaTHoti: rrJioc

KOCTH (pHC. 3.32 H 3.33). 
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y 
y 

Puc.332 Puc.3.33 

d 
Ecmr ypaBHeHIIe KBa.n;paTa IIMeeT BII.ll: lxi+JyJ = 2, TO TO'!Ka 

0(0; 0) - TO'!Ka rrepeceqeHIIH .n;IIaroHaiieli KBa.n;paTa, d- .n:mma .n:na

roHaiiH KBa.n;paTa (piiC. 3.32). 

ECIIH ypaBHCHIIe KBa.n;paTa HMCCT BH.ll: lx-al+ly-bl =%,TO TO'fKa 

0' (a; b) - TO'!Ka rrepece'-leHHH .n:naromwei1 KBa.l(paTa, d- .UJIHHa .n:na

roHaiiH KBa.n:paTa (pnc. 3.33). 
3aMeTIIM, 'ITO HepaBeHCTBY Jxl +JyJ <% y.n;oBIIeTBOpHIOT KOop.n;H-

HaTbl Bcex TO'feK rrnocKOCTH, Jie%all\IIX BHYTPH KBa.n;paTa Jxl + IYI =% , 

a HepaBeHCTBY lxl+lYI >% Y.ll:OBIIeTBOp51IOT Koop.n;IIHaTbl BCeX TO'feK, 

Jie%all\IIX BHe ::nora KBa.n;paTa. 

llepece'leHHe JIHHHii 

PaccMoTpHM ,n:Be JIIIHHH, . 3a.n;aHHhre ypaBHeHHHMH ft ( x; y) = 0 H 

j 2 (X; y) = 0 . q T06bi HaMTH TO'!KY rrepeceqeHH51 3THX JIIIHHM Heo6xo-

.ll:I1MO peiiiHTb CIICTeMy IIX ypaBHemrii: {~ ~ ~~ t ~: ~~. qHCJIO perneHIIH 

CHCTeMbi paBHO 'IHCJIY TO'!eK rrepeceqeHH51 JIHHIIH. ECJIII %e CHCTeMa 

perneHliM He HMeeT, TO JIHHHII He rrepeceKaiOTC51. 
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TeeT AJlSI nposepKII1 TeopeTW-IeCKIIIX 3H8HIII171 

Ycmauoeume coomeemcmeue (1-8): 

1. <l>yHKU:IUI: 

<DOPMYJIA HA3BAHI1E 

1) y = kx+b; a) CTerreHHM; 

2) y=ex; 

3)y=lgx; 

4) y=sinx; 

5) y = arctg x ; 

6) y=xn; 

7) y=!. 
X 

2. <l>yHKU:H51: 

<DOPMYJIA 
-1 

1) y=x2; 

2) y=x2
; 

3) y=x-3 ; 

4) y=JX. 

3. <l>yHKU:H51: 

<DOPMYJIA 

1) y =log0 x; 

2) y=ax. 

6) IIOKa3aTeJibHM; 

B) JIOrapHcpMIPieCKM; 

r) TpHroHOMeTpH'IeCKM; 

JJ;) HppaQHOHaJibHa51; 

e) JIHHeHHM; 

iK) rrp51Ma.Jl IIpOIIOpU:HOHaJibHOCTh; 

s) o6paTHM rrponopu:woHaJibHOCTh; 

H) o6paTHM TpHrOHOMeTpHqeCKa.JI. 

OEJIACTb OIIPE)J:EJIEHI151 

a) XE R; 

6) x>O; 

B) x~O; 

r) XEK.jx;t:O; 

JJ;) XEN; 

e) XEQ. 

OEJIACTb 
OIIPE)J:EJIEHI151 

a) XE R; 

6) X >0; 

B) x~O; 

r) x<O. 

OEJIACTb. 
3HAqEHl1M 

JJ;) yER; 

e) y>O; 

iK) y~O; 

s) y<O. 
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4, Cl>yHKU:M:.SI: 

<l>OPMYJIA 
OEJIACTb OEJIACTb 
0 IIP E)J.EJIEHI15I 3HAqEHl1ll 

1) y = sinx; a) R; :>K) R; 

2) y=cosx; 6) (0; +oo); 3) (0; +oo); 

3) y=tgx; 
B) X ;t:~+21tn, nE Z; 

H) (0; 1t); 

4) y =ctgx. r) x ;t: 21tn, nE Z; K) (-1; 1); 

.n;) x ;t: 1tn , n E Z ; JI) (0; 1]; 

e) x;t:~+1tn, neZ. 
M) (-1; 1]. 

5. <!JyHKU:H>I: 

<DOPMYJIA 
OEJIACTb OEJIACTb 
OIIPE)J.EJIEHI151 3HAq£Hl1ll 

1) y = arcsinx; a) R; :>K) R; 

2) y = arccosx; 6) [-1; 1]; 3) (0; 1t); 

3) y=arctgx; B) (-1; 1); H) [0; 1t]; 

4) y = arcctgx. r)-1$x$1; 
K) [-~;~l 

n) [ -1;1]. JI) (-1;1). 
6. cDyHKI..\H>I: 

<DOPMYJIA IIEPI10)J. 

1) y=sin(-x); a) 7t; 

2) y=coskx; 6) 27t; 

3) y=ctgx; B) krt; 

X 
4) y=tg k" ) 1t. 

r k' 
21t. n)k, 

e) 27tk. 
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7. 0Kpy:lKHOCTb: 

YPABHEHI1E UEHTP PA)JJ1YC 

1) x2 + y2 = Rz ; a) (-a; -b); IK) 2R; 

2) (x-a) 2 +(y-b)2 =R; 6) (0; b); 3) R; 

3) (x+a)2 +(y+b)2 =2R; B) (a; b); H) 4R; 

4) x 2 +(y-b)2 =4R2
. r) (0;- b); K) J'iR; 

JJ:) (a; -b); JI) ..fiR; 

e) (0; 0). M) .JR.. 
8. KBaJJ:paT: 

YPABHEHI1E UEHTP )li1AfOHAJlb 

1) jxj+jyj=d; a) (0; 0); IK) d; 

2) jx+aj+jy-bj ::±~; 6) (a; --b); 3) 2d; 

3) jx-aj+jy+bj =2d; B) (-a; b); H) 4d; 

4) jx+aj+jyj=Jd. r) (a; 0); K) d2
; 

JJ:) (-a; 0); JI) 2Jd; 

e) (a; b). Jd 
M)2. 

YKaJfCume ece npaBUJZb'Hbte eapua'Hmbt omeemoe (9-15): 

9. Ecm,; KpHBbie ft ( x; y) = 0 H / 2 ( x; y) = 0 HMeiOT ,IJ,Be ToqKn rre

peceqeHII.H, TO CHCTeMa ypaBHeHIIH {h ( x; y) = O, HMeeT: 
h. (x; y) =0 

1) OJJ:HO pernemre; 
3) JJ:Ba pernemm; 
5) MeHee Tpex pernemd!. 

2) 6oJiee OJJ:Horo pernemm; 
4) He MeHee JJ:Byx pernemrH:; 

10. fpacpHK cpyHKU:HH y = j (x -a )+b IIOJiyqqM B pe3yJII>TaTe CJie
i'l:YIOW:ero rrpeo6pa3oBaHH.H: 

1) rpa<l:>HK cpyHKU:HH y = j (X) CJJ:BHraeM BJJ:OJib OCH Ox Ha a e7J:. 
0Tpe3Ka BIIpaBO H Bi'J:OJib OCH Qy Ha b eJJ:. OTpe3Ka BHH3; 
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2) rpacprrK cpyHKUIHI y= f(x) casaraeM MOJib ocw Ox Ha a e,11,. 

OTpe3Ka BnpaBo M BlJ,OJib ocu Oy Ha b e,11,. oTpe3Ka BBepx; 

3) rpacpHK cpyHKl(MH y = j (X) C;'J.BMraeM BlJ,OJib OCH Ox Ha a C,ll,. 

oTpe3Ka BJieBo n B.ll.OJib ocw Oy Ha b ea. oTpe3Ka BHH3; 

4) rpacpuK cpyHKl(nn y=f(x) C,ll,BnraeM BLJ,OJib ocn Ox Ha a e,11,. 

oTpe3Ka BJJeBo n B.ll.OJib ocn Oy Ha b e,11,. oTpe3Ka BBepx. 

11. fpacpHK cpyHKl~HH y =-j (X)- b ITOJIY'-IHM B pe3yJibTaTe CJie,ll,y

IOll(ero npeo6pa3oBaHnJI: 

1) rpacpnK cpyHKl(UH y = j (X) OTpa)KaCM CUMMeTpH'-IHO OCH Oy 
n caBuraeM Ha b e,11,. oTpe3Ka BBepx; 

2) rpacpnK cpyHKl(UH y = j (X) OTpa)KaeM CHMMeTpiP-IHO OCH Oy 
H C,ll,BHraeM Ha b e,11,. 0Tpe3Ka BHH3; 

3) rpacpHK cpyHKl(HH y = j (X) OTpa)KaeM CHMMeTpWIHO OCH Ox 
11 C,ll,BHraeM Ha b e,11,. oTpe3Ka BBepx; 

4) rpacpHK cpyiiKl(Hil y = j (X) OTpa)KaeM CHMMeTpH'-IIIO OCH Ox 
H C,ll,BHraeM Ha b e,11,. 0Tpe3Ka BIIU3. 

12. fpacpHK cpyHKUHH y =if (-X )I ITOJJY'-IHM B pe3y Jib TaTe CJleLJ,yiO

m:ero npeo6pa3oBannJI: 

1) rpacpHK cpyiiKl(HH y = j(x) OTpa)KaCM CHMMeTpH'-IHO OCH Ox, 
qacTb rroJJyqeHHoro rpacpnKa Hall, ocbJO Ox ocraBJIJieM, a Ty, '-ITO rro,11, 

OCblO, OTpaiKaCM CHMMeTpH'lHO :HOM OCH; 

2) rpacpHK cpyHKl(HH y = j (X) OTpa)KaeM CHMMeTpH'-IHO OCH Ox 
11 noiiy'-IeHHbiM rpacpnK OTpa)KaeM cnMMeTpH'-IHO ocn Oy; 

3) '-IaCTb rpacpHKa cpyHKl(HH y = j (X) Hall, OCbiO Ox OCTaBJI5ICM, 

a Ty, 'lTO 110,11, OCbiO, OTpa)KaeM CHMMeTpH'-IHO :'JTOH OCH il IlOJJy'-IeHHbiH 

rpacpHK oTpa:>KaeM cnMMeTpH'-IHO ocn Oy; 
4) '-IaCTb rpacpHKa cpyHKl(HH y = j (X) Hall, OCbiO Oy OCTaBJJ.JieM, 

a Ty, '-ITO IlOlJ, OChiO, OTpa)KaeM CHMMeTpH'-IHO 9TOM OCH H IlOJJy'-IeHHbiM 

rpacpHK OTpa)KaeM cnMMeTpH'-IHO ocn Ox. 
13. fpacpHK cpyHKUHH y = j (ix + ai) UOJIY'-IHM B pe3yJJbTaTe CJJe,ll,y

IOUJ:CI'O npeo6pa3oBaH:n5I: 

1) 'laCTb rpacpHKa cpyHKUHH y = j (X) rrpaBee OCH Oy OCTaBJI5IeM 

H ee )Ke OTpa)KaeM CHMMeTpH'-IHO 3TOM OCH, I10JlY'-ICHHbiM rpacpHK 

CLJ,BnraeM BlJ,OJib OCH Ox Ha a ea. 0Tpe3Ka BJieBo; 

2) '-IaCTb rpacpnKa cpyiiKl(HH y = j (X) rrpaBee OCH Oy OCTaBJI5ICM 

H ee )KC OTpa)KaCM CHMMeTpH'lHO ZHOi1 OCH, IlOJiyqeHHhiM rpacpnK 

C,ll,BHraeM BLJ,OJib ocu Ox Ha a ea. oTpe3Ka BrrpaBo; 

3) qacTb rpacpnKa cpyHKUHH y = f ( x) Bbil!Ie ocn Ox ocTaBJIJieM 

U ee )KC OTpa)KaeM CHMMeTpii'-IHO :3TOM OCH, l10.7Iy'-IeHHbiM rpacpHK 

C,ll,BHraeM B,ll,OJib ocu Oy Ha a e,11,. oTpe3Ka BJieBo; 
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4) 'IaCTb rpacpiiKa cpyHKl(HH y = j (X) HH)Ke OCH Ox OCTaBJUieM 

II ee )Ke OTpa)KaCM CHMMeTpWIHO JTOH OCH, IIOJiy'IeHHbiH rpa¢HK 

c,n:nHraeM B.ll:OJih ocH Ox ua a e,n:. oTpe3Ka BJieBo. 

14. fpacpriK cpyHKl(HH y =if (lxJ)I rroJiy'IHM B pe3yJihTaTe cJie,n:yiO

ru:ero rrpeo6pa3onaHH5l: 

1) 'IaCTb rpacpriKa ¢YHKl(IIH y = j (X) rrpanee OCH Oy OCTaBJI5ICM 

l1 ee )Ke OTpa)KaeM CUMMeTpH'IHO <HOW OCH, '!aCTb IIOJiy'!eHHOro rpa

cpHKa ua,n: ochro Ox ocTaBJIJieM, a Ty, 'ITO rro,n: OChiO Ox, oTpa%aeM cHM

MeTpH'IHO 3TO~i OCII; 

2) 'IaCTb rpacpHKa cpyHKl(HH y = j (X) JieBee OCH Oy OCTaBJI5leM 

H ee )Ke OTpa)KaeM CHMMeTpH'IHO 3TOH OCH, '!aCTb IIOJiy'IeHHOrO rpa

cpHKa HaJJ; OChiO Ox OCTaBJIJieM, a Ty, 'ITO IIOJJ: OChiO Ox, oTpa%aeM CHM

MeTpH'IHO 9TOH OCH; 

3) rpa¢HK ¢yHKl(l1H y = j (X) OTpa)KaeM CHMMeTpH<IHO OCH Oy, 
'IaCTh rroJiyqeuuoro rpacpHKa ua,n: ochiO Ox ocTaBJIJieM, a Ty, 'ITO rro,n: 

ocbiO Ox, oTpa)KaeM CHMMeTpwmo aTOll onr; 

4) 'IaCTb rpacpuKa cpyHKl(HH y = j (X) rrpanee OCH Oy OCTaBJI5leM 

H ee )KC OTpa)KaeM CHMMeTpH'IHO 9TOH OCH, IIOJiy'IeHHbiH rpacpHK OT

pa)KaeM CHMMeTpH'IHO ocn Ox. 
15. fpacpHK cpyHKl(HH y =nf(kx) IIOJIY'IHM B pe3yJibTaTe CJie;:J;yiO

Il(ero rrpeo6pa3onamuc 

1) a6Cl(HCCbl BCCX TO'ICK rpacpHKa cpyHKl(HH y :::: j (X) yBeJIH'IHBa

eM B k pa3, a op,n:rmaTbi yMeHbiiiaeM B n pa3; 

2) a6Cl(HCCbl BCCX TO'ICK rpacpHKa cpyHKl(HH y = j (X) YMCHbiiiaeM 

B n pa3, a op,n:HnaTbi - B k pa3; 

3) a6Cl(HCCbl BCCX TO'IeK rpacpHKa cpyHKl(HH y = j (X) YBCJIH'IHBa

eM B n pa3, a op,n:HHaTbi - B k pa3; 

4) a6Cl(HCCbl BCCX TO'ICK rpacpHKa cpyHKl(HH y = j (X) yBeJIH'IHBa

eM B k pa3, a op,n:mraTbi - B n pa3. 

OmBembt 
HoMep 3a,n;amur 1 2 3 4 5 
BaprraHT 1 - e, 2 - 6, 1-6, 1- a-M, 1- 6- K, 
npaBHJibHOfO 3 - B, 4 - r, 2- a, 1 - 6 - t(, 2- a-M, 2-6- 11, 
OTBeTa 5 - H, 6- a, 3- r, 2-a-e 3- e- JK, 3- a- JI, 

7-3 4-B 4-t(-)K 4-a-3 

HoMep 3at~aHH.si 6 7 8 9 10 
BapHaHT 1-6, 1- e- 3, 1- a- 3. 
npaBHJibHOfO 2- t(, 2 - B- M, 2- B- JK, 

3 2 
OTBeTa 3- a, 3-a-K, 3- 6- 11, 

4-B 4-6- )K 4-t(-JI 
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HoMep 33A3H11:.SI 11 12 13 14 15 
BapwaHT 

rrpaBHJ!bHOfO 4 3 1 1 4 
OTBeTa 

np~ttMepbl 

llp:uMep 1. Hail,n:IITe rriiorn:a,n:I> qmrypor, orpaHH'IeHHOH rrp~MbiMII 

X = 3, y ""' 3x II y = X- 4 . 

PeuteHue. ITocTpOIIM Ha Koop,n:IIHaTHOH IIJIOCKOCTII ,n:aHHI>re np~

Mhie (piic. 3.34). 
y 

9 ---- -
B 

Puc.334 

ITp~M~ x = 3 ( 1) napaiiiieJihHa ocii op.n:m-raT 

II npOXO,[(llT qepe3 TO'IKY (3; 0). 1ho6bi TIOCTpo

l!Tb rrp~MYIO y = 3x (2), He06XO,[(llMO 3HaTb ,[(Be 

TO<IKII, rrpHHa,n:Jie:>Kall(IIe 9TOH rrp~MOH. HarrpH

Mep, MO:>KHO IIOCTpOIITb TO'IKII (0; 0), (3; 9) II 

rrpoBeCTII qepes HHX np~Myro (2). qT06I>r nocT

poiiTh rrp~MYIO y = X-4 (3), MO:>KHO IIOCTpOIITb 

x TO'IKII (0; -4) H (4; 0), npiiHa,[(Jie:>Kall(IIe 9TOH 

rrp~MOH, H rrpoBeCTH <Iepe3 Hl!X np~MYIO (3). 
I1s piiCYHKa 3.34 BII,[(HM, 'ITO TpeyrOJibHllK 

ABC orpaHH<IeH ,n:aHHhiMH np~MhiMH. ITIIorn:a,n:h 

rroJiy<IeHHoro TpeyroJII>HHKa Hail,n:eM no ¢opMy-

1 1 
IIe: S=2aha,T.e. S=2_BC.AD. 

Hail,n:eM Koop,n:HHanr TO<IeK nepece<J:eHH~ np~MbiX. 

1. Hail,n:eM Koop,n::uHaTbi TO<IKH A, pem~ cncTeMy ypaBHeHHH 

{
y-3x 
y :x-'-4. IToiiy<IHM A( -2; -6). 

2. Hail,n:eM Koop,n:HHaTI>I TO<IKH B, pema~ c:ucTeMy ypaBHeHHH 

{~=~~. IToiiy<IHM B(3; 9). 

3. Hail,n:eM Koop,n:IIHaTI>I TO<IKII C, pew~ cncTeMy ypaBHeHHH 

{~=~-4. IToiiy<IHM C(3; -1). 

Hail,n:eM ,n:JIIIHY oTpesKa BC, Bhi<IHT~ :us op,n:IIHaThi TO<IKH B 

op,n:HHaTy TO<IKH C. IToiiy<IHM B C = 9- ( -1) = 10 . Hail,n:eM ,[(JIH-
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HY oTpe3Ka AD, Bf>IqHTaJI H3 a6cu;Hccbi TOqKH C a6cu;Hccy TO'IK11 A: 
I ',, : 

AD= 3-( -2) = 5. Haii.n;eM IIJIOIIIMh TpeyroJibHHKa ABC: 

1 5=2·10·5=25. 

Omaem:25. 

llpHMep 2. Haii.n;HTe IIJIOIIIMh qmryphi, 3a,Zl;CJ,HHOH Ha Koop.n;HHaT-

HOH ITJIOCKOCTH CI1CTeMOI1 HepaBeHCTB y _X $ 2, v v {x+y~2. 

-2~y~O. 

PeweHtte. IlocTpOHM rpaHHq-

Hhie npaMhie, COOTBeTCTBYIOIIIHe 

HepaBeHCTBaM 3a,ll;aHHOH CHCTeMbJ: 

y=-x+2 {1), y=x+2 (2), y=O 

B y 

X 
(3), y =-2 (4) (pHc. 3.35). CHcTeMa 

HepaBeHCTB 3a.n;aeT Ha KOOp,ll;HHaTc (4) 
~~~~--~~~~~-

HOH IIJIOCKOCTH Tparreu;mo ADEC, 
ITJIOilla,ll;h KOTOpoii: HaH,ll;eM IIO $op-

1 
MyJie S="2·(DE+AC)·OK. Puc.335 

CorJiacHo pHCYHI<Y 3.35 3arrmneM: DE= 4, OK= 2 . 

Haii:.n;eM Koop.n;HHaTbi TO'IKU A, pernaa CHCTeMy ypaBHeHHH 

{t: :; 2· IloJiy'IHM A ( -4; - 2). AHanom'IHO Haii.n;eM Koop.n;HHaTbi 

TO'IKH C. IloJiyqHM C(4; -2). Tor.n;a AC=8. 

Haii:.n;eM IIJIOIIIMh Tpaneu;Im: S == ~ · ( 4 + 8) · 2 = 12 . 

Omaem: 12. 

llpHMep 3. Haii.n;HTe Bee u;eJihie 3Ha'IeHHiinapaMeTpa k, npH KOTO" 

pbiX ypaBHeHHe 13x2
- 8lxl- 31 = -3k HMeeT IIIeCTb KOpHeH. 

PeweHue. PernHM ypaBHeHHe rpa$H'IeCKH, 3aMeHHB ero paBHO~ 

v v v {y=l3x
2

-8lxl-31, CI1JlhHOI1 CHCTeMOH ypmmeHHH 
y =-3k. 
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(2) · •• 

y 

. . 
.. . . 

~_,:.._ __ ---'-
25 
3 

Puc336 

X 

:' (1) 

I1oCTpOIIM CXeMaTII'IeCKII rpa

cpiiK cpyHKI(IIH y = j3x2 
- 8]xl- 31 , 

npe.n:BapiiTeJihHO llOCTpOIIB rpa

cpuKII cpyHKI(HH y = 3x2 
- 8x-3 H 

y = 3x2 
- 8\x\- 3 . 

1. fpacpiiKOM cpyHKI(HII 

y = 3x2 
- 8x-3 51BJIR:eTcJI rrapa6oJia, 

BeTBII KOTOpOH HanpaBJieHhl BBepx. 

Hai:i.n:eM KoopwmaThi nepiiiiiHhi na

pa6oJihi. 
b 

CorJiaCHO cpopMyJiaM x0 = -- , 
4 16 4 1 a 

y0 = f(x0 ) noJIY'IHM: x 0 = 3 , y0 =3·-g-8·3-3= -83. 
Hai:i.n:eM HYJIII cpyHKI(HH (To'IKH nepece'IeHIIR: rpacpiiKa c OChiO a6-

. 2 1 
CI(IICC ), peiiiaR: ypaBHemre 3x - 8x-3 = 0. I1oJiy'IHM x1 = -3, x2 = 3. 

Hai:i.n:eM TO'IKY rrepece'IeHHR: rpacpiiKa c ocbiO op.n:rmaT: f ( 0) = -3 . 

ITocTpoiiM rpacpiiK ( 1) (piic. 3.36). 

2. PaccMoTpHM cpyHKI(HIO y = 3x2
- 8\x\- 3. ITocKOJihKY x 2 = ]x\2 , 

ro 3anniiieM y = 3jx]2 -B]xj-3. DocTpoiiM rpacpiiK (2) :noli cpyHKI(HII, 

BhiiiOJIH5151 CJIC.lJ:YIOIIIee npeo6pa30BaHne: 'IaCTh rpacpHKa cpyHKI(HH 

y = 3x2 -8x-3 npaBee ocH Oy ocTaBHM H ee /Ke OTpa3IIM cnMMeTpnq

HO ::noli OCII (pHC. 3.36). 

3. DocTpOHM rpacpHK (3) cpyHKIIHH y =j3]x\2 -8\x\-31, Bbi

noJIH5151 cJie.n:yroii(ee npeo6pa3oBaHne: qacTh rpacpnKa cpyHKI(HH 
2 . 

y = 3\xl - 8\x\-3, paCDOJIO/KeHHOH Ha.lJ: OcbiO Ox OCTaBHM, a Ty, 'ITO 

no.n: ocbiO Ox, m·pa3HM CHMMeTpH'IHo ::noli ocH (pi1c. 3.36). 

PaccMoTpHM mmeliHyiO cpyHKI(HIO y = -3k. ITocTpOHM ceMeii:cTBO 

npR:MhiX, napanJieJihHbiX ocH Ox raK, qro6br OHH nepeceKaJIH rpacpi1K 

cpyHKI(I111 y = 13\x\2 -8\x\-31 B IIICCTI1 TO'IKaX. 3TO B03MO/KHO rrpi1 yc

JIOBHH, 'ITO 3 < -3k < 2; . HJIH -
2; < k < -1 . QqeBH.lJ:HO, 'ITO npoMe-

/KYTKy ( -2i; -1) rrpHHa.n:Jie/KHT O.lJ:HO I(eJIOe 3Ha'IeHHe k = -2. 
Om a em;:· -2 . 
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IIpnMep 4. YK<UKHTe Bee 3HaqeHH5I napaMeTpa a, npn KOTOphiX 

rpa¢nKH ¢YHKU,Hll y = lx2- 7 axi I1 y ::: 4a HMCIOT ,T{Be o6IU,He TQqKH. 

Peweuue. fioCTpOHM exeMaTwreeKH rpa¢HKH 3at~:aHHhiX ¢YHKIIHH 

(pHe. 3.37). 

1. PaeeMOTpHM¢YHKUHIO y = \x2
- 7 ax\. 

TioeTpOHM napa6oJiy, 3a,T{aHHYIO ypaBHe

HHeM y = x 2- 7ax (1 ). Onpet~:eJIHM KO-

opt~:HHaThi BepmHHhi napa6oJihr: x0 = 7; ; 

-(7a)
2 

_7a·7a __ 49a
2 

Yo - 2 2 ' Yo - 4 · 

qT06hi llOCTp011Th rpa¢HK ¢YHKUH11 

y = \x2
- 7ax\ (2), BhiTIOJIHHM eJiet~:yiOIU,ee 

npeo6pa30Ba:tme: '!aeTb rpa¢HKa ¢YHK

UIIH y::: x 2
- 7 ax, paenOJIO)KeHHYIO Hat{ 

oehiO a6eU,HeC, OeTaBHM, a Ty, 'ITO DOt{ 

y 

I 
\ I 
\ I 

-49a2 ' I (1) -- ___ ..._., 
4 

Puc.337 

OebiO a6eU,HCC, 0Tpa3HM CI1MMeTpll'IUO <lTOH 0Cl1. 

X 

2. floCTpOHM rpa¢nK ¢ynKU,Hll y::: a ( eeMeHCTBO IIp5IMhiX, rra

paJIJieJihUbiX ocu Ox ) TaK, 'IT06hr rpa¢uKH ¢ynKUHii y = lx2
- 7 ax! 

u y = a rrepeceKaJIHeh B t~:nyx TO'!Kax. O'IeBHtJ:IiO, 'ITO npJIMaJI y = a 

tJ:OJI)Kna HJIH eosnat~:aTh e OCbiO Ox ; Tort~:a a = 0 HJIH paerroJiaraThCJI 

49a2 
Bhlllle TO'!Kll A (puc. 3.37), TOr,T{a a > -

4
-. 

49a2 
2 PemHM HepaBeHCTBO a> -

4
-: 49a -4a < 0, a(49a-4) < 0. 

CorJiacno piieynKy 3.38 3ammreM 

ero pemenne: a E ( 0; 
4
4
9

) . 
+ + 
~ 

0 A_ a 
49 

Puc.338 

TioeKOJlhKY 3HaqeHHe a= 0 He 5IBJI5IeTe5I pemeUHeM HepaBeHeTBa 

a( 49a- 4) < 0 , TO IIp5IMYIO y = 0 paeC!I.iaTpliBaTb ue 6yt~:eM. 

Omeem: ( 0; 4~) . 
IlpHMep 5. Haiit~:nTe see 3HaqenHJI rrapaMeTpa a, npH KOTOphiX 

x+8 I 
1
z ypasneHHe jx + Sj = x +a HMeeT OtJ:HH Kopenb. 
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Pewenue. PeiiiMM ypaBHeHMe rpaqmqecKM, 3aMeHHB ero paBno

CHJibHOH cncTeMo~i ypaBnemiH: { y = I~:~~ ~ 
y=(x+a) . 

y 

Puc.339 

1. flocTpOIIM CXeMaTII'!eCKII rpac!>IIK 

<l>YHKIJ,IIII y = ~~: ~~ (pnc. 3.39). ll.JIJI 

sToro HaH:JJ;eM HYJIH <l>YHKIJ,HII rroJJ; 3Ha

KOM MOJJ;yJIJI: X+ 8 = 0, X= -8 II pac

KpOeM MOJJ:YJih na ITOJiyqeHHLIX rrpo-

X Me%yTKax, y'IHThiBM rrpH 3TOM, 'ITO 

X = -8 - TO'!Ka pa3pbiBa <l>YHKIJ,IIH. 

PaccMOTpnM JJ;Ba CJIY'IM: 1) ecJIII x E ( -oo; -8) , TO y =-X+ 8 
HJIH 

8 x+8 
y=-1;2)eCJIII XE(-8; +oo),TO y=X+ HJIII y=i. 

x+8 2 
2. floCTpOHM CXeMaTH'-IeCKII rpact>rm <l>YHKIJ,IIII y == (X +a) , rrpeJJ;-

BapiiTeJihHO llOCTpOIIB rrapa6oJiy y = x 2 
(pHC. 3.39). 

llapa6ona y = x 2 n rrpJIMaJI y = 1 nMeioT JJ:Be o6IIJ,rre TO'IKH. TaK 

-+. -+. u x+8 
KaK COfJiaCHO YCJIOBIIIO 3aJJ;a'!H rpa't'HKH 't'YHKIJ,HH Y = lx + 81 II 

2 
Y = (X +a) JJ;OJI%Hhi HMeTb TOJibKO OJJ:HY TO'IKY rrepece'!eHHJI, TO, Bhi-

IIOJIHJIJI rrapaJIJieJibHbiH rrepeuoc rrapa6oJibi y = x 2 
na a e,ll,HHH'IHbiX 

2 
0Tpe3KOB BJieBO, 3aMeTHM, 'ITO IIpH a = 7 rrapa6oJia y = (X+ a) H 

IIpJIMaJI Y = 1 HMeiOT OJJ:HY TO'IKY rrepeCe'!eHHJI, a IIpH a = 9 ne HMe

IOT o6IIJ,HX TO'!eK. CJieJJ;OBaTeJibHO, ecJIH a rrpHHHMaeT 3HalJ:eHHJI II3 

x+8 2 
rrpoMe%yTKa (7; 9), TO rpac!>HKH <l>YHKIJ,HH y=lx+ 81 H y=(x+a) 

HMeroT OJJ:HY o6IIJ,yiO TO'!Ky, a ypaBnenue 

1

x + 
8

1 

= ix + ai2 
HMeeT OJJ:HO 

. x+8 
peiiienne. . 

Omeem: [7; 9). 

llpnMep 6. HaH:.zune KOJIH'leCTBO Bcex u,eJihiX 'IIICeJI H3 o6JiaCTH 

3Ha'!eHHH <l>YHKIJ,HH y = ~ 1-2x + x 2 + ~ x 2 
+ 2x + 1 + 2 , KOTOpbre OHa 

rrpHHIIMaeT na rrpoMe%yTKe ( -3; 4). 
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Peweuue. 3amuneM cpyHKIJ.HIO 

y = .J1-2x+x2 +.Jx2 +2x+1 +2 B BHZJ:e y =~(x -1)2 +~(x +1l + 2, 

OTKyZJ:a y=Jx-1l+lx+11+2, II ITOCTpOIIM CXeMaT!I'IeCKII ee rpacpHK 

(piiC. 3.41 ). 
1. HaiiZJ:eM nyJIII cpyHKU.IIH, 3arm

caHHhiX ITOZJ: 3HaKaMII MOZJ:yJieH, peiiiaH 
ypaBHCHIIe X -1 = 0, OTKyZJ:a X= 1 II 
ypaBHCHIIe X+ 1 = 0 , OTKyZJ:a X = -1. 

0>----11----ll,__ __ o 
-3 -1 1 4 

Puc. 3.40 

2. HaueceM qHcJia -1 H 1 ua HHTepBaJI ( -3; 4) (pnc. 3.40) n pac-
KpOeM MOZJ:YJIH Ha ITOJIY'ICHHbiX npoMeJKyTKaX. 

floJiyT.InM: y 

1) CCJIH X E ( -3; -1] , TO y =-X+ 1-X -1 + 2 
HJIH y = -2x + 2 ; 

2) CCJIII XE (-1; 1), TO y=-X+1+x+1+2 
IIJIH y = 4; 

3) CCJIH XE (1; 4), TO y=x-1+x+1+2 
HJIH y = 2x+2. 

floCTpOHM rpacpiiKH ITOJiyqeHHhiX cpyHKIJ,HH 

Ha COOTBCTCTBYIOIIJ,HX llpOMeJKyTKaX (puc. 3.41 ). _
3 0 1 4 

X 

Cor JiacHo pncyHKY 3.413armmeM o6JiacTb 3Ha'-le- Puc. 3.41 

HHH cpyHKU.HH y=.J1-2x+x2 +.Jx2 +2x+1+2 

ua npoMeJKyTKe ( -3; 4) : y E [ 4; 10) . IT poMeJKyTKY [ 4; 10) rrpnHaZJ:Jie

JKHT UlCCTb IJ,CJibiX qnceJI: 4, 5, 6, 7, 8, 9. 

OmBem: 6. 

llpHMep 7. HaiiZJ:HTe Bee 3HalJeHHH rrapaMeTpa a, rrpn KOTopbiX 

ypaBHCHHe lx-14l+lx+21 = -a3 HMCCT 6eCKOHeqno MHOI'O pemeHHH. 

Peweuue. PeiiiHM ypaBnenne rpacpnqecKH, 3aMeHnB ero paBHO-

u u u {y =lx-14l+lx+21 
CHJibHOH CHCTeMOH ypaBHCHliH y = -a3. ' 

1. ITocTponM cxeMaTH'-!ecKH rpacpHK cpyHKU.HH y =Jx...:.14l+lx+2J. 

}lJIH ::noro HaHZ(eM HYJIII cpyHKIJ,HH, 3aiTHCaHHhiX ITOZJ: 3HaKaMH MOZJ:y

JieH, peDlaR ypaBHeHHH X-14=0, OTKyZJ:a X=14 H X+2=0, OTKyZJ:a 

x = -2. PacKpoeM MOZJ:YJIH na rroJiy'-!eHHhiX rrpoMeJKyTKax H nocTpOHM 

rpacpHKH cpyHKIJ,HH Ha 3THX npoMeJKyTKaX (pHC. 3.42): 
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1) CCJIH XE (-oo; -2], TO y=-x+14-x-2 HJIH y=-2x+12; 
2) CCJIII XE (-2; 14), TO y=-X+14+X+2 HJIH y=16; 3) CCJIII 

X E ( 14; + oo) , TO y = X -14 +X+ 2 IIJIII y = 2x -12 . 
y ITocTpOHM rrpaMyiO y = -a3 

TaK, '-IT0-

6br OHa IIMCJia C rpa<lJIIKOM <lJyHKIIIIII 

'---+-----1 Y = lx -141 +IX+ 21 6eCKOHC'!HO MHOfO o6-
.- y- 16 

IIIHX TO'!CK. 0'-!CBII,ll.HO, 'ITO 3TO B03MO:iK-

HO B TOM CJiy'!ae, CCJIII -a3 = 16, OTKy,ll.a 

a=-2¥2. 

Omeem: a= -2¥2. 

-2 0 14 X llpHMep 8. Ha:i1:.n.HTe Bee 3Ha'!eHHJI rra-

Puc. 3.42 
paMeTpa a, IIpii KOTOpbiX CHCTCMa ypaBHC-

u {lxl +IYI = 8, 
Hlili ? 2 HMCCT '!CTbipe peiiiCHl15I. 

x-+y =4a 
Pewe11ue. l1MeeM ypaBHCHHe KBa.n.paTa lxl +IYI = 8 11 ypaBHCHHe OK-

py:iKHOCTH x 2 + y2 = 4a . 
1. ITocTpOHM KBa.n.paT c r~eHTpoM B TO'!Ke 0(0; 0) n ,ll.HaroHaJihiO 

d = 16 (pHC. 3. 43). 

X 

PUc.3.43 

ITIIoiiia.n.h KBa.n.paTa HaD:.n.eM no ¢opMy

Jie S = ~d2 . I1oJiy'!HM: S = ~ ·162 = 128. C 

.n.pyro:i1: CTOpOHhi IIJIOI1Ia,ll.b KBa,ll.paTa MO:iKHO 

Bhi'IHCJIHTh IIO qlOpMyJie S = x 2
, f,ll.C X- CTO-

poHa KBa,ll.paTa. Tor.n.a x 2 = 128 11 X= 8../2. 
2. I1ocTponM oKpy:iKHOCTb c IICHTpoM 

B TO'IKe 0(0; 0) 11 pa.n.HycoM R = 2-..fa 

(pHC. 3.43). IJOCKOJibKY CHCTCMa ypaBHC-

u {lxl+lyl=8, 
HHH z z IIMCCT '!CTbrpe peiiiCHH5I, TO OKpy:iKHOCTh ,ll.OJI:iKHa 

x +y =4a 

6biTb Bm1cana B KBa.n.paT, Tor.n.a ee pa.n.nyc r = ~ HJin 2Fa = 
8f/- , OT

Ky.n.a a == 8 HJIH OIIHCaHa OKOJIO KBa,ll.paTa, TOr,ll.a pa.n.nyc OKpy:iKHOCTli 

R == ~ HJIH 2Fa = 8 , OTKy.n.a a = 16 . 

Omeem: 8; 16. 
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IlpHMep 9. Haii,a:HTe IIJIOIIJ,a,a:h H rrepHMeTp qmrypbi, sa,a:annoii ne

paBeHCTBOM lx-20l+ly-21 $; 22. 

PeweHue. HepanencTBY lx-201 +ly- 21:::; 22 y,a:onJieTnop5noT Ko

op,a:I,IHaTr.r ncex ToqeK IIJIOCKOCTH, pacrroJioJKeHHbiX BHYTPH KBa,a:paTa 

lx-7l+ly+21 = 10 H na ero rpanHr~e. 

IIoqpmrM KBa,n:paT c uenTpOM n 

ToqKe 0' (7; 2) 11 ,a:Harona.JihiO d == 44 

(p11c. 3. 44). Ha:H,n:eM IIJIOIUa.n:h Kna.n:

paTa. CorJiacHo cpopMyJie S ==~d2 

IIOJiyqHM 5 == ~ · 44 2 
== 968 . 

C ,n:pyro:ii CTOpOHhi IIJIOIUa,U:b KBa,n:

paTa Haxo,n:HT rro cpopMyJie S = a2
, r,a:e 

a - CTOpOHa KBa,a:paTa. 

y 

X 

Puc.}.44 

Toma a2 = 968 H a= 22J2 . Haii,a:eM rrepMMeTp Kna,a:paTa: 

P=4a=88J2. 

Onwem: S = 968 , P = 88J2 . 

IlpHMep 10. Haii,a:HTe ,a:mmy OTpesKa, KOHUhi KOToporo JieJKaT ua 

-1 16 
rpaqmKe cpynKUHH f (x) = 15lxr) +-VX' --+cos x+log5lxl, a och op

x 
,ll;HHaT 5IBJI5ICTC5I ,Tl;JI5I Hero cepe,n:HHHhiM rrepiiCH,U:HKYJI5IpOM. 

PeweHue. PaccMoTpHM oTpesoK AB, KOTOphrii nepeceKaeT och 

op,a:H.HaT B Toqr<e D, a KOHUhi ero JieJKaT ua rpacpnKe cpynKI~HH 
51 16 ' 

f(x)==15lxl +-VX'-x+cosx+log51xl (?HC. 3.45). 

TaK KaK ocr. op.n:nnaT 5IBJI5ICTC5I cepe,a:HHHhiM 

rreprren,a:HKYJI5IpOM oTpesKaAB, TO AD= DB, H 

AB .l OD. B TaKOM cJiyqae crrpane,a:JIHBO pa

BeiiCTBO j(x) = j (-X). 
CJie,n:oBaTeJihHo, 

15lxl
51 +-VX' - 16 

+cos x+ log5lxl = 
X 

=15lxi
51

--VX' + 
16 

+cosx+log5ixj. 
X 

y 

A D B 

-x o x 

Puc.3.45 

YrrpocTHM rroJiyqeiiiioe ypannenHe H uaii,a:eM snaqemre x: 

X 
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Hai1:11:eM ll:JIHHY OTpe3Ka AB: AB = 8- ( -8) = 16 . 

Omeem: 16 

3aAat..tVI AI1Sl caMOCTOSlTenbHoro peweHVISl 

HaiilJ:HTe o6JiaCTh orrpelJ:eJieHH5I ¢ynKn;Hi1: ( 1-3): 

1. f(x)=lnx-.Jlnx
2 . 

2. f(x)=lg~(-x)2 . 
3.jyj=log 1 lxl. 

2 
4. YKa)KHTe o6JiaCTh 3Ha<JeHHH ¢ynKUHH ( 4-6): 

a) y = -x2 +4x-5; 6) y = -x2 +4lxl-5; 

B) y=!-x2 +4x-5!: r) y=!-x
2

+4ixl-5!. 

a) y=log05 x; 6) y=log0,5 (-x); B) y=log0.slxl; 

r) y = !Iog0,5 xl ; 11:) y = llog0,5 lxll· 

a) y=sinx; 6) y=2sinx; B) y=sin2x; r) y=sin0,5x. 

7. YKaiKnre o6JiaCTh 3Ha<Jennli ¢ynKU:HH y = -2-lxl . 

8. Haiill:HTe o6JiaCTh 3Ha<JeHHH ¢ynKU:HH y = log2 sinxcosx. 

9. HaHlJ:HTe u:eJihie <JHCJia, ne rrpnnall:Jie)Ka~ne o6Jiacrn 3Ha<JeHHH 

cPYHKUHH y=x+lxl·x-1
. 

10. HalilJ:HTe jM -ml, ecJIH m- nanMeHhrnee, aM- nan60Jihrnee 

· jsinxl 
3Ha<JeHH5I ¢ynKU:HH IYI = -.- na rrpoMe)l(yTKe (0; 1t). 

smx 
11. HalilJ:HTe cpe11:nee apn¢MernqecKoe u:eJihiX qnceJI, rrpnnall:Jie-

)Ka~nx o6JiaCTH 3Ha<Jennli ¢ynKUHH y = jcos lxll. 

12. HalilJ:HTe cyMMY nanMeHhrnero 11 nan6oJihrnero 3Ha<Jennli ¢yn

KUHH y = .Jx2 -6x+9 +.J x 2 -8x+16 na orpe3Ke [0; 8]. 
13. YKa)KHTe, KaKne H3 3all:aHHhiX ¢ynKu:nli 5IBJI5IIDrca qernhiMH, 

HC<JCTHhiMH II KaKI1C He 5IBJI5IIOTC5I HH <JCTHhiMH, HH HC<JCTHhiMH ( o6-
~ero BHll:a): 
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a) y=-4x2 -4-tg6x; 6) y=sin7tX+cos(-x); 

o) y=.JX+xJxJ;r) y=log~(x+3)-x3 ;A) y=.Jcos2 x+x4
; 

e) y=-arcsin5x;:m) y=arccos5x;3) y=ex+e-x+e. 
14. Hali;ruue HYJIH ¢YHKU:HH y = log2 sinx Ha npoMeJKyTKe (0; +oo ). 

15. HaliLI:HTe HYJIH ¢YHKU:HH y = !IogTtlxll· 

16. HaliLI:HTe HYJIH ¢YHKU:HH 

y =cos ( 1t · ( 3x- x 2 + 6))-x 2 + 8x -17 . 
17. Peunne ypaBHeHne cos x +sin 6x = 2 . 

18. PernnTe ypamrenne .J25-x2 =log5 Jixi-5J. 

19. OnpeLI:eJIJne KOJIWiecTBO KOpHeli ypaBHemm 

x 2 -x+2,35=2sinx. 
20. HaHLI:HTe LI:JIHHY OTpe3Ka, KOHU:bi KOTOporo JieJKaT Ha rpacpHKe 

cpyHKU:HH f(x) = 13e-x +13ex +x3 ·sin( -x)+l-xl5 +x3 -64x-3 , a OCh 
OpLI:HHaT 51BJI51eTC5l LI:JI51 nero cepeLI:HHHhlM nepneHLI:HKYJI51pOM. 

21. HaliLI:HTe Bee 3Ha'-IeHH5l rrapaMeTpa a, rrpn KOTOphrx ypaBHenne 
!x2 -6x-5a2

1 =-4a: 
a) He HMeeT peiiienuJ:i; 

6) HMeeT ;riBa peiiieHH5l; 

B) HMeeT '-IeTbrpe pernemm. 

22. HaliLI:HTe Bee 3Ha'-IeHH51 napaMeTpa a, rrpn KOTOpbiX ypaBuerme 
x 2 +3ajxJ-9+a2 =0: 

a) HMeeT OLI:HO perneHne; 
6) HMeeT LI:Ba pemeHH.H; 
B) HMeeT Tpn pememm; 
r) HMeeT '-IeTbipe pememrn:; 

LI:) ne nMeeT pernermfr. 

23. Hai1LI:HTe Bee 3Ha~eHmi napaMeTpa a, npn KOTOpbrX ypaBnenne 

lx2+3aJxlj =az -9: 
a) HMeeT OLI:HO perneune; 
6) HMeeT LI:Ba pemeHnR; 
B) HMeeT Tpn peiiieHnR; 
r) HMeeT l.J:eTbipe peiiieHH51; 
LI:) HMeeT IT5ITh pemeunli; 
e) HMeeT mecTh pemeHni:i; 
JK) He HMeeT peiiieHHH. 
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24. Haii:;J:HTe Bee 3HaqeHH5I napaMeTpa a, npH KOTOpbiX ypaBHeHHe 

lx+ 61 =~(x+6)6 HMeeT O;J:HH KOpeHb. 
x+6 

25. Haii:;J:HTe Bee 3Haqenn.H rrapaMeTpa a, npH KOTOphrx ypaBHeHne 
(X+ 1 )3 ·IX- 213 = a6 HMeeT TpH KOpH5I. 

26. Haii;~;nTe Bee 3naqeHH5I rrapaMeTpa a, npu KOTOphrx ypaBHemre 
ll2x-2l+3j=-a: · 

a) HMeeT O;J:HH KOpenh; 
6) HMeeT ;J:Ba KOpH5I; 
B) ne HMeeT Kopneii 
27. HaM;J:HTe BCe 3HaqeHH5I napaMeTpa a, npH KOTOpbiX CHCTeMa 

ypaBHeHHM x 2 + (y -1 )2 = 1 H lxl + IY -11 =a HMeeT qeThipe perneHH.H. 
28. Haii:;J:HTe ITJIOIIIa;J:b ¢mypbi, orpaHHqeHnoii np.HMhiMH 

2x+2y=7, x-y=O 11 y=3. 
29. HaM;J:HTe mwrn:a;~;h •IeTbipexyroJihBHKa, orpanHqeHHoro np.H

MhiMH X+ y = 2, 5x + 5y = 3 li OC5IMH KOOp;J:HHaT. 
30. Haii:;J:HTe nJioiiiaJJ:h ¢uryphi, 3a;~;amwii Ha Koop.n,mraTHOM nJioc-

{
2x+y~O, 

KOCTH CHCTetviOM HepaBeUCTB X + y ::; 0, 
1:s:;x:s:;5. 

31. Haii:;J:HTe ITJIOIIIaJJ:b ¢uryphi, orpannqenHoii rpacpriKaMII ¢ynK
u:nii y=6-x, 2y=2x+12, y=lxl. 

32. HaM;J:HTe ITJIOIIIaJJ:b ¢nryphr, 3a;~;annoii HepaBencTBOM 
(x+3)2 +(y-5)2 ::;7. · 

33. Haii;~;nTe nJIOIIIMb ¢uryphr, 3a;~;annoi:i nepaBeHCTBOM 
lx+3l+ly-5j ::;7. 

34. Haii;~;nTe ITJIOIIIMb ¢uryphr, 3a;J:anuoii cncTeMoii HepaBeHCTB 

{
x2 +y2 ~3, 
x2+y2 ::;9. 

35. Haii;~;nTe nJioma;~;h ¢nryphr, 3a;~;aunof:'r CIIcTeMoM HepaBeHCTB 

{
lx-1l+ly+11 ::;3, 
lx-1j+jy+1j~1. 

OmBembt: 1. [1; +oo). 2. (-oo; O)u(O; +oo). ;3. [-1; O)u(O; 1]. 

4.a) (--oo; -1);6) (-oo; -1];B)[1;+oo);r)[1;+oo).5.a)R;6)R;B)R; 

r) [0; +oo);;~;) [0; +oo).6.a) [-1; 1];6) [-2; 2];B) [-1; 1];r) [-1; 1]. 

7. [-1; 0). 8. (-oo; -1]. 9. -1,0 H 1.10. 2.11. 0,5.12. 10.13. a) •reT-
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Ha5I; 6) o6rn;ero BII,n:a; B) o6rn:ero BII,n:a; r) o6rn:ero BII,n:a; .n:) tieTHa5I; e) 

He tieTHM; )K) o6rn:ero BII,n:a; 3) tieTHM. 14. x = i + 2rcn , n E N II n = 0 . 

15. {-1; 1}.16. 4.17. 0.18. 0. 19. 0. 20. 4. 21. a) a>O; 6) a=O; 

B) a<O. 22. a) a=3; 6) aE(-3; 3); B) a=-3; r) aE(-oo; -3); 

.n:) aE (3; +oo). 23. a) a = 3; 6) aE (3; +oo); B) a=-3; r) 0; 

,n:)0;e) aE(-oo; -3);)!() aE(-3;3).24. [5;7).25.JaJ<1,5;a:;t:O. 

26. a) a = 3 IIJIII a = -- 3; 6) aE (--oo; -3) IIJIII aE (3; +oo); 

B) aE (-3; 3) . .27. a= 1IIJIH a=.J2. 28. ~~. 29. ;6. 30. 12. 31. 18. 

32. 7rc. 33. 98. 34. 6rc. 35. 16. 

KoHTponbHbiVI TeeT 

N2 3a,n:aHHH BapuaHThlOTBeTOB 

1) _1__ . 
To'IKa A(3; 4) npHna,n:Jie)KHT rpatpHKY 

../3' 

1 ¢yrm.urm y = a-JX np11 3Haqemm a 2) 4../3; 
3) -4; 

paBHOM 4) 2; 
5) 3. 

CyMMa a6c.u11cc TOtieK rpaqmKa tPYHKI~IIH 
1) -4; 
2) 4; 

2 
y = x 2 -5x+3, y KOTOpbiX a6c.uncca 3) 0; 
II op,n:HHaTa OTJ!HlJaiOTC5l TOJlbKO 3HaKOM, 4) 8; 
paBHa 5) -8. 

1) 1; 
Hali,n:IITe ab , ecJin rpaqmKH ¢ynKQIIH 2) -6; 

3 y = x 2 -ax+ 5 11 y =ax+ b HMeiOT 3) 6; 

o6n~yro TOtiKY M ( 2; 3) 4) 9; 
5) -9. 
1) -4; 

EcJIH rnnep6oJia y = _ _± 11 np5IMa5l 2) 4; 

4 X 3) -2; 
y =X- a HMeiOT O.lJ:HY o6rn;yro TO'IKy, 4) 2 IIJII1 4; 

TO 3I-Ia'IenHe a paBHO 5) -4 I1JII1 4. 
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.N'!! 3a~aHHH BapuaHTbiOTBeTOB 

1) y=-x2 -6x+10; 
3a;:J;aiJ:Te cpopMyJIOH cpyHKIJ,HIO, rpacpiiK 2) y=x2 +6x+10; 

5 
KOTOpOH CHMMeTpWieH rpacpHKY 

3) y=x2 -6x-10; 
cpyHKIJ,HH y = X 2

- 6x + 10 OTHOCHTeJibHO 
4) y =x2 +6x-10; 

OCH Oy 
5) y=x2 -6x. 

1) 10; 
CyMMa Bcex u.eJihiX <mceJI H3 MHO:>KeCTBa 2) 12; 

6 3HatJ:eHHH cpyHKIJ,HH 3) 0; 
y = (sin(n-x)-cos(x-rr) / paBHa 4) 2; 

5) 3. 

KoJIH<J:eCTBO peweHHH ypaBHeHH5I 1) 7; 2) 4; 
7 

sin(2x+0,5rr) = x 2 +1 paBHO 
3) 2; 4) 1; 
5)_2. 

EcJIH ( x0; y0 ) - perneHHe cHcTeMhl 1) -10; 

{2x-3j yj+1 
2) -1,2; 

8 ypanueHHH - - ' T03HatJ:eime 3) 0; 
l-xl+2y=4, 4) 2,2; 

Bhrpa:>KeHH5I y0 - T 1 x0 pan no 5) 37. 

1) 4; 

liHcJio TO<J:eK rrepece<JeHHJI rrapa6oJihi 
2) 3; 

9 3) 2; 
y = x 2 + 1 I1 KpHBOH y = 5j0, 6x2 -11 paBHO 4) 1; 

5) 6. 

l.JHCJIO perneHHll ypaBHeHH5I 
1) 2; 2) 3; 

10 3) 1; 4) 4; 
arcsin( -x) = -x paBHO 5) 5. 

1) 4; 2) 1; 

11 
l.JHCJIO perneHHH ypaBHeHHJI 3) 2; 4) 3; 
-lgx = cos(rr+x) paBHO 5) 8. 

5. ')) 1 . 
CpeAHee apHcpMeTH<J:ecKoe Kopne.H ypaB- 1) 3' ~ 3' 

12 
HeHH5I 12-xl =l1c-v'xl+1 paBHO 3) 2,5; 4) 5; 

5) 1. 
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.M! 3a,ll;aHIUI BapuanTbi OTBeToB 

CyMMa Kopneii ypannenM51 
1) 4; 2) 2; 

13 3) -2; 4) 10; 
111-x

2
1-31=x+2 panna 5) 13. 

llJiorn;a,ll;h ¢nryphi, 3a,n;annoii nepanenc-
1) 4; 2) 8; 

14 3) 1,2; 4) 12,5; 
TBOM lx + 21 +ly- 21 :=:;; 2, 5, panna 5) 5. 

OmBembt 
HoMep 3a)"(aHrui 1 2 3 4 5 6 7 
HoMep npaBMJibHOro 

1 2 5 5 2 5 4 
OTBeTa 

HoMep 3a)"(amui 8 9 10 11 12 13 14 
HoMep npaBMJibHoro 

3 1 3 4 1 2 4 
OTBeTa 
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4 JliiiHEIIIHbiE YPABHEHI/Is:l, 
HEPABEHCTBA, CIIICTEMbl 

4.1. nliiH8li1Hbl8 ypaBHeHJIISi 

YpaBnemre BHJJ.a ax = b Ha3hiBaiOT JlUHeiiHoLM. 

HccJieJJ,oBaHHe perneHHH JIHHeil:uoro ypaBueunH: 

1) CCJIH a"# 0 H bE R , TO ypaBHCHHC ax= b HMCCT OJJ,HO peiiiCHHe: 

X=!!_. , 
a 

2) CCJIH a= 0 H b = 0, TO ypaBHCHHC ax= b rrpHMCT BHJJ. 0· X= 0. 
ITocKOJihKY rroJiyLJ:HJIH BepHoe LJ:HCJIOBoe paBeHCTBO 0 = 0 , TO ypaBHe

HHe ax= b HMeeT 6ecKoneqnoe MHO:>KeCTBO pernenm1: x E R; 
3)ecJIH a=O H b=t:-O,ToypaBHeHne ax=b rrpnMeTBHJJ. O·x=b. 

fiOCKOJihKY paBeHCTBO 0 = b HC BepHO, TO ypaBHCHHe ax = b KOpHeH 

He HMCCT: XE 0. 

4.2. l/lcc.neAOB8Hiile CIIICTeM 

flliiHeli1HbiX ypaBHeHJIIIIJ 

PaCCMOTpHM IIp5IMbiC y=~x+b1 , y=~x+b2 H COCTaBHM CHCTe-

u ·u {y=k1x+b1, 
MY JIHHeHHhiX ypaBHeHHH _ k b 

Y- 2x+ 2· 

1. CncTeMa HMeeT OOHO peuteHue (rrp.aMhie rrepeceKaiOTc.a), ecJIH 

kl "#~. 

YroJI Me:>KJJ.Y 3THMH rrp.aMbiMH naxoJJ,.aT no ¢opMyJie 

tga=I1~~~J 
EcJIH BhiiiOJIH.aeTc.a ycJIOBHe ~k2 = -1 , TO rrpHMbie rreprreHJJ.HKy

JI5IpHbi. 

2. CncTeMa He wweem peuteHuu ( rrp.aMhre rrapaJIJieJibHhi ), ecJIH 

kt =~ H b1 =t:-b2. 
3. CHcTeMa HMeeT 6ecKoHe•moe MHOJICecmeo peuteuuu (rrp.aMhie 

COBIIaJJ,aiOT), CCJII1 k1 = ~ H b1 = b2 • 
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4.3. JliiiHeli'IHble HepaBeHCTBa 

HepaBeHCTBO BII,n:a ax< b (>; ~; ~) Ha3hiBaiOT llUHeUHbLM. 
MccJie,n:oBaune pemeuna JIHHeii:uoro uepaBeHCTBa: 

1) ecm1 a > 0 II bE R , TO x < !!... - pellleHHe HepaBeHCTBa ax < b ; 
a 

2) ecJIII a< 0 II bE R, TO x >!!... - pellleHIIe HepaBeHCTBa ax < b ; 
a 

3) eCJIII a = 0 II b < 0 , TO nepaBeHCTBO ax < b npiiMeT BII,l.( 0 < b , 
'ITO He Bepno. CJie,n:oBaTeJihHO, ,n:annoe HepaBencTBO He IIMeeT peme
HIIH: XE 0; 

4) eCJIII a = 0 II b > 0, TO HepaBeHCTBO ax< b npiiMeT BII,l.( 0 < b, 
'ITO Bepno. CJie,n:oBaTeJihHO, ,n:anHoe nepaBencTBO IIMeeT 6ecKone'!noe 
MnomecTBO pelllenii:H: x E R. 

CIIcTeMy ,n:Byx nepaBencTB 3aTIHChiBaiOT B BH,n:e 

{
f1 (x) < g1(x), 
f2(x) < g2(x). 

qT06bi pewumb cucme.My uepaeeHcme, neo6xo,n:IIMO na:HTII Mno

mecrna pelllenii:H Kam,n:oro nepasencTBa ciicTeMhi, Tor,n:a o6rn;aJI '!aCTb 

(nepece'!enHe) :=JTHX MIIOmeCTB I1 6y,n:eT pelllenHeM ,n:anno:H CHCTeMbi 

nepaBeHCTB. 

CoBoKynnocTb ,n:Byx nepaBencTB 3annchiBaiOT B BH,n:e 

[
f1(x) < g1(x), 
f2(x) < gz(x). 

q T06bi pewumb coeoxynuocmb uepaeeucme, neo6xo,n:nMo Haii:Tn 

MHO%eCTBa pellleHHH Kam,n:oro nepaBeHCTBa COBOKYTIHOCTI1, TOr,n:a 

o6ne,l.(HHeHHe 8TI1X MHOmeCTB 11 6y,n:eT pellleHHeM ,l.(aHHOH COBOKyn

HOCTI1 nepaBeHCTB. 

TeeT AJUI npos~pKIII TeopeTw-teCKIIIX aHaHIIIIII 
Ycmauoeume coomeemcmeue ( 1-4 ): 

1. YpaBnenne Bn,n:a kx = b HMeeT: 

PEIIIEHI1E 

1) o,n:no pelllenne; 

2) 6oJiee o,n:noro pelllenmr; 

IIPI1 YCJIOBI1I1 

a) k = 0; 

6) k::~:-0; 
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PEillEH11E 
3) He JIMeeT perueHHH. 

2. HepaBeHCTBO BH.n:a kx > b MMeeT: 

PElllEHME 

1) x>%; 
2) x<%; 
3) XE R; 

4) XE 0. 

TIPI1 YCJIOBI111 

B)k:~=OnbeR; 

r)k=Onb=O; 

.n:) k=O H b:~=O. 

TIPM YCJIOBI111 

a)k>OnbeR; 

6) k<O n beR; 

B) k=O If b:~=O; 

r) k=O 11 heR; 

.n:) k=O H b >0; 

e)k=OHb<O. 

3. CHcTeMa ypaBHeHHH {y: ~x +bb1• HMeeT: 
y -'VJ.X+ 2 

PElllEHME 

1) OIJ:HO perueHHe; 

2) 6oJiee o.n:Horo perneHmi; 

3) He HMeeT perueHHH. 

TIO,ll YfJIOM 

1) 90°; 

2) 0°; 

3) arctg ~~~~~· 

TIPI1 YCJIOBI111 

a)~=~; 

6) ~ = ~ H b1 :~= b2 ; 

B)~ :f=~; 

r) ~ = ~ II b1 = b2 ; 

.n:) b1 = bz. 

TIPI1 YCJIOBI111 

a)~:~=~; 

6) b1 :~=b2 ; 

B) ~~=1; 

r)~=~Hb1 :~=b2 ; 

.n:) ~k.z =-1. 



OmBembt 

HoMep 3a,naHHR 1 2 3 4 
BapnaHT 1-s,2-r, 1- a, 2-6, 1- B, 2- r, 1 -.n, 2- r, 
npaBJIJihHOro 3 -.n. 3- e, 4- .n. 3-6. 3- a: 
OTBeTa 

np111M8pb1 

llpnMep 1. HaH,ll;IITe see 3Ha'-IeHH.H a H b , npu KOTOpbrx ypasHe

HHe Sax- 2b = x HMeeT 6ecKoneqno MHoro pememri1. 

Pewe11ue. Ilptme,ll;eM ypasnenue K BH.ll:Y kx = b. 3anumeM: 

5ax-x =2b, x(Sa-1) =2b. 
Ypasnenue HMeeT 6ecKOHC'IHO Mnoro pemenu:H, ecJIH Sa -1 = 0 H 

2b = 0 , TO CCTb CCJIH a = 0, 2 H b = 0 . 

Omeem: a=0,2, b=O. 

llpHMep 2. 3amiUIHTe ypaBHCHHC IIp.HMOH, IIpOXO,ll;5IIIJ;CH qepe3 

TO'-IKY M (2; 1) 11 o6pa3yron~ei1 c ocbro Ox yron 30° . 
Pewe11ue. Ypasnenue rrp.HMOH nMeeT BH.lJ: y = Ia + b . YrJiosoli KO

a<P<Pnu:neHT k np.HMOH HaXO,ll;5IT IIO <t>opMyJie k = tg a ( CM. II. 3.2). 

3Ha.H, qTo a= 30°, IIOJiyY:HM k = tg 30° = 1· IlOCKOJibKY HCKOMa.H 

np.HMM npoxo,ll;HT qepe3 TOY:KY M ( 2; 1) , TO, no,ll;cTaBJI.H.H B ypasnenue 

np.HMoii KOOpll:HHaTbi TOY:KH M x = 2, y = 1 H 3Ha'ICHI1e k = 1 , na:H

ll:CM 3HaY:enue b: 

1= 2
:+b,oTKy.ll:a b= 3 +~.J3. 

3Ha.H 3Ha'ICHH5I k H b, 3anumeM ypamrenue HCKOMOH np5IMoi1: 

.J3 3+2.J3 
y=3x 3 

Omeem: y= 1 x 3 +~.J3 

llpnMep 3. Haiill:HTe yroJI MC:>KIJ:Y np.HMbiMH 

7 4 y= 2x+1 n y=-3x+2. 

Pewe11ue. YroJI MC:>Kll:Y np.HMbiMH na:i111:eM no <PopMyJie: 

tga=~~~~~-
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7 4 
3Ha5I, '-ITO kt = 2 , a k2 = -3 , ITOJIY'-IHM: 

4 7 29 
-3-2--6 _29 - 29 

4 7 
- ~ -

22 
, OTKy,r~,a a- arctg 

22 
. 

1-3"2 -6 
tga= 

Omaem: arctg ~-~ . 

IlpHMep 4. HaH:,r~,HTe cyMMY Koop,r~,HHaT TO'-!KH nepece'-!eHH5I npR
MbiX 3x-5y=27 H 2x+3y=18. 

Peweuue. Koop,r~,u:HaTbi TO'-!KH nepece'-!eHH5I 3a,r~,aHHbiX npRMbiX 
v v {3x-5y=27, 

HaM,'], eM, peiUaR cHcTeMy ypasHeHHH 2x +3y = 18. 

BhmOJIHHM pR,r~, rrpeo6pa3oBaHHH. 
1. YMHO)!(HM rrepBOe ypaBHCHHe CHCTCMbl Ha 3, a BTOpoe Ua 5. no-

{
9x-15y = 81, 

JIY'-IHM: 10x+15y=90. 
2. CJIOJKHM ypaBHCHI153. CHCTCMbi: 19x = 171 , OTKy,r:J,a X= 9 . 
3. IIoncTaBI1M 3Ha'-!eH11e x = 9 B mo6oe ypaBHeHHe cucTeMhi, Ha

rrpHMep B ypasneHHe 3x -5y = 27, H nai1neM 3Ha<remre y: 27 -Sy = 27, 
oTKy,r~,a y=O. 

4. HaH:,r~,eM cyMMY Koop,r~,HHaT TO'-!KH nepeceqeHHR 3a,r~,aHHbiX np5I

MbiX: 9+0 == 9. 

Omaem:9. 

IlpHMep 5. HaH,r:J,HTC BCe 3Ha'-!CHI15I a, rrpH KOTOpblX CHCTeMa ypaB-

v {-1,4x +0,4ay + 1 = 0, .. 
HCHHH (i-O, 7Sa)x+ay- 1, 75 = O He HMeeT perneHHH. 

Pewet~ue. 3arrHIUeM KaJK.n.oe ypaBHCHHe cncTeMhi B BH,r~,e: 

y=kx+b. 

IIpeo6pa3yeM rrepsoe ypasHeHHe CHCTCMbi, rrpe,r~,BapHTCJibHO yM-

HOJKHB ero Ha 5: . 
7 5 -7x+2ay+5=0, 2ay=7x-5, y= 
2
ax-

2
a. 

IIoJiy'lHM kt = Ja , b1 ==- 2: . 

IIpeo6pa3yeM BTopoe ypasHeHHe cucTeMhi, rrpe,r~,sapHTCJibHO yM
HOJKHB ero Ha 4: 
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3a-4 7 (4-3a)x+4ay=7, 4ay=(3a-4)x+7, y=4ax+ 
4
a. 

k 3a-4 b 7 
IloJiyqHM 2 = 4a ' 2 = 4a . 

PaccMOTpHM ,JJ;Ba cJiyqM. 

1. ECJIH a ::/:- 0 , TO HCXO,JJ;Ha5I CHCTeMa He HMeeT perneHHH npH ycJIO-

{

j_=3a-4 {7 =3a-4 
BHH qTO {~ = ~' HJIH 2a 4a ' ¢::> 2 ' 

, b1 :t:-bz _j_*]_ . -5:t:-l 
2a4a' 2 · 

Ha:fl,JJ;eM 3HaqeHHe a H3 nepBoro ypaBHeHH5I cHcTeMhi: 

3a-4=14, 3a=18, a=6. 
2. PaccMoTpHM HCXOJJ:HYIO CHCTeMy npH ycJIOBHH, qTo a= 0. Ilo,JJ;-

CTaBJI5I5I 3naqeHHe a= 0 B Ka/K,JJ;Oe ypaBHeHHe 9TOH CHCTeMbi, IIOJiy-

. {7 X = 5, {X = ~' . 5 7 
qHM. 4X = 7; _ 

7 
Tai~ KaK 7 ::/:- 4, TO npH a= 0 CHCTeMa He HMeeT 

X-fi· 

pernemi5I. 

Omeem: {0; 6}. 

llpnMep 6. Hati,JJ;HTe cepe,JJ;Hny mnepBaJia, 5IBJI5IIOIIIeroc5I peme-

{ 
-2<2x-1<1 

HHeM CHCTeMbl nepaBeHCTB ( 2.JS _ 5)(3 _ 5~) <O. 

PeweHue. PernHM KaJK,JJ;oe nepaBeHCTBO CHCTeMhi: 

1 1) -2<2x-1<1<=>-1<2x<2<=>--<x<1· 2 , 

2) (2.J5 -5)(3-5x) <0 <::::> 3-5x > 0 <::::> 5x-3 < 0 <::::> x < ~, 

TIOCKOJihKY 2.J5- 5 = .J20-J'i5 < 0 . 
Ha:fl,JJ;eM pernenHe ,JJ;aHHOH cHc

TeMhi nepaBeHCTB. CorJiacno pH- -1 
2 

cynKy 4:1 3arriirneM x E (- ~; ~) • 
Puc. 4.1 

Haii,JJ;eM cepe,JJ;IIHY HHTepBaJia ( -~; ~). floJiyqHM: 

( -~+~): 2 = 210 = 0,05. 

Omeem: 0,05. 

3 
5 

1 
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llpHMl!fl 7. I I aifJlHT<..' mm6oJibllJee u:eJioe pelllemte coBoKyrrHoCTH 

[

2- 5-x ~x+1 
1111jll\lltllll"l'll :i. , ., x-1 2 ;,+-4-< -X. 

Ptltufl~ue. liafi,~.~;eM pellieHHe Ka)l(,~.~;oro HepaBeHcTsa cosoKyrrHocTH, 

UWIIOJIIJHU pamwcHJibHbie npeo6pa3oBaHH51 HepaseHcTs: 

1) 2- 53x ~x+1 ~ 6-5+x~3x+3 ~ 2x S-2 <::=> x S--:1; 

x-1 5 3 
2)3+-4-<2-x~12+x-1<8-4x~ x<-3~x<-5 . 

lloeKOJlbKy perueHHe BTOporo HepaBeHeTBa eOBOKYIIHOeTH eo,~.~;ep
)I(HT pelliCHHe rrepBOfO HepaBeHeTBa, TO pellieHHCM ,l.l;aHHOH eOBOKyii-

HOCTH HepaBeHeTB 51BJI51CTC51 rrpoMe)l(yTOK ( -oo; - ~) , a 'IHCJIO -1 

51BJI51CTC51 HaH60JiblliHM L(CJibiM pellieHHeM :':lTOH eOBOKYIIHOCTH Hepa

BeHCTB. 

Om6em: -1. 

3aAal.tlil AflH caMoCTOHTenbHoro peweHit1H 

1. Ha:H:.n:nTe Bee 3Ha'IeHH5I a H b, rrpH KOTOpbiX ypaBHenne 

2bx -a= 3x HMCeT 6eeKOHe'IHO MHOfO pelliCHHH. 

2. Ha:H:,~.~;nTe see 3Ha'IeHH51 a n b, rrpn KOTOpbiX HepaBeHcTBO 

2bx-a~ 3x ne nMeeT pellieHnil. 

3. Ha:H:,~.~;nTe TaKne 3Ha'IeHH51 a, rrpn KOTopbiX ypaBHeHI1e 

( a2-1)x+3-a = ( --Jia )2
: 

a) HMeeT OJJ:I1H KOpeHb; 

6) 11MeeT 6oJiee O,l.I;HOfO KOpH5I; 

B) He 11MeeT KOpHeH. 

4. 3arrl1llJHTe ypaBHCHHe .rrp51MOH, KOTOpa51 rrapaJIJICJibHa 11p51MOH 

y = 3-7 X 11 IIpOXO,l.I;I1T qepe3 TO'IKY e KOOp,1.1;11HaTaMI1 ( 3; -7) . 
5. 3aiiHlli11Te ypaBHCHI1C 11p5IMOH, KOTOpa51 rrepneH,l.I;I1KYJI5IpHa 

rrp5IMOH y = 5x 11 rrpoxO,l.I;HT qepe3 TO'IKY e Koop,l.I;HHaTaMI1 (0; -5). 
6. Perni1Te eneTeMy ypaBHeHI1H 

{
675,1x+324,9y =2675,1, 
32,49x+67,51y = 232,49. 

7. Haii,n:HTe Bee 3Ha'IeHH5I m, II pH KOTOpbiX el1eTeMa ypaBHeHI1H 

{
2x+(m-1)y =- 3, 
(m+1)x+4y =-3 
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a) IIMeeT 6eCKOHe'IHO MHOrO perneHHH; 6) He IIMeeT perneHIIH. 
8. Haii,n:riTe Bee 3Ha'IeHII5I a, opn KOTOphrx op5IMhre 

2x - ( 2 - ( -3a) 2 
) y == 3a n y = 1-x : 

. a) oapaJIJieJihHhr; 6) nepneH,n:HKYJI5IpHhi. 
9. Hai1,n:nTeyroJIMe:>K,n:ynp5IMhiMII 2y=5-3x n x+y=i. 
10. Haii,n:nTe 3Ha'Ienne 'IHCJia a, npn KOTopoM cncTeMa 

2x-y 0,4x+1,2y _
2 -3-+ 2 -' 

x + 2Y + 5Y- x -3 HMeeT pernemre. -2- -3--' 
5x-y 10y-x 
-3-+ 2 =a 

11. Haii,n:nTe 3Ha'Ienne a, npn KoTopoM cncTeMa ypaBHeHHH 

{
x-(1-4 5a2 )y=15a u 

' ' ' He HMeeT perneHHH. 
x+y=1 

12. Haii,n:nTe cyMMY u;eJihrx pernenni1 cncTeMhi nepaBeHcTB 

{ 

3x- 3 _ 2x + 3x > 3 _ 3x + 15 
2 2 2 ' 

x;5 _ 6+ 7x< x;1. 

13. Haii,n:nTe cpe,n:nee apn¢MeTH'IeCKOe u;eJihiX pernenni1 cncTeMhi 

{
-1:s;2x-3:s;1, 

HepaBeHCTB S-0,4x > O. 

14 .. PernnTe nepaBeHCTBO a(2x- 6) + 6x + 20 ::;; 0. 
15. ilpn KaKHX 3Ha'IeHH5IX b Han60Jiblliee IJ;eJIOe 'IHCJIO, 5IBJI5IIOIIJ;e-

[
X<5 

eC5I pernenHeM COBOKYITHOCTII nepaBeHCTfl X::;; b paBHO 13? 

[

5- 3- x < 2x + 3 
16. PerniiTe coBoKyrrnocTh nepaBeHCTB 

2
; _

1 
' 

4+-3-~S-x. 

[
-1<3-2x<1 

17. PernnTe coBoKynnocTh nepaBencTB Sx _ 
3

;::::: 7 _ 
2
; 

Om6embt: 1. a==O, b==1,5. 2. a>O, b=1,5. 3. a) a:;e±1; 6) 1; 
1 B) -1. 4. y=-7X+14. 5. y=-SX-5. 6. (3; 2). 7. a) -3; 6) 3. 

2 1 2 2a 8. a) - 3 ; 6) 0. 9. arctg S .10. 7.11. - 3 .12. -1.13. 1,5 .14. x:::::: a+
3 

rrpn a<-3; XE0 npna=-3; x:s; 2a
3 

npn a>-3.15.13:s;b<14. 

16. (~; +oo).17. (1; +oo). a+ 
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KoHTponbHbllil TeeT 

N!! 3aAaHH» BapnaHTbi oTBeTOB 

CyMMa u;eJibiX ':IHCeJI, Me:JK,o:y KOTO- 1) -1; 2) -2; 

1 pbiMH 3aKJIIOl.JeH KOpeHb ypaBHeHH5l 3) 0; 4) 1; 

(5+4x-1t =(-3f2
, paBHa 

5) 20 

DJIH:JKai1:rnee K KOpHIO ypaBHeHH.si 
1) 0; 2) -1; 

2 
( 5 +.J27) oX= -2 u;eJioe l.JHCJIO paBHO 

3) 1; 4) 2; 
5) -20 

YpaBHeHHe 15x + 3a = 3 + x HMeeT 1) aE R; 2) a=O; 
3 OTpHU,aTeJibHOe perneHHe 3) a<3; 4) a> 1; 

rrpH ycJioBHH, '-ITO a 5) a ~1. 

YpaBHeHne a ( 2x-a) = -6x-9 HMeeT 1)a<-1; 2) a:;t:-3; 

4 e,n:HHCTBeHHOe perneHHe, 3)as-1; 4) ae R; 

J.rt:OBJieTBOp5IIOII\ee JCJIOBHIO X< -2, 5) a < -1 , a :;t: -3 0 
rrpH ycJIOBHH, '-ITO a 

TaHreHc yrJia Me:JK.rt:Y rrp.siMhiMH 
1) 5; 2) -3; 

5 3) -5; 4) 3; 
x-y=2 11 4x+2y=5 paBeH 5) -1. 

HaH60Jibruee u,eJioe l.JHCJio, 1) 31; 2) 7; 

6 y,n:OBJieTBOp5IIOII\ee HepaBeHCTBJ 3) 2; 4) 0; 
(3-.JIO)x > 19-6.JI0, paBHO 

5) -1. 

06JiaCTb OIIpe,n:eJieHH5l cpyHKIJ;HH 

1) XE R; 2) x~1; 

3) ( -oo;v'Z + 1]; 
7 y=~-x+--13-../8 +2 3a,n:aeT 

4) (~+1; +oo); 
MHO:JKeCTBO l.JHCeJI BH,n:a 

5) x>3-2~ 0 

PerneHHeM cncTeMbi HepaBeHCTB 1) 2; 2) (-oo; 2); 
{x>2 

8 
> ' 5IBJI5leTC5l rrpoMe:JKyTOK 3) ( --oo; 2]; 4) [0; 2); x_c 

(2; +ao) IIpH CJieAJIOII\HX 5) (2; +oo) 0 
3Ha'!eHH5IX C 

PerneHHe cHCTeMbi HepaBeHCTB 
1) R; 2) (0; +oo); 

9 {(1-.J3)x+.JI2 s4, 3) [ 0; 2../3] ; 4) 0; 
J24j HMeeT BH.rt: 5) ( -oo; - s../3] 0 x s-27 
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M 3a~aHHH BapuaHTbi OTBeTOB 

PeruenrreM coBoKynnocTrr nepa- 1) a~1; 
[x<1 · 2) a <1; 

10 BeHCTB ' 51BJI5JeTCH MHOJKeCTBO 
3) a= 1; x>a 

BCeX ~eHCTBHTeJihHhiX 4HCeJI nprr 4) a> 1; 
cJie,nymmrrx 3Ha'JeHrrHx a 5) ae R. 

1) -6; 
EcJirr qrrcJio -5 - narrMeHbruee u.eJioe 2) -5; 

11 perueHrre COBOKYIIHOCTH nepaBeHCTB 3) 1; 
[x>-2 4) 6; - ' TO u.eJioe 3naqenrre a paBno 
-x<-a, 5) 16. 

KoJirrqecTBO u.eJJhiX oTprru.aTeJibHbiX 
1) 3; 
2) 4; 

12 perueHHH COBOKYIIHOCTH nepaBeHCTB 3) 1; 
[ -3 < 1-2x ~ -1, paBHO 4) 2; 

3x+1<4x+5 5) 8. 

TIJioiU,a,nh <}:>rrrypbi, orpaurrqeu- 1) 7; 2) 15. 

13 HOH JIHHHHMH 3x-4y+12;?: 0, 5 7' 
3) 77; 4) 27; 

X+ y- 2 ~ 0 H y ;?: 0 paBHa 
5) 30. 

1) a=4,5, b=O; 

Tip5IMI>Ie 3x+ay=4 rr 3x+2y=~ 
2)a:;t2,bER; 

14 3) a= -4,5, be R ; 
nepnen~HKYJI5IpHI>I, ecJirr 

4) a=O heR· 
' ' 

5) aeR, heR. 

OmBembt 
HoMep 3allaHHJI 1 2 3 4 5 6 7 
HoMep rrpaBHJihHoro 5 1 4 5 4 5 3 
OTBeTa 

HoMep 3a,uaHHJI 8 9 10 11 12 13 14 
HoMep rrpaBHJihHoro 3 4 2 1 1 3 3 
OTBeTa 
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5 KBA.QPATHbllll 
TPEXLtnEH 

5.1. Ksa.QpaTIII'"tHaSl cJlyHKL\IIISl 

<DyHKUIUO BH.l(a y = ax2 +bX+C, r.n:e a, b, C- .n:e:ikTBHTCJibHbie 'IHC-
Jia (a 'I= 0) , Ha3biBaiOT ~<:eaapamu1Jrtau. 

fpacpHKOM KBa.z:t:paTII'IHOH cpJHKI\1111 5IBJI5IeTC5I napa6oJia. 
KoopJ.J;HHaThi BeprnHHhi napa6oJihi. 
1. EcJIH KBa.n:paTH'IHa5I ¢YHKUII5I npe.n:cTaBJieHa B BH,l(e 

y=ax2 +bx+c, TO Koop,zumaTbi BepiiiHHhi napa6oJibi Haxo,l(5IT no 

¢opMyJiaM x 0 = z~, Yo= f(xo). 

2. EcJIH KBa.n:paTH'IHa5I cpyHKUHR npe.n:cTaBJieHa B BH.z:t:e 
y =(X -ai +b, TO KOOp,ZlJIHaThl BepiiiHHbl napa6oJibl paBHbl a 11 b, 
npH"<IeM x0 = a , y0 = b . 

PacrroJio:>KeHIIe rrapa6oJibi y = ax2 +bx +c Ha KOOp.ZJ:IIHaTHOH rrJioc
KOCTII 3aBIICIIT OT 3Ha'leHII5I ,l(IICKpiiMHHaHTa KBa.z:t:paTHOrO TpexqJieHa 

11 3HaKa Ko::;~¢¢auaeHTa a. 
Bo3MO:>KHhi cJie.z:t:YIOillHe cJiyqaa: 

a) a>O H D>O (pHc.5.1); 

6) a> 0 H D = 0 (p11c. 5.2); 

B) a > 0 a D < 0 (pac. 5.3); 

r) a<O H D>O (piic.5.4); 

.n:) a < 0 H D = 0 (pac. 5.5); 

e) a<O H D<O (pac.5.6). 
y 

0 

Yo 

Puc.5.1 

y 

0 

Puc.5.2 

y 

X 0 xo X 

Puc. 53 

113 pHCJHKOB 5.1, 5.2, 5.3 BM,llHM, 'ITO IlpH yCJIOBIIII, 'ITO a > 0 HaiiMeHb
IIIHM 3Ha'IeHHeM KBa.z:t:paTH'IHOH cpJHKUHH 5IBJI5IeTC5I Op.l(IIHaTa BeplliHHbl 
rrapa6oJibi, a o6JiaCTh 3Ha"<IeHIIii ¢JHKUHH IIMeeT BM,ll: E(j) = [y0; +oo) . 
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y y y 

Xt,2 xo 
X 

Puc. 5.4 Puc. 5.5 Puc.5.6 

113 pncynKoB 5.4, 5.5, 5.6 BH!J:HM, 'ITO rrpH ycJIOBHH a< 0 , na

n6oJihlllHM 3Hal..JeHHeM KBa~J;paTH'-IHOH ¢YHKQHH 5!BJI5leTOI Op~J;HHaTa 
BeplllHHbi napa60Jibl, a 06JiaCTb 3Ha'-leHHM ¢YHKI(HH HMeeT BH/];: 

E(j) = ( -oo; Yo]· 

5.2. KBaApaTHble ypasHeHIIlfl 

Keadpam1tbLM Ha3hiBaiOT ypasneHHe BH~J;a ax2 + bx + c = 0 , r~J;e a, b 
11 C - ~J;eHCTBHTeJibHbie '-ll1:cJia l1 a i:- 0 . 

Ksa~J;paTnoe ypasneHHe BH~J;a x 2 + px +q = 0 Ha3hiBaiOT rrpHBe~J;eH
HbiM. B rrpHBe~J;eHHOM ypaBnemm Km¢¢m(Hei-IT rrpH x 2 paBeH e~J;H
HHI(e. 

Bbrpa)KeHHe D = b2 -4ac Ha3hiBaiOT ,ZJ,HCKpHMHHaHTOM KBa,D,paT
noro ypaBHeHH5!. 

Bo3MO)KHbi TPH CJIY'-IaR: D > 0, D = 0, D < 0. 
1. EcJIH D > 0, TO KBa,D,paTnoe ypaBHeHHe HMeeT ,ZJ,Ba pa3JIH'-II-IbiX 

,ZJ,eHCTBHTeJibHbiX KOpH5!, orrpe,D,emreMbiX no ¢opMyJie: 

-b±J/5 
x12= 2 . . a 

2. EcJIH D = 0, TO KBa,D,paTnoe ypasne&He HMeeT ,ZJ,Ba pasnhrx ,ZJ,eiic

TBHTeJibHbiX KOpH5!, onpe,D,eJI5leMb!X no ¢opMyJie: 

b 
x1 =xz =- 2a. 

3. EcJIH D <: 0, to KBa,D,paTnoe ypaBnenne ne HMeeT ~J;ei1cTBI1TeJih-
HhiX KOpHeM. 

Teope.Ma Buema. 

ax2 + bx + c = 0 (a t:. 0) 

ypaBHeHH5! paBHO .f.. 
a 

CyMMa Kopneii KBa,D,paTnoro ypaBHeHI15! 
b u 

paBna --, a rrpoM3Be,ZJ,enne KopneH ::~Toro 
a 

TeopeMa, o6pamnaR meope.Me Buema. liHcJia m 11 n 51BJIHIOTC51 

KopmrMH KBa,D,paTnoro ypaBHeHH5l ax2+bx+c=O (at:-0), ecJin nx 

b c 
cyMMa pamra --,a npon3Be~J;eHHe paBno -. 

a a 
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EcJIM MMeeM npueeaemwe KeaapamHoe ypaeHeltue BM.ll:a 

x 2 + px+q =0, TO CYMMa KOpHeH ::noro ypaBHeHM5I paBHa K09cpcpi1U,I1-

eHTY rrpn rrepeMeHHOH X, 3aiiMCaHHOMY C npOTHBOIIOJIO:>KHhlM 3HaKOM, 

a npOI13Be,ll;eHne ero KOpHeH paBHO CB060,ll;HOMY qJieHy ypaBHeHI15I: 

x1+x2=-p, Xt·X2=q. 

KBa,ll;paTHhiH TpexqJieH f(x)=ax2+bx+c MO:>KHO pa3JWJICUmb 
na JCuneiinbte .MHOJICumeJCu cJie.ll:yiOIIIHM o6pa3oM: 

ax2 +hx+c = a(x-x1)(x-x2 ), 

me qJ1cJia x1 H x 2 - Kopmi :noro TpexqJieHa. 

YpaBHeHMe BM.ll:a ax4 +hx2 
+c = 0 , r,ll;e a, b M c - ,ll;eHcTBnTeJihHhre 

qMCJia l1 a :f:: 0, H33hiBaiOT 6MKBa,ll;paTHbiM ypaBHeHMeM. C IIOMOlllbiO 

IIO,ll;CTaHOBKU x 2 = y, 3TO ypaBHeHHe CBO,ll;MTC5I K KBa,ll;paTHOMY ypaB

HCHMIO ay2 +by+c=0. 

TeeT Ans:t nposepK111 TeopeTit1l.teCKII1X 3H8HIIIIil 
YKaJICume npaBUJlbHorii eapuaum omeema (1-5): 

1. EcJin KBa,ll;paTuqHa5! cpyHKIJ,I15I rrpe,ll;cTaBJieHa B BH,ll;e 

y = ax
2 + bx + C , TO KOOp,ll;MHaThl x0 I1 Yo BepliiUHbi napa60Jibi HaXO

,ll;5!T ITO cpOpMyJiaM: 

1) x0 = ;: , Yo= f(x0); 

b 
2) Xo = 2a , Yo= j(xo); 

3) x0 = ;~, Yo= j(x0); 

-b f 4) Xo=-, Yo= (xo)· 
a 

2. EcJIM KBa,ll;paTHqHa5! cpyHKIJ,I15! rrpe,ll;CTaBJieHa B BH,ll;e 

y = ( x +a i + b , TO Koop,liMHaThi x0 u y0 Bepliii1Hhi rrapa6oJihi paBHhr: 

1) x0 =a , y0 = b ; 

2) x0 =a , y0 = -b ; 
3) x0 =-a, y0 =b; 

4) x0 =-a, y0 =-b. 
3. 06JiaCThiO 3HaqeHMH KBa,ll;paTJ1qHOH cpyHKIJ,IU1 y=ax·2+bx+c 

5!BJI5ICTC5I npoMe:>KyTOK [y0; + oo) , eCJIH: 

1) a>O 11 D>O; 
2) a<O 11 D=O; 
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3) a< 0 II D < 0 ; 
4) a:;t:O II D=O. 
4. Ec;m '-IHCJia x 1 II x2 51BJI51IOTC51 KOpH51MH KBMpaTHoro ypaBHeHH51 

ax2 +bx+c=0 (a:;t:O),To: 

1) x1+x2 =-b HX1·X2 =c; 

2) x1+x2 =b II x 1·x2 =c; 

b c 3) x1+x2 =-- II x1 ·x2 =-; 
2a a 
b c 4) x1+x2 =-- H. x 1·x2 =-. 
a a 

5. EcJIH '-IHCJia x 1 II x2 51BJI51IOTC51 KopH51MH KBa~J:paTHOro Tpex'!Jie-

Ha j (X) = ax2 + bx + C , TO ero pa3JIO)KeHHe Ha JIHHeHHbie MHO)KHTeJIH 

HMeeT BHIJ:: 

1) (x-x1)(x-x2 ); 

2) a(x-x1)(x-x2); 

3) a(x+x1)(x+x2 ); 

4) -a(-x-x1)(x-x2). 

Ycmmweume coomeemcmeue: 

6. KBa~J:paTHoe ypaBHeHHe ax2 + bx + c = 0 (a :;t: 0) : 

ilPI1 YCJIOBI1I1 

1) a>O u: D<O; 

2) a<O II D>O; 

3) a<O u: D=O. 

Omaembl 

HoMep JaAaHIUI 1 2 
BapHaHr 
npaBHJibHOro 3 3 
OTBeTa 

3 

1 

I1MEET KOPHI1 

a) O.D:HH; 

6) .D:Ba pa3JIH'-IHhiX; 

B) JJ:Ba paBHhiX; 

r) He HMeeT; 

.n:) 6oJiee .n:Byx. 

4 5 6 

4 2 
1- r, 2-6, 

3-B 
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Примеры 
Пример 1. Найдите значения параметра а, при которых наи

большее значение функции у = 2ах2 -4х+14а равно 12. 
Решение. Функция может иметь наибольшее значение в слу

чае, если она ограничена сверху, следовательно, данная функция 
не может быть линейной, и значит, а^О. Следовательно, име
ем квадратичную функцию, графиком корой является парабола. 
Свое наибольшее значение квадратичная функция принимает в 
точке, которая является вершиной параболы, при условии, что 
ветви этой параболы направлены вниз, то есть, при условии, что 
а < О (см. рис. 5.4). 

По формулам * о = ^ ~ и Уо = f(xo) найдем координаты вер
шины параболы. Получим: х0 =—• = — , z/0 = 2а- -у-—+14а, 

г. 4а а а а 
w0 = 1 4 а — = —а ~ . Так как согласно условию задачи г/0 = 12, то 

а а 

14а -2 _ | 2 ; 7 а 2 - 6 а - 1 = 0, откуда а х = 1, а 2 = ~ 4 - Учитывая, что 
а 1 а < О, получим а = -— . 

1 
Ответ: -—. 

Пример 2. Найдите произведение целых значений параметра а, 
при которых вершина параболы у = (х-27а)2-а2 +6а+24 нахо
дится во второй четверти координатной плоскости. 

Решение. Так как квадратичная функция представлена в виде 
у-(х-а)2 +Ь, то запишем координаты вершины параболы: 

xQ = 21а , у0 - -а2 + 6а + 24. ' 
Так как вершина параболы находится во второй четверти коор

динатной плоскости, то х0 < 0 и у0 > О. Тогда 
Г27а<0, Га<0, 
\ - а 2 + 6 а + 2 4 > 0 ; [ а 2 - б а - 2 4 < 0 . 

Поскольку решением первого неравенства системы является 
промежуток (-°о; 0) , то решим второе неравенство системы на 
этом промежутке методом интервалов (см. п. 7.1). 

1. Рассмотрим функцию / (а) = а2 - 6а - 24. 
2. Найдем нули функции, решая уравнение а2 - 6 а - 24 = 0. По

лучим: а{ = 3 - V33, а2 = 3 + V33. 
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3. HaHeceM HYJIH ¢YHKIJ,HH Ha __ +_-o-------o 
rrpoMeJKyToK ( -oo; 0) n orrpef.(eJIHM 3--!33 0 

3HaKM ¢YHKIJ,MM Ha rroJiy'-IeHHhiX Puc. 5.7 
rrpoMeJKyTKax (p11c. 5.7). 

4. I13 pMcyHKa 5.7 BHf.(MM, '-ITO perneHMeM HepaBeHCTBa, a, cJief.(o

BaTeJibHO, I1 CMCTeMhl HepaBeHCTB, .HBJI.HeTC.H MHTepBaJI (3-J33; 0) . 

3TOMY liHTCpBaJiy rrpHHa,n:JieJKHT ,n:Ba IJ,eJihiX '-IHCJia -2 H -1, rrpOH3-

Bef.(CHMe KOTOpbiX paBHO 2 . 
Omeem: 2. 

llpHMep 3. CocTaBhTe ypaBHeHMe rrapa6oJibi c BeprnHHOH B TO"!Ke 

( -1; -1}, eCJIM TO"!Ka C KOOpf.(HHaTaMH ( 5; 0) rrpHHaf.(JieJKHT rrapa6oJie. 

PeweHue. YpaBHeHne rrapa6oJihi nMeeT BHf.( y = ax
2 + bx + c . Co

rJiacHo ycJIOBHIO 3af.(a'-IM a6cu,ncca BeprnHHbi rrapa6oJibi x 0 = -1 , cJie

,n:oBaTeJihHo, - ~ = -1 n b = 2a . Ilof.(CTaBJI5I.H ITOJIYl.JeHHoe 3Ha'-Iei-me b 

B ypaBHeHMe y=ax2 +bx+c, 6y,n:eM nMeTh: y=ax2 +2ax+c. 3Ha.H, 

'-ITO TO'-IKH ( -1; -1) H ( 5; 0) rrpHHaf.(JieJKaT rrapa6oJie, llOJJ:CTaBMM HX 

KOOpJJ:HHaTbl B ypaBHeHHe y = ax2 + 2ax + C 11 peiiiHM CHCTeMy ypaB-

{
-1=a-2a+c 
0=25a+10a~c; {

a=c+1, 
c=-35a; 

3arrMrneM ypaBHeHne MCKOMo:if rrapa60Jihi: 

1 2 1 35 
y=-36x -18x+36 · 

1 2 1 35 Omeem: y=-
36

x -
18

x+
36

. 

llpnMep 4. Orrpe,n:eJIMTe 3Ha'-IeHne a, rrpH KOTopoM Hynn KBaf.(pa

TM'-IHOH ¢YHKIJ,HI1 y = (3- 2a )x2 -ax -1 HMeiOT pa3JIH'-II-Ible 3HaKH H 

a6cu,ucca BeprnHHbi rrapa6oJibi rroJIOJKIITeJihi-Ia. 

PeweHue. PaccMoTpiiMKBaf.(pamoeypaBHeHne (3- 2a )x2 -ax -1 = 0, 

KOTOpoe 3allHIIIeM B BII,n:e x 2 + 
2 

a 
3 

X+ -
2 

1 
3 

= 0 llpH YCJIOBHH, '-ITO 
2a-3:;t0. a- a-

YpaBHeHIIe HMeeT ,n:Ba pa3JIH'-IHbiX Kopn.H, eCJIII D > 0 , TO ecTb 

a 2+4(3-2a)>O, a2-&z+12>0, OTKy,n:a aE(~;2)u(6; +oo) (pnc. 5.8). 
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TaK KaK cornacno ycnoBHIO 3a,n:a'IH a6cu,Hcca BeplllHHbi rra
pa6onbi IIOJIOJKHTeJibHa, TO IIOJIOJKHTeJibHbLH KOpeHb ypaBHeHH5I 

X
2 + 

2
a a_ 

3 
X+ 

2
a ~ 

3 
= 0 ITO a6COJIIOTHOH BeJIH'IHHe rrpeBOCXOIJ,HT OT

pHU,aTeJibHblH. Torp,a cyMMa Kopne:H ::noro ypaBHeHH5I rronoJKHTeJib
na, a HX IIpOH3Bep,enHe OTpHU,aTeJibHO. 

B a 1 
llo TeopeMe MeTa x1 +x2 =-

2
a_

3
, x1x2 = 

2
a_

3
. 

· a 1 
PelllHM CHcTeMy nepaBeHCTB 

2
a _ 

3 
< 0 H 

2
a _ 

3 
< 0 . 

PaccMoTpHM pelllenHe KaJKp,oro nepaBeHCTBa CHCTeMhi, Y'IHTbiBa5I, 
'ITO a E ( -oo; 2) U ( 6; + oo) : 

1) 
2

aa_
3 

<0, OTKyp,a aE (0; 1,5) (pHC. 5.9); 

1 3) 
2
a_

3 
<0 , OTKyp,a aE (-oo; 1,5) (pHC. 5.10). 

~ 
2 6 a 

Puc.5.8 

...±.o.=-o.±.o 
0 1,5 2 

Puc.5.9 

o--±--
6 a 

--=-o-:!:-o 
1,5 2 

o--±--
6 a 

Puc. 5.10 

QqeBHIJ,HO, 'ITO pellleHHeM CHCTeMbl HepaBeHCTB 5IBJI5IeTC5I IIpOMe
JKYTOK (0; 1,5). Cnep,oBaTeJihHO, ycnoBH5I 3ap,aqH BbiiiOJIH5IIOTC5I rrpH 
BCeX a, IIpHHap,JieJKaiiiHX :=JTOMY rrpOMeJKyTKy. 

OmBem: (0; 1,5). 

IIpuMep 5. He pelllM ypaBnenHe ax2 +bx +c = 0, nail:IJ,HTe 3naqe

nHe BbipaJKeHH5I 3-2 x12 + 3-2 x22 
, rp,e x 1 H x2 - KOpHH p,annoro ypaB

nenH5I. 
Peweuue. PaccMOTpHM KBa,n:paTnoe ypaBHetme ax2 + bx + c = 0 . 

Cornacno TeopeMe BHeTa 3aiiHilleM: x 1 + x2 = _!!_ , x 1x2 = .£ . 
a a 

I1 peo6pa3yeM BbipaJKenHe T 2 x12 + 3-2 x22 
. llony'IHM: 

1 .1 _ xf +xi _ (x1 +x2 )
2 -2x1x2 --+- - - _,___,___::.:______,.--=--..=c 

9xf 9xi 9(x1x2 )
2 9(x1x2 )

2 

I1 b op,cTaBJI5!5I B rronyqeunoe BbipaJKenHe 3naqenH5I x1 +x2 = -- H 
a 
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(-b)2 _2c !i__2c (b2-2ac)a2 2 
a a _ a2 a = = b - 2ac 

9 .(!:..)2 
- _9c_2 

9a
2
c

2 9c2 

a a2 

Omeem: b
2 

- ;ac 
9c 

llpHMep 6. CocTaBoTe KBa,a;paTHOe ypaBHeHHe c rwpmiMH 2 H 

2, r,a;e x 1 H x2 - KOpHH ypaBHeHH.H ax2 +bx +c = 0. . x
1 

x2 
Pew.enue. PaccMoTpHM ypaBHeHHe ax2 + bx + c = 0 . ITo TeopeMe 

B b c 
HeTa 3armrneM: x1 + x2 = -- H x1x2 =- . 

a a 

IlycTD HCKOMOe ypaBHeHHe HMeeT BH,Il; x2 + pX +q = 0, a qJ1CJia 2 
2 2 2 2 2 x1 

H--ero KopHH. Tor,a;a -+-=-pH -·-=q. 
x2 x1 x2 x1 x2 

b HaH:,a;eM Koscpc}.miVIeHTor p H q , yqHToiBM, qTo x1 + x2 = -- H 

x1x2 =!:..: a 
a b 

1) p=-2·(_!_+_1_)=-2· x2+x1 =-2· -~ =2·!2.!:!:.= 2b; 
x1 x2 x1x2 !:._ a c c 

a 

2) q=2·2=_4_=.!=4a .. 
x1 x2 x1x2 c c 

a 

IlO,Il;CTaBHM 3HaqeHH5I p H q B ypaBH~HHe x 2 + pX +q = 0 I1 IIOJiy-

qifM: x 2 + 
2b x+ 4a = 0 HJIH cx2 +2bx+4a = 0. 
c c 

Omeem: cx2 + 2bx + 4a = 0 . 

llpHMep 7. CoCTaBoTe KBa,a;paTHoe ypaBHeHHe c paiiHOHaJioHoiMH 

K03cpcpHlfHeHTaMH, O,ll;HH H3 KOpHeH KOTOpOrO paBeH 
6 

r;::; • 
3+v3 

Pew.enue. CorJiacHo ycJIOBHIO 3a,a;aqH x1 = 
6.J3 

6(3-../3) 3+ 3 
HJIH x1 = 

6 
, HJIH x1 =3-.J3. Tor,a;a x2 =3+.J3. 
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Ilyerh HeKoMoe ypaBHeHIIe HMeer BH)J; x 2 + px +q = 0 . Tor,lla no 

reopeMe B11era x 1 +x2 = -p, a x 1x 2 = q. TaK KaK x1 +x2 = 3-.J3 +3+ 

+.J3 = 6, a X1X2 = (3-.J3)(3+-J3) = 6, TO p = -6 11 q = 6. 

3amnneM HeKoMoe ypasnen11e: x 2 
- 6x + 6 = 0 . 

Omeem: x 2 
- 6x + 6 = 0 . 

3aA8'-tVI Aflfl caMOCTOs:ITenbHoro peweHVIfl 

1. Haii,lliiTe naHMeHhiiiee 3Ha'IeHIIe ¢YHKU:HII y = 2x2 + 6x- 4 . 

2. HaH,lliiTe naii60Jihlllee 3Ha'!eHHe ¢ynKU:HII y = 15 + 2x- x
2

. 

3. HaH,lliiTe o6JiaeTh 3Ha'IeHIIH ¢YHKU:HH y = -2x2 +12x+ 14. 
4. Haii,llHTe see 3Ha'!eHII5I napaMerpa a, np11 KorophiX sepnnma na

pa6oJihi y = (X -13a )2 
- a2 + 6a + 16 JieJKHT BO BTOpOH l:J:eTBepTH KOOp

,llHHaTHOH nJioeKOeTH. 
5. CoeTaBhTe ypasnen11e napa6oJihi c ochro, napaJIJieJihHOH oc11 op

,llHHaT, eeJIH ::na napa6oJia npoxo,lliiT 'Iepe3 TO'IKH ( -2; -3), ( -1; 2) 
11(1;0). 

6. HaH,llHTe KBa,n:parwmyro ¢ynKu;mo y = ax2 +hx +c, 3HM, 'ITO 
npii x = -0,7 5 ona npHHHMaer naii6oJibiiiee 3Ha'IenMe 3,25, a np11 
x = 0 npiiHI1Maer 3Ha'IeHne pasnoe 1. 

7. II p11 KaKOM 3Ha'IeHHH napaMerpa a noJIOJKHTeJihi-Ihii1 Kopenh 
ypaBHeHH5I x 2 

- (a- 3) X+ a- 4 = 0 6oJihiiie a6eOJIIOTHOH BeJIH'IHHbl 
orpiiu;areJibnoro? 

8. IlpiiKaKoM3Ha'!enMHarpa¢nK¢yHKU:I1I1 y = 2x2
- 2x+a(5x- 2) 

CIIMMeTpnqeH OTHOCHTeJibHO: 
a) OeH Op,llMHaT; 
6) np5IJ'v!OH X= 2? 

9. HaH)J;MTe 3Ha'!eHI15I napaMerpa a, npn KoropoM ypasnei-me 

(2-a)x2 +-124x-a+1 =0 IIMeer: 
a) O,llllH KOpeHh; 
6) ,llBa paBHhiX KOpi-15!. 

10. HaH:,n:nre see 3Ha'IeHH5I napaMerpa a, npii KoropbiX o6a Kopn5I 

ypasneHM5I -x2 + 2ax + 1 = 0 ne npesocxo,ll5IT no MO.llYJIIO 4 . 
11. HaH,llHTe cyMMY Bcex 31-Ia'IennH: a, npn KoropbiX ypasneHH5I 

x 2 -(6-2a)x-(7a-a2 -12)=0 H ( -x)2 
-( a2 -5a+6)( -x) =0 pas-

noeHJibHbi. 
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12. Orrpe,ll;emne Koscpqmu:weHThi KBa,ll;paTHoro ypaBHeHH51 

x 2 + pX + q = 0 , eCJIH l13BeCTHO, 'ITO era KOpHH paBHbl - p li - q. 
13. HaH,ll;HTe K03cpcpwu:neHThi ypaBHemm x 2 + px + q = 0 , ecJIH H3-

BeCTHO, 'ITO 'IHCJia p H q 5IBJI5IIOTC5I era KOpH5IMH. 

14. flpH KaKOM U:eJIOM 3HaT.IeHHH b O,ll;HH H3 KOpHeH ypaBHeHH5l 

4x2 
- x ( 3b + 2) + b2 = 1 B TpH pa3a 6oJibiiJe .ll:pyroro? 

15. HaH.,ll;HTe o6mnH. KopeHh ypaBHeHnH. 3x2 -4x+ p = 2 n 

x 2
- 2px = -5 rrpn ycJIOBHH, 'ITO p - u:eJioe qncJio. 

16. HaH,ll;HTe 3HaqeHwe b, rrpn KOTopoM KOpHH x 1 n x2 ypaBHeHH5l 

X2 + 2X + 2b = 0 y ,ll;OBJieTBOp5IIOT YCJIOBHIO 3x 2 + X 1 = 8 . 
17. HaH,ll;HTe rrpoH3Be,ll;eHne Tex 3HaT.IeHHH c, npn KOTOpbiX O,ll;HH 

KopeHh ypaBHeHH5l x 2 
- 3x + 8c3 = 0 paBeH KBa,ll;paTy .ll:pyroro. · 

18. HaH,ll;HTe Bee 3HaT.IeHH5l napaMeTpa a, npu KOTOpbiX HepaBeHc-

TBO x 2
- 7 ax+ 12a2 ~ 0 BhiTIOJIH5IeTc5l npw Bcex x E R . 

19. CocTaBI>Te ypaBHenne BTopoH. cTeneHH, B KOTopoM: 

a) O,ll;HH H3 KOpHeH. paBeH HYJIIO; 

6) o6a KOpH5! paBI-Ibi nyJiro; 

B) KOpHH paBHbl no MO.ll:YJIIO, HO npOTHBOIIOJIO)KHbl no 3HaKy. 

20. CocTaBI>Te KBa,ll;paTnoe ypaBHeHne, O,ll;HH H3 KOpHeH. KOTO

poro paBeH CYMMe, a .ll:pyroH - npOH3Be,ll;eHHIO KOpHeH ypaBHeHH5! 

ax2 +bx+c =0. 
21. CocTaBI>Te ypaBHeHne BTopoH. cTerreHn, KOpHH KOToporo 6biJIH 

61>1 Ha e,ll;HHHU:Y 60Jibiiie KOpHetr ypaBHeHH5I ax2 +bx +c = 0. 
22. CocTaBbTe KBa,ll;paTHOe ypaBHeHHe c pau:noHaJibHbiMH K03cp

cp11U:HeHTaMH, O,ll;HH 113 KOpHeH KOToporo paBeH -3-SJ3 . 
23. Hai1.ll:HTe rrpoH3Be,ll;eHne Bcex 3Ha'>.eHHH k, rrpH KOTOpbiX KopHH 

ypaBHeHJI5! x 2 +(k+1)x+k2 =0 OTHOC5ITC5! KaK 2:3. 
24. HaH,ll;HTe rrpon3Be,ll;eHHe KOpHeH. ypaBHeHH5l 

x4 -24x2 +144=0. 
25. CoCTaBI>Te 6:nJ<Ba,ll;paTHOe ypaBHeHne, ecJin qncJia .J2-1 H 

.J2 + 1 5IBJI5IIOTC5l .ll:BYM5I ·era KOpH5IMH. 

26. flycTb x 1 H x 2 KOpHrrypaBHeHH5l x 2 -3,5x-1,5=0. CocTaBI>Te 

KBa,ll;paTHOe ypaBHeHHe, KOpH5IMH KOTOporo 5l'BJI5IIOTC5l qllcJia X 1 + X2
1 

-1 
H x 2 +x1 

27. He peiiia5l ypaBHeHHe x 2 +2,(6)x-0,(3) =0, HaH,ll;HTe: 

a) xf+x~;6) x{+x~;B) x 1-x2 • 
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OmBembt: 1. -8,5. 2. 16. 3. ( -oo; 32]. 4. ( -2; 0). 5. y = -2x2 -x+3. 

6. y =-4x2 -6x+1. 7. (3; 4). 8. a) rrpH a = 0,4; 6) rrpH a = -1,2. 

9. a) 2; 6) {-1; 4}. 10. [- 1:; 1:].11. 7. 12. q=O, pER. 

13. Pi = 0, ql = 0; P2 = 1, q2 = -2. 14. IlpH b = 2. 15. X= 1. 16. -17,5 . 

17. -0,75. 18. I1pH a= 0.19. a) ax2 +bx=O, a:;t:O; 6) ax2 =0, a:;t:O; 

B) ax2+c=O, ac < 0 .20. a2x2 +(ab-ac)x-bc =0 .21. ax2 +(b-2a)x+ 

+c+a=b.22. x 2 +6x-66=0.23. - 1~.24.144.25. x 4 -6x2 +1=0. 

2_ -1-0 70.6 4882. +2Jf§ 26. 6x 7x - . 27. a) 
9 

, ) 
81 

, B) _ 
3 

. 

KoHTponbHbl171 TeeT 

N!! 3a,~~;aHH.H BapnaHTbi OTBCTOB 

1) y=(x+1i+5; 

EcJIH Koop,n:HHaTbi BepiiiHHbi rrapa6oJibi 2) y=(x-1/+5; 
1 x0 = -1 H Yo = 5, To ypaBHeHHe napa- 3) y = (x+1)2 -5; 

60Jibl HMeeT BH.ll: 4) y = (x-1)2 -5; 
2 5) y = 5-(x+1) . 

1) _i. 2) _21. 
CyMMa Koop,n:HHaT BepiiiHHbi rrapa6oJibi 3' 4 ' 

2 
y=-x2 -7x-8 paBHa 3) ;?. . 4) 0,24; 

4' 
5) 1,7. 
1) -3; 

HaH6oJihiiiee 3HaqeHHe cpyHKIJHH 2) 3; 
3 

y=-3i2 +3x-3 paBHO 
3) -0,75; 
4) 0,2; 
5) -2,25. 

0Cbl0 CHMMeTpHH rpacpHKa cpyHKIJHH 1)y=2; 2)x=0,25; 
4 

Sy = 2x2 
- x + 8 5IBJIJieTc5I rrp5IMM 

3) x=5; 4) y=x; 
5) x=-1. 
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N!! 3a,n;amui BapHaHTbi oTaeToB 

1) a E [ -6; + oo) ; 

3naqenne Bbipa%eHH51 ax2 + 2ax- 4 
2) aE[2; +oo); 

5 3) aE[1; 2); 
ne 6oJibille JJ:BYX rrpn ycJIOBIIII, 'ITO 

4) aE [-6; 0]; 

5) ae [-6; 0] 

KoJiwiecTBO I1eJihiX 3Ha'IeHIIH a, 1) 0; 

IIpii KOTOpbiX o6a KOpH51 Tpex'IJieHa 
2) 2; 

6 
(a-1)x2 -(3-a)x-(2-a) 

3) 4; 
4) 5; 

llOJIO)KIITeJibHbl, paBHO 5) 9. 

EcJIII cyMMa KBa,n;paTOB Kopneii 1) -17; 2) 3; 

7 ypaBHeHII51 T 2 x2 - x + T 2 p = 0 paBna 3) 33; 4) 0; 

16, TO 3Ha'Ieime p pamro 5) 12. 

1) x 2 + 6x + 7 = 0 ; 
EcJIII o,n;nn II3 Kopnei1 KBa,n;panmro 2) x 2 -6x+17=0; 

8 ypaBnemm paBeH 
4~ , 3) -x2 -6x+7=0; 

21- 98 
4) x 2 

- 6x- 7 = 0 ; TO ypaBHeHIIe IIMeeT Bll;'l; 

5) x 2 -6x+7=0. 

1) x 2 
- 5x + 2 = 0 ; 

KBaJJ;paTnoe ypaBnenne, Kopnu 2) x 2 -2x+2 =0; 

9 KOTOpOrO o6paTHbl KOpH51M ypaBHE'HII51 3) 6x2 -x+5 =0; 
-x2 +2,5x-0,5 =0, IIMeeT Bli,n; 4) x 2 -6x+20=0; 

5) x 2+6x+2=0. 

EcJIII a+ b < -c , TO ypaBHenne 1) c < 0; 2) c :2:0; 

10 ax2 + bx = -C He IIMeeT ,n;eHCTBIITeJib-
3) c > 1; 4) c~17; 

HbiX KOpHeH IIpii YCJIOBHII, 'ITO 
5) c < 5. 

CyMMa KBaJJ;paToB Kopnell: ypaBHeHH51 
1) 1; 
2) -1; 

11 -x2 +(a+2)x+3-a =0 rrpiiHHMaeT 3) 0; 
naHMeHbiJlee 3na<ren11e rrpii ycJioBHH, 4) 6; 
'ITO a paBHO 5) 14. 
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N!! 3a)];aHHH BapnaHTMOTBeToB 

EcJin ocTaTKn rrpn )];eJieHim KBa)];paT-
1) 0; 
2) 2; 

Horo TpexqJieHa -x2- px- q Ha IJ:Byq- 3) 0,5; 
12 JieHhi p- X M q- X COOTBeTCTBeHHO 1 0 

paBHhi p M q, TO cpe,n;Hee apn¢MeTMqec- . 
4) 12' 

KOe BCeX K03tPtPMUMeHTOB p M q paBHO 1 
5) 6 0 

1) 0,1; 
YpaBHeHM.SI x 2 +ax+ 1 = 0 2) 1; 

13 n x 2 + x +a= 0 nMeiOT o6runr1: KopeHh, 3) 2; 

ecJin a npnHMMaeT 3HaqeHne, paBHOe 4) 12; 
5) -20 

EcJIM pa3HOCTh KOpHeil ypaBHemm 
1) -7; 

x 2 + pX = -q paBHa 5, a pa3HOCTb Ky60B 
2) -6; 

14 3) 5; 
KOpHeH paBHa 35, TO HaHMeHblliaH cyM- 4) ~5; 
Ma K03tPtPHUI1eHTOB ypaBHeHIIH paBHa 5) 00 

HoMep J<mamur 1 2 3 4 5 6 7 
HoMep rrpaBIIJihHoro 1 3 5 2 4 1 4 
OTBeTa 

HoMep Ja,ZJ;aHIIR 8 9 10 11 12 13 14 
HoMep rrpaBIIJihHoro 5 1 1 2 4 5 4 
OTBeTa 
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6. PA~VIOHAflbHbiE YPABHEHVIs:l 

6.1. OcHOBHble noHHTVIH VI onpe.QelleHVIH 

PaBeHCTBO, co)J;ep%aill,ee nepeMeHHyro, Ha3biBaiOT ypaeueuueM: 
f(x)=g(x). 

3HaqeHMe nepeMeHHOH, npii TIO)J;CTaHOBKe KOTOporo B ypaBHeHMe, 

IIOJJyqaeM BepHoe paBeHCTBO, Ha3biBaiOT KOpHeM (perneHifeM) ypaB

HeHM.~. 

PernMTh ypaBHeHMe - 3HaqJIT HaHTM Bee ero KOpHII HJJM )J;OKasaTh, 

qTo HXHeT. 

LJ:wcJJo kEN Ha3biBaiOT KpaTHOCThiO KopH5I x1 ypaBHeHM5I 

(x-x1)k(x-x2) =0, a qwrJJo x1 - k-KpaTHhiM KopHeM :noro ypaBHe

HH5I. EcJJM k = 1 , To roBop5IT o npocToM KOpHe ypaBHeHim. B Ham eM 

CJJyqae qHCJIO x2 - npOCTOH KOpeHb ypaBHeHim. 

YpaBHeHH5I 5IBJJ5IIOTC5I paBHOCHJJhHhiMH, ecJJH OHM HMeiOT paBHhie 

KOpHH (JJH6o He HMeiOT KOpHeH). 

CocTaBHTh ypaBHeHHe - sHaqwT ycTaHoBHTh 11 Bhipa3HTh B MaTe~· 
MaTHqeCKOH <iJopMe CB5I3b Me%)J;Y II3BeCTHbiMH BeJJJiqHHaMM 3a)J;aqn H 

MCKOMbiMII BeJJIJqHHaMH. 

6.2. npeo6pa3088HVIe ypaBH8HVI171 

8 paBHOCVIJ1bHbl8 VIM ypaBH8HVIH 

PaBHOCMJJhHhie ypaBHeHII5I noJJyqaroT B pesyJJhTaTe cJJe)J;yiOili.HX 

rrpeo6pasoBaHIIH: 

1) npH nepeHOCe CJJaraeMbiX 113 O)J;HOH qacTM ypaBHeHH5I B )J;pyryiO 

C npOTHBOTIOJJO)KHbiM 3HaKOM; 

2) npw YMHO%eHHH HJJII )J;eJJeHHH o6ewx qaCTeli ypaBHeHH5I Ha 

O)J;HO H TO %e OTJJHqHoe oT HYJJ5I qncJJo; 

3) npii saMeHe ypaBHeHII5I 

u {f(x)=O 
ypaBHeHHH ' . g(x):t:O. 

f(x) =O 
g(x) 

paBHOCHJJbHOH CHCTeMOH 

CyiiieCTByeT p5I)J; rrpeo6pasoBaHMH, KoTopbre MoryT npnBeCTH K 

ypaBHeHHIO, HepaBHOCHJJhHOMY )J;aHHOMY. K TaKHM npeo6pasoBaHH5IM 

OTHOC5IT: 
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1) B03Be,nemie o6eiiX lJaCTCH ypaBHCHII5! B lJCTHYIO CTCIICHb (B pe-

3YJibTaTe MOryT ll05!BIITbC5I IIOCTOpOHHIIC KOpHII); 

2) YMHO:>KCHIIe o6eiix tJaCTeH ypaBHCHII5! Ha Bbrpa:>Ketme, co,nep:>Ka

mee rrepeMCHHYIO (MoryT IT05!BIITbC5I ITOCTOpOHHIIC KOpHII); 

3) ,neJieHIIe o6eiix qacTei1 ypaBHCHII5! Ha Bbipa:>KeHIIe, co,Qep:>Kamee 

nepeMCHHYIO (Mo:>KeT npOH30HTII ITOTep5! KOpHefi). 

q T06bi II36e:>KaTb ITOCTOpOHHIIX KOpHCH HC06XO.ll:IIMO BCC rrpeo6pa-

30BaHII5! IIpOBO.ll:IITb C yqeTOM 06JiaCTII .ll:OIIYCTIIMbiX 3HaqeHIIH rrepe

MCHHOH IIJIII BbliiOJIH5!Tb rrpoBepKy ITOJiyqeHHbiX KOpHeH IIO.ll:CTaHOB

KOH IIX B IIcxo,nHoe ypaBHeHIIe. 

TeeT AJUI nposepKIII TeopeTIIIYeCKIIIX 3HaHIIIVI 
Yx;aJICume ece npaewta1fbte eapuaumat omeemoe ( 1-3 ): 

1. PaBHOCHJibHhie ypaBHCHH5! rroJiyqamT B pe3yJibTaTe cJie,nyiOII.IIIX 

npeo6pa3oBaHni1: 

1) rrpii nepeHoce CJiaraeMbiX H3 O.ll:HOH qaCTII ypaBHCHII5! B ,npyryiO 

C IIpOTMBOITOJIO:>KHbiM 3HaKOM; 

2) rrpii YMHO)KCHIIII o6eHX 'laCTCH ypaBHCHII5! Ha O.ll:HO II TO :>Ke OT

JIHqHQC oT HYJIH qiicJio; 

3) IIpii nepeHoce CJiaraeMbiX II3 O.ll:HOH qaCTI1 ypaBHCHI15I B ,npyryiO 

C TCM :>Ke 3HaKOM; 

4) rrpii .ll:CJICHI1H o6eiiX qacTeH ypaBHCHII5! Ha O.ll:HO I1 TO :>Ke OTJIIIq-

HOe OT HY.ir5! qiicJio; 

5) rrpii YMHO:>KeHIII1 o6eiix 'laCTei1 ypaBHeHII5! Ha qiicJio HYJih; 

6) npii ,neJieHHI1 o6eiix 'laCTeii: ypaBHCHII5I Ha 'IHCJIO HYJib. 

2. HepaBHOCHJibHhie ypaBHeHH5! MoryT 6biTb rroJiyqeHbi B pe3yJib

TaTe cJie,nymmux npeo6pa3oBaHui1: 

1) rrpii B03BC.ll:CHIIII o6eiiX qacTeH ypaBHCHII5I B 'ICTHYIO CTCIICHb; 

2) rrpii yMHO:>KeHIIH o6eiix 'lacTeH ypaBHCHII5! Ha Bbrpa:>KeHIIe, co

,nep:>Kamee rrepeMeHHym; 

3) npii ,neJieHHM o6enx qaCTei1 ypaBHeHH5! Ha Bbrpa:>KeHne, co,nep

:>Kaii.Iee rrepeMeHHym; 

4) IIpH B03BC.ll:CHIIII o6eiiX qaCTeH ypaBHCHII5! B HeqeTHYIO CTC

ITCHb; 

5) npii Bbi'IHTaHHH ns o6eiix qacTeii ypaBHeHII5! o,nHoro II Toro :>Ke 

'IHCJia; 

6) rrpn YMHO:>KeHIIII o6e11x 'laCTeH ypaBHCHI15! Ha 'IIICJIO -1. 

3. YpaBHCHIIe ;i;j =0 paBHOCIIJibHo: 
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1) ypaBHeHIIIO j (x) = 0; 

2) ypaBHeHIUO g(x) :;t 0; 

3) COBOKYIIHOCTH ypaBHeHHll [ ~ ~ ~ j : ~; 
4) COBOKYIIHOCTH ypaBHeHHll [~ ~ ~ j: ~; 
5) CHCTeMe ypaBHeHHll {~ ~ ~ j: ~; 
6) CHCTeMe ypaBHeHHll {~ f ~ j: ~: 
Ycmauoeume coomeemcmeue: 

4. Ypasnenue (x-x1)(x-x2 )
3 (x-x3 )

2 =0 MMeeT: 

KOPEHb 

1) X1; 

2) x2 ; 

3) x3 . 

Om6embt 
HoMep 3at~:aHIIJI 1 2 

Bl1,ll KOPH5I 

a) rrpoCTo:H; 

6) 2 - KpaTHbiH; 

B) 3- KpaTHbLU; 

r) n - KpaTHbiH; 

11:) CJIOIKI-Iblll. 

3 4 
BapiiaHT npaBHJihHOro 1,2,4 1,2,3 6 1 - a, 2 - B, 3 - 6 
OTBeTa 

np111Mepb1 
ITpnMep 1. Hail~J:HTe rrpoH3Be~J:eHne Bcex ~J:eilcTBHTeJibi-IhiX Kopne:H 

ypasi-IeHHH 0, 2x3 -1, 2x + 1 = 0 . 
Peweuue. 3annrneM ypasnenne B BH,D;e x 3

- 6x + 5 = 0. Ecnn ypas

Hei-Ine HMeeT ~eJibie KOpHH, TO 3TH KOpHH HaH~J:eM Cpe,D;H ~J:eJIHTeJieH 

cso6o~J:Horo qJiei-Ia. 

3arrnrneM ~J:eJIHTeJIM qncna 5: ±1; ±5 . 
il011:6epeM KOpeHh ypaBHeHMH: eCJIM Xt = 1, TO 1-6 + 5 = 0 , CJie~J:O

BaTeJibHO, qncno 1 - Kopenh 3Toro ypasnennH. Pa31J:eJIMM o6e qacTII 

ypaBHeHHH Ha IJ:BYqJieH (X -1): 

101 



_ x
3 

- 6x +51 x -1 
x 3 -x2 x 2 +x-5 
x 2 -6x+5 

-x2 -x 

-5x+5 
-5x+5 

0 
PernHM ypasHeHHe x 2 + x-5 = 0 . TaK KaK JJ:HCKpnMHHaHT ypaBHe

mur D = 21 > 0 , TO 3TO ypamreHHe HMeeT JJ:Ba KopH51, rrpoH3BeJJ;emre 
KOTOpbiX paBHO -5 . 

Hai'rJJ;eM rrporr3Be,neHHe Bcex KopHeii ypaBHeHH51 x 3
- 6x + 5 = 0 : 

x1 · x2 · x3 = 1· ( -5) = -5. 

OmBem: -5. 

llpuMep 2. HaiiJJ:HTe cyMMY scex KOpHeii ypaBHeHH51 

20x + 15x =5 
4x2 -8x+7 4x2 -10x+7 · 

PewmiUe. TaK KaK qncno HYJib He 51BJI51eTC51 KopHeM 3Toro ypaBHe
HH51, TO BbiiTOJIHHM cne,nyrou~ee rrpeo6pa30BaHne: 

20x 15x 

s:;- + 5x -~ 4 + 3 7 =1. 
4x2 

_ 8x + l 4x
2 _1 Ox + l- 5 ' 4x -8 +l 4x -10 +-

x XX X X X X X 

B pe3y Jib TaTe rro,ncTaHOBKH 4x + l_ 9 = a ypaBHeHHe rrpnMeT BH,n: 
X 

_4_+_3_= 1 4a-4+3a+3=i 7a-1=i ( -"+i) 2_ 1= 7 _ 1 
1 1 

' 2 , 2 aof"-_ ,a a , 
a+ a- a -1 a -1 

a2
- 7 a= 0 , OTKyJJ:a a1 = 0 , a2 = 7 . 

YqHTblBa51 ITOJJ:CTaHOBKy, peiiiHM JJ;Ba ypaBHeHH>I: 

1) 4x+l-9=0, 4x2 -9x+7=0,arrocKOJihKY D<O,To xE0; 
X 

2) 4x+l-9=7, 4x2 -16x+7=0, a ITOCKOJihKY D>O, TO 
X 

16 
x1+x2=4=4. 

OmBem: 4. 
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llpHMep3. PernHTeypaBHemie x2 +3x+1+~= 447 . 
X X 

Pewe11ue. 3mmrneM ypaBHeHne B BII,n:e: 

(3x+~)+(x2 + : 2 )=4J MJin12(x+~)+4(x2 + : 2 )=47. 

BhmOJIHMM cJie,n:yiOII(He rrpeo6pa3oBamm Bbipa:>KeHne x 2 +~: 
X 

( x 2 +j_+2·x·l)-2·x·l= (x+l)
2 

-2. 
x 2 X X X 

I1oJiara5I x + 1 =a 11 x 2 + ~ = a2
- 2, rroJiyqnM: 

X X 

12a+4(a2 -2)=47, 4a2+12a-55=0, 

oTKy,n:a D= 122 +4 ·4 · 55=42 (32 +55)= 42 ·64 =( 4· 8)2 = 322; 

-12-32 11 -12+32 5 
at = 8 = -2, az = 8 = 2. 

yqliTbiBa5I IIO,UCTaHOBKy, 6y,n:eM IlM€Tb: 
1 11 2 -11±.Jf05 1) x+:;:=-2 , 2x +11x+2=0,oTKy,n:a x1,2 = 

4 
; 

2) x+~=-%, 2x2 -5x+2=0, OTKy,n:a x1 =2, x2 =~. 

llpHMep 4. HaH:,n:nTe rrpoH3Be,n:eHue rau6oJihrnero H Ha:HMeHhiiiero 

KOpHeH: ypaBHeHII5I (2x-1)(x+2)3 +(1-2x)(x-1)3 -18x+9 = 0. 

Pewe11ue. 3arruiiieM ypaBHeHIIe B BII,n:e: 

(2x-1)(x+2)3 +(2x-1)(1-x)3 -9(2x.-1)=0, 

(2x-1)( (x+2)3 +(1-x)3 -9) =0. 

PeiiiHM coBoKyrrHoCTb ypaBHeHui1: 
1) 2x -1 = 0 , OTKy,n:a X= 0, 5; 

2) x 3 +6x2 +12x+8+1-3x+3x2 -x3 -9=0, 9x2 +9x =0, oTKy,n:a 

x=O u x=-1. 
L{aHHO€ ypaBHeHil€ IIMeeT Tpll KOpH5I: -1; 0; 0,5 . 
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Hall:,n:eM rrpoH3Be,n:emie HaH6oJihiiiero H HaHMeHbiiiero KopHell: 

STOfO ypaBHeHHJI: 0, 5 · ( -1) = -0,5 . 

Omeem: -0,5 . 

llpHMep 5. Hall:,n:HTe cyMMY KBa,n:paTOB KOpHell: ypaBHemm 

2x2 +12x+16 =1x2_ 2x_ 2 
3x+12 3 · 

Pemeuue. YMHO:IKHB o6e qacTH ypaBHeHHJI Ha 'IHCJIO ~ , rrony'IHM: 

xz + 6x + 8 = x2 - 3x- 3 . 
x+12 

Pa3JIO:IKHM KBa,n:paTHhiH TpexqneH x 2 +6x+8 Ha JIHHeHHhie MHo-

:tKHTeJin H COKpaTHM ,n:po6b Ha X+4 ;/:. 0: 

(x+ 4)(x+2) =x2 -3x-3 x+2=x2 -3x-3 x 2 -4x-5=0 
x+4 ' ' ' 

OTKy,n:a X1 = 5 , Xz = -1 . 
Hall:,n:eM cyMMY KBa,n:paTOB KOpHeli ,n:aHHoro ypaBHeHHJI: 

xf +xi= 25+1 = 26. 

Omeem: 26. { x 9 x+y+-= ' 
fipHMep 6. PeiiiJITe CHCTeMy ypaBHeHJIH (X+ y)% = 

1 
. 

{

x+y=a, 20y 
Pemeuue. IlonarM ~ = b, 3arrniiieM ,n:ai-IHYIO cncTeMy ypaBHe-

u . {a+b =9, 
HHH B BH,ZJ:e a·b =20. 

JierKO 3aMeTHTb, 'ITO peiiieHHeM llOJiy'feiiHOH CHCTeMhi ypaBHeHHH 

JIBJIJIIOTCJI rrapbi 'IHCeJI a1 = 4 , b1 = 5 H a2 = 5 , b2 = 4 . 

Y'IHThiBM no,n:cTaHOBKy, peiiinM ,n:Be cncTeMhi ypaBHeHHH: 

{

x+y=4 { y-1 ' {x+y=4 {6y=4 -3, 1 ) X ¢:::> ' ¢:::> ' ¢:::> -=5· x=Sy· x=Sy· 10 y , , , x=3; 

2) {F4~" <c> {~y~~~ <c> {~:i 
Omeem: ( 

1~; ~) , ( 4; 1). 
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llpHMep 7. PelliiiTe CIIcTeMy ypaBHeHIIH 2 y 3 3 y 2 - ' 
{

x2 3+x3 2 _ 9 
x y -x y =3. 

Pewe11ue. CIIcTeMy ypaBHeHHH 3aTIIIllleM B BII.Ue 

{
x 2y2 (y+x) = 9, 
x 2y2(y-x)=3. 

Pa3,l.(eJIIIM nepBoe ypam-reHIIe ciicTeMhi Ha BTopoe: 

xzyz(y+x) =~ y+x =3 
x2y2 (y-x) 3, y-x . 

Do OCHOBHOMY CBOHCTBY nponopu;rm 3aTIIIllleM: 

y+x = 3y-3x, OTKy.ua y = 2x. 

Do.uCTaBIIM 3HaqeHIIe y = 2x B nepBoe ypaBHeHIIe CIICTeMhi II Ha:li
.ueM 3HaqeHIIe nepeMeHHo:li x: 

x2 ·8x3 +x3 ·4x2 ==9, 12x5 =9, x 5 =0,75, x=R./0,75. 
Ha:li.ueM 3HaqeHIIe nepeMeHHOH y: 

y = 2, y = 2R./O, 75 . 

Omeem: (R./0,75; 2R./0,75). 

llpnMep 8. Ha:li.UIITe Yo , ecJIII (x0;y0) - KOOp.UIIHaThr ToqKII nepe
Xo 

ceqeHII.a KpiiBhiX 2-1y-1x-2-1x-1y=0,75 II x6 -16y3 +1=0, npiiqeM 

a6CIJ;IICCa II Op,l.(IIHaTa ::JTOll ToqKII IIMeiOT npoTHBOTIOJIO)l(Hhie 3HaKH. 

Pewe11ue. Koop.UHHaThi ToqeK nepeceqeHH.a 3a,l.(aHHhiX KpHBhiX 

Hall,l.(eM, pelliM CIICTeMy ypaBHeHIIll: 

{{y-ix=i, {~-~=~, 
x 6 -16y3 = -1; x 6 -16y3 = -1. 

PaccMOTpHM rrepBoe ypaBHeHHe ciicTeMhi H rrpHMeHHM rro.ucTaHoB-

KY :! = a , r.ue a t:- 0 . Pellla.a ypaBHeHHe a-.!. = l
2 

, rroJiyqiiM: 
y a 

2a2 
- 3a- 2 = 0 , OTKy.ua a1 = - ~, a2 = 2 . 

YqHTbiBa.a I):O,ZI.CTaHOBKY ;! =a , 3aiiHllleM: ;! = --
2
1 

IIJIH .!_ = 2 . 
y y y 

Yo 0 x 1 TaK KaK corJiacHo ycJIOBHIO 3a,l.(aqH - < , TO - = --, OTKy.ua 
x 0 y 2 

y=-2x. 
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llOJJ,CTaBJI51513Ha'!eHHe y = -2X BO BTOpOe ypaBHeHHe CHCTeMbl, 3a

IHUIIeM: x6 + 16 · 8 · x 3 -1 == 0. lloJiy'!HJIH KBa,n;paTHOe ypaBHeH1Ie OTHO

CHTeJibHO x 3 , JJ,HCKpHMHHaHT KOTOpOrO IIOJIO:>KHTeJieH, CJleJJ,OBaTeJib

HO, 8TO ypaBHeHHe HMeeT KOpHH, a 3a,ll;aHHbiC KpHBhie HMeiOT TO'IKY 

rrepeCe'!eHH51, a6cu:ucca II OpJJ:HHaTa KOTOpOllllMCIOT npoTHBOIIOJIO)K-

HbiC 3HaK:u. A TaK KaK ~ == --
2
1 , To Yo = -2. 

Y Xo 
Omeem: -2. 

3aAaYIII An~ caMOCTO~TenbHoro peweHIII~ 

Pern:uTe ypaBHeH:ua (1-19): 

1 2.J2 + J2 J32 -x.J2 -0 
· x 2 -4 2x-x2 x 2 +2x - · 

2. xz +x-3- xz -1:::24. 
x-4 x+3 

3. 3:-x+x+3==x+6_6-x. 
1-x x+1 x+2 x-2 

4. x-2+x+2+56=4-x+x+4. 
x-1 x+1 30 3-x x+3 

5. (x-1)( x-.f3)(x+.f3)+(2x-1)(x2 +2) = 3. 

6
. 3,5(x-2)(x-3)(x-4) =1 

(7 -2x)(x+2)(x-6) . · 

7. x4 + T 3 x3 + 8x + 1 = 0 . 

8. (x+3)3 +(-x-1)3 =56. 

9. X +6 = X ( 2 J2( J2 
x2 -4 ~8-~2x2 · 

10. 21(3x+ ; 2 )-21(7+~)==0. 
11. x+ 1 +x-2 +x-3 = 4x-1 . 

106 

1 2x2 +x 3x 5 2. x 2 + 2(2~+1) =2, · 

13. x
2 
+x-5 + . 6x ==-4 . 
x 2x2 +2x-10 

14. x4 - SOx ==14. 
2x5 -7x 



5 12 12 == 1 1 
· x(x+2) (x+1)2 · 

16 _1__ 5 1 
· x 3 + 2 Sx3 + 15 = 12 · 

7 4x x 2 

17. 2 +-3 ==2+-3. 
x -4x+10 

18. 0,2(x2 +27)
2 
= (x 2 +27)·( x2 +3 )+1,2(x2 +3( 

19. x 2+5-2x=-4y-y2
. 

20. Haii:t~:HTC rroJio:>KHTCJibHbre KopHH ypaBHCHWI 

x
3 +~+x( 3x+~)=8x. 

21. Haii:t~:HTe cpet~:rree apH¢MemqecKoe Koprreii: ypaBHCHH5l 

x 2 -4x+6= 42 . 
2x2-8x+20 

22. Haii:t~:HTe cyMMY Koprreii: (HJIH KOpCHb, ecJIH orr CtJ:HHCTBeHHbiii:) 

2x-6 2--2x 10x 
ypaBHeHH5l 6x2 -x-2 24x2 -34x+12 = 4x2 -x-1,5 · 

23. HaH:t~:HTe rrpoH3BCtJ:CHHe Koprreii: ypaBHeHH5l 

x2 + j_ 7 x2 + 7 + 8 = 0 . 
x2 x 

PenmTe CHCTCMbi ypaBHCHHM (24-42): 

24. {(10x+2)
2 

+100(y+0,3i = 100, 
10x+10y-9=0. 

25. X- +y- =82(xy) '26. X y 2 +y = y ' 
{ 

4 4 -4 { 2 -2 2 5 -2 

xy=3. (xy) -2x==0. 

27. { x3 + y3 = 7, 
(xy)3 +23 ==0. 

{ 

y2 13y 
29. x+x=6, 

x+y=5. 

31. {xy(x+y)=6, 
xy+x+y=S. 
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33. {x: + .xy = 15, 
y +xy=10. 

35. ~Ox+JO~ =1, 
{ 

3x2+3y2 

3x + 3y -1. 

37 { x2y-xy2 =30, 
· (x+y)xy=120. 

{

.2.+y=9, 
34. X 6 

x+-=3. 
y 

36. (x+3) +(y+1) =10, 
{ 

2 2 

x+y=-8. 

38. 4 , 
{

x2 -xy+y2 = 13x 

x 2y + xy2 = 20. 

39. {(x-y)\x+y)=45, 
x+y=5. 

40. {6x2 +6/-15xy=O, 
x 3y-xl-6=0. 

41. {x2 +y2 = 2xy+4, 
x+y=6. 

42. {24(x+y)~ +2x+2y = 5, 
48(x-y) +8x-8y=1. 

43. Haii{l;I1Te npo113Be{l;eHMe q11cen x, y 11 z, ecn11 ( x; y; z) - perne-

Hl1e CMCTeMbl ypaBHeH11ll X - z = -1, 3 {

y-x=-1, 

(y-1)3 -(2-x)3 +(z-3)3 =(-V3) . 

44. HaHA11TecyMyqwcen,o6paTHhiXqMcJiaMX,yMz,ecnl1 (x; y; z) -

u xy 5 xz 3 yz 
perneHI1e CI1CTeMhl ypaBHeHI111 --= -

3 
, --= -

2 
11 --= 4 · 

x+y x+z y+z 
45. HaHA11Te 3Haqemie jx0 - Yoi, ecJIM ( x0; Yo) - perneH11e CMCTe-

u {x2-8y+16=0 Mhl ypaBHeHI111 2 . ' 
y +6x+9=0. 

OmBembt: 1. 

+3m x3.4 =--7-. 5. 
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55 3. 2. x1 =5; .x2 =-
16

. 3. x =0. 4. x1,2 =±2; 

x=1. 6. {o; 5; ~~}. 7. {-2; -0,125}. 8. {-5; 1}. 



{ 
1 } -3±JS 9. x1,2 =±3. 10. -1; 3; 3 . 11. x1 =x2 =1; x3,4 = 

2 
. 

12. {-2; -1}. 13. x1 =1;x2 =-:5;x3.4=-1±.J6. 14. x1,2 =±2; 

x3,4 =±0,5ffi. 15. x1 = 1; x2 =-3. 16. x1 = 1;x2 =-<16. 17. x1 = 1; 
rr= 17 x2 =3. 18. x1, 2 =±0,6'V;:>. 19. x=1, y=-2. 20. 1. 21. 2. 22. 

25
. 

23.1.24. (0,6; 0,3); (0,4; 0,5).25. (1; 3), (-1; -3), (3; 1); (-3; -1). 

26. (2; 1); (2; -1); (1; .J2); (1; -.J2). 27. (-1; 2), (2; -1). 

28. (4; 3); (4; -3). 29. (2; 3); (3; 2). 30. (~; ~); (~; ~)· 
31. (1; 2); (2; 1). 32. (2; 3); (3; 2). 33. (3; 2); ( -3; -2). 

34. (2; 6); (1; 3). 35. (2; 4); (4; 2). 36. (-4; -4); (-6; -2). 

37. (5; 3). 38. (4; 1). 39. (4; 1); (1; 4). 40. (2; 1); (-2; -1). 

41. (2; 4); (4; 2). 42. (i; i); (1~; ~); (-2
5
4; -;4); (-~; -i)· 

91 43. 24. 44. 120.45. 7. 

KoHTponbHbllll TeeT 

N!! 3ap,aHHSI BapHaHThlOTBeToB 

1) 3; 

KoJmqecTBO KOpHe:H ypaBHeHIUI 2) 2; 
1 

(1-x)(2-x)2 (3-x) = 12 paBHO 
3) 1; 
4) 0; 
5) 4. 
1) 14; 

CyMMa KOpHe:H ypaBHemui 
2) 0,5; 

2 2x+1 7x+8 + 1-x 
3) 2; 

+ =0 paBHa 4) 7; 
2x2 -0,5x 0,5-8x2 4x2 +x 5) -7. 

IlpOH3BeP,eHHe pa3JUiqHhiX KOpHeH 1) 3; 

ypaBHeHHR ( ~: ~! t = ( .J2)
2 

- ( ~~ !~ t 2) -3; 
3 3) 5,6; 

4) 56; 
paBHO 5) -2. 
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N!! 3a;:J;aHIUI BapnaHThlOTBeToB 

YTpoeHHaJI cyMMa KOpHeli ypaBHCHH5I 1) _13. 
3' 

3 + 2x+4 2) 3; 
4 x 3 +3x2 +6x+8 x 3 +6x2 +12x+8 3) -23; 

11 4) -13; = 2 pasHa 
x +x+4 5) 21. 

Cpe;:J;Hee apmpMeTwiecKoe KOpHeB: 
l) -1; 

x 2 +x+2+ Sx 
2) 2; 

5 ypaSHCHH5I 
x 2 +x+2 

=6 3) -2; 
X 4) 4; 

paBHO 5) -14. 

CyMMa KOpHeB: ypaBHeHH5I 
1) 6; 2) -2; 

6 
(x2 +2x)

2 
=(x+1)2 +55 pasHa 

3) -4; 4) 2; 
5) -6. 

1) 0; 

HanMeHblliHH KopeHh ypaBHeHH5I 
2) 2·-../3; 

7 
~

2 

+ 2~2 +(x+;) = 3 paBeH 

3) -2-../3; 

4) -2-0,3../3; 

5) 2+../3. 

Mo;:J;yJih pa3HOCTH KOpHeB: ypasHeHH5I 
1) 3; 2) 6; 

8 3) 5,5; 4) 0,5; 
2x4 -4x3 + 1,5x2 -4x = -2 paBeH 5) 1,5. 

KoJinqecTBo QeJihiX KopHeB: ypasHeHH5I 
1) 3; 2) 4; 

9 
0,75(x-~)+o,5( x 2

+:z-)=1 paBHo 

3) 2; 4) 1; 
5) 0. 

qHCJIO peUieHHH CHCTCMbl ypaBHCHHH 
1) 1; 2) 2; 
3) 4; 4) 6; 

10 
{ x

2
+y=5 5) 8. 

' paBHO 
x 2 +y2x=3x 

EcJIH ( x; y; z X'- perneHne cHcTeMbi 1) 9; 

r+y=z, 2) 1; 

1.1 ypaBHCHHH X+ Z = 2 + y, TO 3HaqeHHe 3) 8; 

y+z=4+x, 4) 16; 

z 5) 27. 
Bbipa)KeHH5I xY paBHO 

110 



Ng 3a,~J;anna: BapnaHT&I OTBCTOB 

KBa,upaT paccTo5IHIUI Me)K,uy TO'lKaMM, 1) 3; 
KOOp,UIIHaTbl KOTOpbiX y,a:oBJICTBOp5IIOT 2) 7; 

12 
v {1+xy-1=0 3) 9; 

CMCTeMe ypaBHCHMM _2 _2 ' 3 4) 4; 
X +y -2 =0, 

5) 2. paBeH 

1) 38; 
CMcTeMa ypaBHeHMH 3x+2y = k 2) -37; 

13 l1 x2 + y 2 = 117 HMCeT C,IJ;HHCTBCHHOC 3) 0; 
peiiieHMe, ecmr k paBHO 4) 39M -39; 

5) 40 M -40. 

KoJIH'leCTBO QCJIO'lHCJieHHhiX pernemu1 
1) 0; 
2) 1; 

14 CMCTCMbl ypaBHCHMH ( x 2 + y2 )£. = 6 3) 4; 
y 4) 3; 

l1 (y2 -x2 )1L =-1 paBHO 
X 5) 2. 

OmBembl 

HoMep 33,1\aHH.H 1 2 3 4 5 6 7 
HoMep npaBHJJhHoro 

2 2 1 4 2 2 3 
OTBCTa 

HoMep 33,1\aHH.H 8 9 10 11 12 13 14 
HoMep npaBHJJbHoro 

5 1 3 2 5 4 1 
OTBCTa 
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7 PA(.tVIOHAflbHbiE 
HEPABEHCTBA 

7 .1. MeTOA IIIHTepsanos 
(x-x )(x-x) 

PaccMOTpHM ¢ynKIJ;HIO f(x) = · 1 2 . To'IKH, B KOTOphrx 
(x-x3)(x-x4) 

¢ynKIJ;H5I f ( x) o6pamaeTc5I B ny Jib, na3biBaiOT ny JI5IMH ¢ynKIJ;HH. 

B narneM cJiyqae aTO TOLIKH x = x1 II x = x2 • To'IKH, B KOTOphrX 3Ha
MeHaTe.irb ¢ynKQHH o6paiiJ,aeTc5I B nyJih, na3biBaiOT TO'IKaMH pa3phiBa 

¢ynKQHH. B narneM cJiyLiae aTO TOLIKH x = x3 II x = x 4 . 

EcJIH Bee nyJIH ¢ynKIJ;HH II TO'IKII ee pa3pbiBa OTMeTHTh na Koop

.n:nnaTHOti IIp5IMOH, TO OHH pa3o6hiOT np5IMYIO Ha HeCKOJibKO IIpOMe

)KyTJ,<OB. TaK KaK BHYTPII Ka)K,n:oro H3 aTMX npoMe)KyTKOB ¢ynKQM5I 

nenpephiBHa H coxpan5IeT CBOH 3HaK, TO .D:JI5I yCTaHoBJiemi5I aToro 

3HaKa ,n:oCTaTO'IHO B35ITh mo6yro TO'IKY H3 HHTepecyromero nac npo

Me)KyTKa II onpe,n:eJIHTh 3HaK ¢YHKU:MH B aTOll TO'IKe. CJie,n:oBaTeJib

no, eCJIH B JieBOH qacni nepaBeHCTBa paQHOHaJihHa5I, IIOKa3aTeJihHa5I, 
JIOrapHtPMH'leCKa5I, TpHrOHOMeTpHLieCKa5I JIH6o B o61I(eM CJiyLiae npo

li3BOJibHa5I tPYHKI:\115!, TO MO)KeM pelliiiTb nepaBeHCTBO MeTO,li;OM HH

TepBaJIOB. 
IIpime,n:eM aJiropHTM perneHH5I MeTo,n:oM HHTepBaJioB nepaBenc

TBa Bn,n:a f (x) < 0 (>; ::::;;; ~), r.n;e ¢ynKIJ;II5I f (x) MO)KeT 6biTh npo
H3BOJihHo:i1: 

1) 3aiiHll1eM tPYHK[\liiO j(x); 
2) na:ll,n:eM o6JiaCTh onpe,n:eJieHH5I ¢ynKIJ;HH D(f); 
3) na:ll,n:eM nym1 ¢YHKIIHH, pernaR ypaBnenHe /(x) = 0; 
4) naneceM HYJIH ¢ynKIJ;HII na ee o6JiaCTh onpe,n:eJieHH5I II onpe.n;e

JIHM 3HaK ¢ynKQHH na mo6oM npoMe)KyTKe; onpe,n:eJIHM 3HaK ¢ynK
U:HH na OCTaJihHhiX npoMe)KyTKax no npaBHJiy: np.n nepexo.n:e qepe3 

Ka)K,ll;hiH cBoii Kopenh ¢ynKQH5I Men5IeT 3HaK ( npu aTOM Y'IHTbiBaeM 

KpaTHOCTb KOpne:li); 
5) BhmnrneM pernenHe nepaBencTBa, Y'IHThiBa5I ero CMhiCJIOBoii 

3HaK. 
B npou;ecce perneHH5I nepaBeHCTB MeTo,n:oM HHTepBaJIOB, ,li;JI5I 

y,n:o6CTBa I<OpHH l.JeTHOH KpaTHOCTl1, 6y,n:eM naHOCHTb na KOOp,li;HHaT
nyro IIp5IMYIO ,li;Ba)K,ll;bl, He'leTHOM KpaTHOCTM - O,li;HH pa3. 
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7 .2. PeweHiile pa~liiOHanbHbiX HepaseHCTB 

l~eJibiM pa[(HOHaJibHbiM HepaBeHCTBOM Ha3hiBaiOT HepaBeHCTBO 

BH;J;a /(x) < 0 (>, s, :2:), r;J;e f(x) - aJire6paw-IecKnil MHoroqJieH. 

,Qpo6J:IbiM pau;HOHaJibHblM HepaBeHCTBOM Ha3biBaiOT HepaBeHCTBO 

BH;J;a ~~~~ < 0 (>, s, :2:), me f(x) n g(x) - aJire6panqecKne MHoro

qJieHhi. QqeBH;J;HO, qTo MHOJKecTBO pernennil;J;po6Ho-pau;nouaJihHoro 

HepaBeHCTBa He ;J;OJIJKHO CO;J;epJKaTb KOpHen MHOrOqJieHa g(x). 
PernM ~eJlbte pa~uouaJZbHbte uepaBeucmBa MeTO;J;OM HHTepBa

JIOB, 6y;J;eM CJie;J;OBaTb aJirOpHTMy: 

1) 3aiiHllieM HepaBeHCTBO B BII;J;e j(X) < 0 (>, S, :2:) H paCCMOTpHM 

<PYHK[(IIIO I (X) ; 
2) nail;J;eM uymr ¢YHK[(IIH, pernaJI ypaBHen:ne /(x) = 0; 
3) naHeceM HYJIII ¢YHK[(HH ua Koop;J;ImaTHYIO rrpRMYIO :n orrpe;J;e

JIHM 3HaKH <jJyHK[(IIII Ha IIOlJyqeHHbiX IIpOMeJKyTKax; 

4) 3arriirneM pernenHe nepaBeHCTBa, yqnThiBM rrpii 3TOM ero CMbiC

JIOBOH 3HaK. 

PernaJI iJpo6m;Jte pa~uouaJZbHbte uepaBeucmBa MeTO;J;OM IIHTep

BaJioB, 6y;J;eM CJie;J;OBaTb aJirOpiiTMy: 

1) 3aiiHllieM HepaBeliCTBO B BH;J;e ~~~~ < 0 (>, S, :2:) II paCCMOTpiiM 

¢YHKU:IIIO F(x) = /(x); 
g(x) 

2) Han;J;eM HyJIH H TOqKII pa3pbiBa <jJyHK[(HH, pernM ypaBHeHH5I 

f(x)=O n g(x)=O; 
3) HaHeCeM HYJIH H TOqKH pa3phiBa <jJyHKl~HH Ha KOOp;J;HHaTHYIO 

IIp5IMYIO II onpe;J;eJIIIM 3HaKH <jJyHK[(IIII Ha IIOJiyqeHHhiX rrpoMeJKyTKax; 

4) 3aiiiiilieM perneHHe HepaBeHCTBa, yqiiThiBM IIpii 3TOM ero CMbiC

JIOBOH 3HaK. 

flpH perneHim HepaBeHCTB BH;J;a ~~~~:SO 11 ~~~~ 2 0 KOpHH quc

JIIITeJIJI 6y;J;eM OTMeqaTb na KOOp;J;I1HaTHOH IIp5IMOH ~3aqepHeHHhiMII:i> 
KpyJKoqKaMII, a KOpHH 3HaMeHaTeJI5I (ToqKII pa3pbiBa cpyHK[(HII, 3aiiH

CaHHOH B JieBOH qacTH HepaBeHCTBa)- ~IIYCThiMII». 
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TeeT ,QnR npoeepKlll TeopeTW-IeCKliiX 3H8HliiVI 

Y1WJ/Cume Bee neo6xoaUMble aeucnl6U.fl ( 1-2): 

1. q T06bi pellHITb ~eJIOe pa~HOHaiihHOe HepaBeHCTBO BH~a j (X) S 0 
ueo6xofl,HMO: 

1) HaRTH uyJIH ¢yuK~HH f ( x ); 
2) HaiiTli TO'-IKH pa3pbiBa {flyHK~HH j (X); 

3) HaHeCTH HyJIH cpyHK~HH j (X) Ha KOOp~IIHaTHYIO rrp?IMYIO H 

orrpeLl,eJJHTb 3HaKH cpyHKU.HH Ha IIOJJY'-ItHHbiX IIpOMe?KyTKax; 

4) HaHeCTl! TO'-IKH pa3phiBa{flyHK~HH j(x) Ha KOOpLl,HHaTHyiO IIp?I-

MyiO H orrpeLl,eJIHTb 3HaKI1 cpyHKUHH Ha IIOJiy'!eHHbiX IIpOMe?KyTKax; 

5) 3amrcaTb IIpOMe?KyTKH, Ha KOTOpbiX cpyHK~H?I He IlOJIO?KHTtJlbHa; 

6) 3aiTHCaTb rrpoMe?KyTKH, Ha KOTOpbiX {flyHK~I15I OTpH~aTeJJbHa; 
7) 3aTIHCaTb IIpOMe?KyTKH, Ha KOTOpbiX cpyHK~H?I IIOJJO?KHTeJlbHa. 

2. ~1To6bi pelliHTb Ll,p06Hoe pa~HOHaJlbHOe HepaBtHCTBO BH~a 

j(x) ~ 0 He06XOLI,HMO: 
g(x) . 

1) HaRTH HYJIH ¢YHKU.HH f ( x ); 

2) HaRTH nyJIH ¢ynKLJ.l1H g(x); 
3) OTMeTMTb Ha KOOpLl,HHaTHOR rrp?IMOH HYJIM cpyHKUHH j (X) «3a

qepneHHbiMH~ Kpy?Ko'-IKaMH, a nyJIH ¢YHK~HH g(x) - «rrycTbiMH~; 
4) OTMtTHTb Ha KOOp,ll;HHaTIIOR IIp?IMOR HY Jll1 cpyHK~I111 j (X) «rryc

TbiMH» Kpy?KO'-IKaMH, a Hy Jill cpyHKUllli g (X) - «3aqepHeHHbiMH»; 

5) OTMeTHTh Ha KOOpLl,I1HaTHOR I1p5IMOR HYJIM cpyHK~HR j(x) li 

g ( x) «3aqepHeHHbiMH>> KPY?KO'-IKaMH; 

6) 3aiTMCaTb rrpoMe?KyTKli, Ha KOTOpbiX cpyHK~ll5I F (x) = ~gj ITO

JJO?KHTeJJbHa; 

7) 3aiTHCaTb rrpoMe?KyTKli, Ha KOTOph!X cpyHKUM?l F(x) =/((;)) He 

oTpiiU.aTeJihHa. g 

Ycmanoeume coomeemcmeue: 

3. PerneHIIe pa~HOHMhHhiX uepaBeHCTB: 
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1) x(x-1)(x+2) >0; 2) x 3 (x-1)2 (x+2)4 ~0; 

3) x2(1-x) <0; 
(x+2)5 



PI1CYHOK 

- + 0 + -
---o---o---o---
-2 0 1 

- + - + ---o---o---o---
-2 0 1 X 

a) 6) 

-2 + 0 + -2 - + 1 + 
~ • • • .. 
-2 0 1 X -2 0 1 X 

e) z) 

+ + 
+ • + 1 + • • • .. • • .. 

-2 0 1 X 
-2 0 1 X 

a) e) 

PEII1EHI1E (OTBET) 

JK) { -2}u(1; +oo); 

11) (-2; O)u(1; +oo); 

JI) ( -oo; - 2) u(1; +oo); 

HoMep 3a.n:aHII51 1 2 

BapnaHT 
rrpaBHJihHOfO 1,3,5 1,2,3, 7 
OTBeTa 

nplllMepbl 

3) [-2; O]u{1}; 

K) {-2}u[O; +oo); 

M) [-2; O)u[1; +oo). 

3 

1 - 6 - H, 2 - r - K, 3 - a - JI, 

4-B-)1( 

IlpHMep 1. PerniiTe HepaBeHcTBo (2-x)2(x+3)3(x-7)<0. 
PeweHue. PernHM HepaBeHCTBO MeTo,n:oM HHTepBaJIOB: 

1. PaccMoTpHM cpyHKI.(HIO f (x)=(2 -xi(x+3)3(x-7). 
2. Hail,n:eM HYJIH cpyHKI.(HH, perna.H ypaBHeHHe 

(2 -xi(x+3)3(x-7) = 0. 

IloJiy"'IHM x1,2 = 2, x 3,4,5 = -3, x6 == 7. 
3. KopHH He"'IeTHOH KpaTHOCTH -3 H 7 HaHeceM Ha Koop,n:I-maT

HYIO npJIMYIO OJJ:MH pa3, a KOpeHn "':leTHOH KpaTHOCTM 2 ·- ,n:Ba pa3a 
(pHc. 7.1). Onpe,n:eJIHM 3HaKH cpyHKUHH Ha JII06oM npoMeJKyTKe, Ha
npHMep, Ha npoMeJKyTKe ( -3; 2) , Harr,n:JI 3Ha"':leHHe cpyHKI.(HH B TO"'IKe 
X = 0 , npHHa,n:JieJKarn.eu :=>TOMY npoMeJKyTKy: 

f(O) == (-2)2 ·33 ·(-7) <0. 
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+ 2 

-3 2 

Puc. 7.1 

+ 

7 X 

Onpe)J;eJU:IM 3HaKH ¢YHK

l(l:IH Ha OCTa.nbHhiX npoMe:>KyT-

Kax, qepeJJ:yR HX npu nepexoJJ:e 

qepe3 ToqKH -3 li 7 li coxpa

H5I5I 3HaK ( qepe)J;yR lJ:Ba:>K)J;hi) 

npu nepexo)J;e qepe3 ToqKy 2. 

4. 06be)J;liHliB IIpOMe:>KyTKli, Ha KOTOpb!X ¢yHKl(li5I j(x) = 

=(2-xi(x+3)3(x-7)otpHIJ;aTe.nbHa, noJiyqMM pemeHne ,n:annoro 

HepaBeHCTBa: (-3; 2)lJ(2; 7). 

Omeem: (-3; 2) u (2; 7) .. 

x 2(x+1) 
llpHMep 2. PemuTe nepaBeHCTBO 2 ~ 0. 

X -4 
PeweHue. PemnM HepaBeHcTBO MeTO,l(OM liHTepBa.nDB: 

x\x+1) 1. PaccMOTpliM <PYHKl(l:IIO f ( x) = -~2 --"-
x -4 

2. Haii,n:eM HYJili ¢YHKl(lili, pernaR ypaBHeHHe x 2 (x+1) =0. lloJiy
qaM x1,2 = 0 , x 3 = -1. Haii,n:eM TOqKn pa3pbiBa ¢ynKIJ;liM, perna5I ypaB-

Henne x 2 -4 = 0. TioJiyqHM x 4 = -2, x5 = 2. 
3. HaneceM Hy.nu H ToqKM pa3pbiBa ¢ynKl(Hli Ha Koopt~;uHaTHyio 

I1p5IMYIO, IlpH i:ITOM TOqKH pa3pb!Ba OTMeTHM Ha KOOp,l(HHaTHOH 1Ip5I

MOH <<IIYCThiMM~ Kpy)KoqKaMM, a HYJIH ¢ynKl(l:Ili - «3aqepneHHbiMH~ 

KpyJKoqKaMli (pHC. 7.2). 

0 
~~+--··~--··~----~~ -2 -1 0 2 X 

Onpe,n:em1M 3HaKM <PYHK-

l(l:Il:I Ha IIOJiyqeHHhiX npoMe-

Puc. 7.2 :>KYTKax. 

x 2(x+1) 4. TaK KaK ¢YHKl(H5I j(x) = 2 MO:>KeT 6h1Tb KaK IIO.nO:>KM-
X -4 

TeJibHOH, TaK li paBHOif. ny JIIO ( Ha aTO yKa3bJBaeT CMbiCJIOBOH 3HaK 

nepaBeHCTBa ~ ), TO perneHMeM HepaBeHCTBa 5IBJI5IeTC5I o6be,l(liHeHHe 

npoMe:>KyTKOB, Ha KOTOpbiX ¢YHKl(li5I HeOTpHl(aTeJibHa II I130Jil:IpO

BaHHa5I ToqKa 0: (-2; 1)u(2; +oo)lJ{O}. 

Omeem: (-2; 1)lJ(2; +oo)u{O}. 
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llpHMep 3. Permne HepaBeHCTBO x 8 +9x6 +6x < 6x7 +x2 +9. 
Peweuue. 3amuneM HepaBeHCTBO B BHAe 

x 8 -6x7 +9x6 -x2 +6x-9<0 
H pa3JIOJKHM ero JieByiO 'IaCTb Ha MHOJKHTeJIH: 

x 6 
( x 2 -6x+9 )-( x 2 -6x+9) < 0, 

( x 2 -6x+9)(x6 -i) < 0, (x-3)2 
( x 6 -1) < 0. 

1. PaccMoTpHM cpyHKI.(HIO f(x) = (x-3)2 (x6 -1). 

2. Ha:ii:,n:eM HYJIH cpyHKU:HH, pemaJI ypaBHeHne (x-3)2 
( x6 -1) =0, 

paBHOCHJibHOe COBOKYIIHOCTH ypaBHeHHH (X- 3 )2 
::::: 0 H x6 -1 ::::: 0 . 

lloJiyiJHM x1,2 = 3 , x 3,4 = ±1. 
3. HaHeceM HYJIH cpyHKU:HH 

Ha KOOp.l(HHaTHYIO IIp5IMYIO (pHC. 

7.3) H Onpe,n:eJIHM 3HaKH cpyhKI.(HH 

Ha IIOJiyqeHHbiX I1pOMeJKyTKaX,. 

+ 

-1 

+ 3 + 

1 3 X 

Puc. 73 

4. PemeHneM HepaBeHCTBa 5IBJI5IeTc5I rrpoMeJKyToK, Ha KOTopoM 

cpyHKI.(H5I j(x) =(x-3)2 (x6 -1) OTpHI.(aTeJibHa: ( -1; 1). 

OmBem: ( -1; 1). 

x4 +x2 +1 llpHMep 4. PemnTe HepaBeHCTBO 2 < 0 . 
x -4x-5 

Pewe11ue. MMeeM HepaBeHCTBO BH,n:a f ( x) < 0 . 

x 4 +x2 +1 1. PaccMoTpHM cpyHKI.(HIO J ( x) = 2 . 
x -4x-5 

2. Ha:ii:,n:eM HY JIH cpyHKI.(HH, pemaa ypaBHeHHe x
4 + x 2 + 1 = 0. noc

KOJibKY D < 0, TO ypaBHeHne He HMeeT .ne:ii:cTBHTeJihHhiX KOpHe:ii:. 

Ha:ii:,n:eM TO'IKH pa3pbma cpyHKI.(HH, pemaJI ypaBHeHne x2 
- 4x-5 = 0 , 

OTKy,n:a X 1 =-1 H X 2 =5. 
3. HaHeceM qncJia -1 n 5 Ha + + -o-------o-

KOOp,l(HHaTHYIO np5IMYIO H Onpe

,l(eJIHM 3HaKH cpyHKI.(HH Ha llOJiy

'IeHHbiX rrpoMeJKyTKax (pnc. 7.4). 

-1 5 X 

Puc. 7.4 

4. PemenneM HepasencTBa 5IBJI5IeTca rrpoMeJKyToK, 

4 2 1 
cpyHKI.(H5I j(x)= X2 +X + OTpHI.(aTeJibHa: (-1; 5). 

x -4x-5 
OmBem: ( -1; 5). 

Ha KOTOpOM 
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IlpuMep 5. Hal'r~MTe :u:eJibie perneHM51 HepaBeHCTBa 

( 
-x )2 

-10x 1 -- + < --'=---
x-5 0,2(5-x)2(x+5)- 0,2x+1 · 

Pewe11ue. 3arrurneM HepaBeHCTBO B BH~e j(x)::::; 0. 

x 2 SOx _5_< 0 
(x-5)2 (x-5)2(x+5) (x+S)- ' 

x 2(x+5)-50x-5(x-5i <O x 3 +5x2 -50x-5x2 +50x-125 <O 
(x-5)2(x+5) - ' (x-5i(x+5) - ' 

x3 -125 <O 
(x-5)2(x+5) · 

1. PaccMOTpHM cpyHKQHIO j(x) = x
3 
~125 . 

(x-5) (x+S) 

2. Ha:H~eM HYJIM cpyHK:U:HM, perna51 ypaBHeHue x 3 -125 = 0, OT
Ky~a x = 5 . Hali~eM TO'IKH pa3pbiBa cpyHKQHH, perna51 ypaBHeHH51 

(x-Si=O,OrKy~a x1,2 =5 H x+5=0,0TKy~a X=-5. 
3. HaHeceM rroJiy'leHHbie 'IHCJia Ha Koop~HHaTHyro rrp51MYIO 

x 3 -125 
(pnc. 7.5) H orrpe~eJIMM 3HaK cpyHKQHH j(x) = 2 Ha rrpo-

(x-5) (x+S) 

Me)l(yTKe ( -5; 5) , IIO~CTaBHB B cpyHKQHIO JII060e 'IHCJIO ll3 yKa3aHHO
ro rrpoMe)l(yTKa, HanpHMep, 'IMCJIO 0: f ( 0) = -1 < 0 . Orrpe~eJIHM 3HaK 
cpyHKQHH Ha ocraJibHbiX rrpoMe)l(yTKax, qepe~y51 nx rrpn nepexo~e qe
pe3 TO'IKM 5 H -5 ('IHCJia 5 ll -5- KOpHM He'IeTHOH KpaTHOCTH). 

+ + 
4. TaK KaK ¢YHKIJ.l151 He rroJio-

~ )l(IfTCJibHa, TO peiiieHHeM HCXO~
HOfO HepaBeHCTBa 51BJI51CTC51 HH
TepBaJI (-5; 5) (p11C. 7.5). 

-5 5 X 

Puc. 7.5 

3aiii1IIICM IJ.CJibiC peiiiCHH51 nepaBeHCTBa: 

-4, -3, -2, -1, 0, 1, 2, 3, 4. 

Omeem: {-4; -3; -2; -1; 0; 1; 2; 3; 4}. 

IIpuMep 6. Ha:H~nTe cpe~nee apncpMeTM'IecKoe u.eJibrx perneHn:il 

HepaBeUCTBa 1 < 3X
2 
-;7 X+ S < 2 . 

X +1 
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Pewe1-tue. )laHHoe HepaseHCTBO paBHOCHJihHO CHCTeMe HepaBeHCTB 

{

3x2-7x+8 > 1 
x 2+1 ' 

3x2-7x+8 < 2. 
x2+1 

PeiiiHM Ka:iiqJ;oe HepaBeHCTBO CHCTeMhi MeTo,n;oM HHTepBaJIOB, 
npe,n;BapHTeJihHO yMHO:>KHB 3TH HepaBeHcTBa Ha x 2 + 1 > 0 . 

1. llepBOe HepaBeHCTBO npHMeT BI'ILt; 3x2- 7 X +8 > x 2 + 1 HJIH 

2x2 -7x+ 7 > 0. 0Ho cnpase,n;mmo ,n;JIH mo6biX XE R, TaK KaK rpa

cpHK KBa,n;paTHqHOH cpyHKU:HH y = 2x2 -7 X+ 7 ne nepeceKaeT OCb a6c

U:HCC (D < 0) H BeTBH napa60Jibl HanpaBJieHbl BBepx. 

2. BTopoe HepaBencTBO npH

MeT BHA x 2 -7 x + 6 < 0 . Era pe

IIIeHite: XE (1; 6) (puc. 7.6). 

+ + 
----o--o--

1 6 X 

Puc. 7.6 

llOCKOJibKY peiiieHHe BTOpOrO nepaBeHCTBa HBJIHeTCH IIOLt;MHO
:>KeCTBOM peiiieHHH rrepBOfO, TO HHTepBaJI (1; 6) HBJIHeTCH peiiieHHeM 
HCXOLt;HOH CHCTeMbl HepaBeHCTB. 3aiTHIIIeM L(eJihie peiiieHHH CHCTeMbl 
nepasencTB: 2, 3, 4, 5. Haii,n;eM cpe,n;nee apHcpMeruqecKoe nux quceJI: 

(2+3+4+5): 4 = 3,5. 

Omeem: 3,5. 

IIpuMep 7. Haii,n;nTe cyMMY u:eJihiX peiiieHnii cncTeMbi HepasencTB 

_!_
2 

< -2-
1

::::; l, y,n;oBJieTBopHIOII.J:I·IX ycJIOBHIO 0,04x2 ::::; 1. 
X- X+ X · 

Pewe1-tue. 3anniiieM HepaBeHCTBO 0, 04x2 ::::; 1 B BH.n;e x 2
- 25::::; 0, 

(x-5)(x+5) $0 H peiiiHM ero MeTOLt;OM I~HTepBaJIOB. 

CorJiacHo pncynKy 7.7 sarrH

IIIeM era perneHue: x E [ -5; 5] . 
+ • -5 

+ . .. 
5 X 

Puc. 7.7 

PeiiiHM CHCTeMy HepaBeHCTB _1_
2 

< _1_
1 

$ -
2
1 Ha 0Tpe3Ke ( -5; 5) : 

x- x+ x 

{

_2_<_1_ {_2 ___ 1_<0 {( x2)+(4 1) <0, 
x-2 x+1' x-2 x+1 ' x- X+ 
_1_<__!_. _1 ___ 1 <O· x-1 <O 
x+1- 2x' x+1 2x- ' 2x(x+1)- · 

119 



Pernemre rrepBoro HepaBeHCTBa cucTeMbi rroKa3aHo Ha pucyHKe 7.8: 
XE (-5; -4)u(1; 2). 

+ + + - + 
1---0----0----0 ~~-----o-o 8 I 

-5 -4 -1 2 5 -5 -1 0 1 5 

Puc. 7.8 Puc. 7.9 

PerneHne BToporo HepaBeHCTBa cucTeMbi rroKa3aHo Ha pucynKe 7.9: 

X E ( -5; -1) U ( 0; 1) . 

Perneniie cucTeMhi nepasencTB rroKa3ano na pwcynKe 7.10: 
XE [-5; 4)u(0; 1). 

-5-4 -1 0 2 5 

Puc. 7.10 

l1cxo~H£UI CIICTeMa nepaBeHCTB IIMeeT ~Ba ueJibiX perneHH5l, YAOB
JieTBOp5IIOmiix ycJIOBHIO x2 ~ 25 .HaHAeM cyMMy 3TIIX perneHIIH: 
-5+1=-4. 

OmBem:- 4. 

IIpnMep 8. Hai1~HTe o6JiaCTb orrpe~eJieHH5l cpyHKUHH 

y =~16x~1~l4x2 
+1. 

Pewe11.ue. l1MeeM uppaUIIOHaJibHYIO cpynKIJ,IIIO l.IeTHOH cTerre
HII KOpH5I. CJie~oBaTeJibHO, BhipaJKenue, cTo5lmee no~ 3HaKOM pa-

~IIKaJia, He AOJIJKHO 6biTh OTPIIUaTeJihHbiM: 16X-i 6 - 4X
2 

>0 HJIH 
2 x-1 -

x 2 -4x+4 >O (x-2) >O 
1-x - ' 1-x - · 

PerniiM rroJiyqennoe nepaBeHCTBO MeTo~oM IIHTepBaJIOB. 

(x-2i 
1. PaccMoTpiiM ¢ynKUIIIO f ( x) = 

1
_ x 

2. Hai1AeM nymi cpynKUIIH, perna5l ypaBneniie (x-2)2 =0, OT

Ky~a x 1,2 = 2 . HaH:~eM TWIKH pa3pbiBa cpynKIJ,HII, peiii£UI ypaBnenue 

1-x=O, OTKy~a x=1. 
3. HaneceM nyJIII II ToqKu pa3pbiBa + 2 

cpyHKIJ,HH Ha IWOp~IIHaTHYIO IIp5IMYIO ----<~ ~ 
II onpe~eJIHM 3HaKH cpyHKUHII Ha IIO-

X 

. JiyqeHHbiX npoMeJKyTKax (pnc. 7.11 ). Puc. 7.11 
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4. PerneHHeM HepaBeHCTBa 5IBJI5IeTC5I npoMe:lKyToK ( -=; 0), Ha Ko

( X- 2)2 

TOpOM <{JyHK~I15I j (X) = 
1 

TIOJIOJKIITeJibHa I1 I130JIIIpOBaHHa5I 
-X 

ToqKa 2, B KoTopon ¢YHK~II5I o6pamaeTc5I B HYJib. 

CJie.noBaTeJibHO, o6JiaCTbiO orrpe.neJieHII5I ¢YHK~IIII 

/16x-16-4x2 
1 6 ( ) Y == ~ X -l + y.neT TipOMeJKyTOK -oo; 0 II H30JIHpOBaHHa5I 

TQqKa 2. 
OmBem: ( -=; O)u{2}. 

3aAalfll1 AflH caMocToHTenbHoro peweHII1H 
Pennne HepaBeHCTBa ( 1-21 ): 
1. (x+1)(x-3)(2-x)2 <0. 

3. x 4+3x2 >4x. 

5. m3 +m2 >m+1. 

1. 3x
2 
-10x+3 >O. 

x 2 -10x+25 

9. x4 -2x2-8 <0. 
x 2 +2x+1 

11. _1_<.--.l_-. 
x+2 x-3 

13 x 2-2x-3>t 
· 4x-11 - · 

15. 1 2 > 115. 
4+3x-x 

16 
(1-x)(2-x)(x-3) 

1 · (x+1)(x+2)(x+3) > · 

4. a4 +a3 <a+1. 
1 3 

6. 2 > 2. 
3x-2-x 7x-4-3x 

3 2 1 
8 X -X +X- <O 

· x+8 - · 

10. 4-x >-1-. 
x-5 1-x 

1 5 
12. -2-+-2-<1. -x +x 

17. (x2 +3x +~+1)(1-x+ (2-x)2(x-1) ]>0. 
8 4 2 x (x+2) 2 

18 _1_+ 4 ::::;-1-+ 4 
· x 2 -4 2x2 +7x+6 2x+3 2x3 +3x2 -8x-12 · 

19. __ 1_+ 2 ;::: 2x-1. 
x+1 x 2 -x+1 x 3 +1 
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20. x2 (x4 +36)<6.J3(x4 +4). 

21. (x2 +4x+10)
2 

<7(x2 +4x+11)-7. 

Pennne cncTCMhi HepaBencTB (22-23): 
22. x-4 s0,2x2 s 1,6x. 

23. Sx- 7 -4<--L+___;g__<O. 
x-5 5-x x 2-25 

24. BhPIMCJIMTe .n:mury oTpesKa, Ha KOTopoM BhiTIOJimreTcH nepa-

BCHCTBO X
2 S 6 +X. ? 

1 5 u x-+x+ 2 . Han.n;nTe u;eJihre perneHIIH nepaBeHCTBa 2 > 0 . 
-x +12x-35 

26. YKaJKnTe Bee u;eJibie snaqeHnH x, .UJIH KOTopbrx He BhJTIOJIHHeT-

1-3x 
CH HCpaBeHCTBO 1 < _

2
X -i < 2 . 

27. Haii.n;nTe nponsBe.n:enne Bcex u;eJibiX perneHnli cncTeMbi Hepa-

BCHCTB ' {
x2-5x-6 <0 
-x2+3x<O. 

28. Orrpe.n;eJinTe sna<JeHHH m, npn KOTophrX nepaBeHCTBO 

-x2-mx+1 6 2 > -1 BhiTIOJIH5IeTCH /];.nH JIIO hiX X. 
2x -2x+3 

Hai1~J:HTe o6JiaCTh onpe.n:eJieHHH clJynKu;Hli (29-30): 
2 

29. f(x)= 9-(4x-22) 
5-x 

Omoembl: 1. (-1;2)u(2; 3). 2. (-oo; 1)u(2;+oo). 3. XE (-oo; O)u 

u(1; +oo). 4. (-1; 1). 5. (1; +oo). 6. (-oo; 1)u(~; 2). 

7. (-=; ~)u(3; 5)u(5; +oo). 8. (-8; 1). 9. (-2; -1)u(-1; 2). 

10. (1; 3)u(3; 5).11. (-4,5; -2)u(3; +oo).12. (-=; -2)u(2; +oo). 

13. xe{[2;2,75)U[4;+oo)}. 14. (-oo; -2)u(-1; 0]. 15. (-1; 4). 

16. (-oo; -3)u(-2; -1). 17. xe{(-2;0)u(0;1)}. 18. (-2; -1,5)u 

u[i; 2)u[5; +oo). 19. (-oo; -i)u(-1; 2]. 20. (~; #12). 

122 



21. (-3;-1). 22. [0; 8]. 23. (-8;-6,5)U(0;5). 24. 5. 25. 6. 

26. {-3;-2;-1;0;1;2}. 27. 20. 28. mE(-6; 2). 29. [ 3}; 7]. 

30. (-oo; -7)u(-7; -2]u(1; 7)u (7; 8]u(11; +oo). 

KoHTponbHbiLII TeeT 

N!! 3a,ll;aHHH BapuaHTbi orBeroB 

HauMeHbiiiee u:eJioe 1) 0; 

peiiieHMe HepaBeHCTBa 2) 1; 
1 

( 1-xv'2f +(2-x.J7f:::; (1-3x)2 3) 2; 
4) -2; 

paBHO 5) -3. 

KoJiwieCTBO u:eJihiX orpnu:areJibi-IhiX 
1) 1; 
2) 2; 

2 'IHCeJI, He 5IBJI5Il0IIIHXC5I peiiiei-IH5IMH 3) 3; 
( +3)2 4) 5; 

HepaBeHCTBa _~X+ 5) > 0 , paBI-IO 
5) 6. 

Cpe,ll;Hee apmpMeTwiecKoe u:eJibiX 
1) -1,5; 

'lHCe.ll, He y,ll;OBJieTBOp5IIOIIIHX YCJIO-
2) -3; 

3 
Bmo ( x2 +3x+1)( x 2 +3x-3):?: 5, 

3) 3; 
4) 4,5; 

paBHO 5) 18. 
1) 3; 

,ll.JIHHa orpe3Ka, 5IBJI5IIOIIIeroc5I 2) 6; 

4 peiiieHHeM HepaneHcrna 3) 6-2..J5; 
x 4 +3x3 + 2x2 +3x:::; -1, panHa 4) 2..J5; 

5) ..J5. 
1) -3; 

Cpet~,Hee apH<f>MeTWiecKoe 2) -1,5; 
5 HeiiOJIOJKHTeJibHbiX peiiieHHH 3) -1; 

HepaBeHCTBa x 3 +4;?: x 2 +4x paBHO 4) -2; 
5)-0,5. 

KoJIM'leCTBO orpuu:areJibHhiX 
1) 14; 
2) 11; 

6 0 1 1 6 3) 3; peiiieHHH HepaBeHCTBa - +2 > 3 
paBHO X X X 4) 1; 

5) 2. 
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N2 3a.z:(aHHH BapHaHTbi OTBeTOB 

1) 6; 

KoJJuqecTBO IJ,eJJbiX pemern:rii 
2) 7; 

7 15 16 3) 4; 
HepaBeHCTBa ---- < -1 paBHO 4) 2; x2 x4 

5) 14. 
1) 2; 

KoJJuqecTBO IJ,eJJbiX HeOTpHIIaTeJJbHhiX 2) 1; 
8 pemeHMH HepaBCHCTBa 3) 13; 

x
3 +2 > 2x2 +x paBHO 4) 4; 

5) 11. 
1) R; 

PemeHHeM cHCTCMhi HepaBCHCTB 2) (0; +oo); 

9 { ( x 2 + 1) ( 3 - 2x) < 0, 3) 0; .HBJI.HCTC.H 
-3x>6+3x 

4) (-oo;O); 
MHO)KCCTBO qMCCJI 

5) [-2; 2]. 

1)(-oo; -3); 

HepaBeHCTBO 
2 

2a :::::; 1 o6pa- 2) (2; 5); 
10 a -2a+4 3) [-3; -0,5]; 

IIJaCTC.H B paBCHCTBO, CCJIM qMCJIO a 
IIpi1HaJl,JJC)I(MT IIpOMC)KYTKY 4) (3; +oo); 

5) f1; 3). 

1) [0,5; 20]; 
ECJJH 4 ::=::;X::=::; 5, 2 ::=::; y ::=::; 4, TO BCe 3Ha- 2) (0; 8); 

11 2y-x 3) (-oo; 0); qeHM.H Bbipa)KCHH.H -- IIpHHaJ],Jie-
y 

4) [ -0,5; 1]; 
)KaT rrpoMe)KyTKY 

5) ( -2; 0]. 

1) 8; 
KoJJuqecTBo IJ,eJJhiX HCOTpHIJ,aTeJJhHhiX 2) 4; 

12 
qMCCJI, HC rrpHHaJl,Jie)KaiiJHX o6JJaCTH 3) 1; 
OIIpC,[(CJieHWl cpyHKIIMM 4) 3; 

y = ~ 3- X 2 , paBHO 5) 2. 
-1+3x-2x 
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.N!! 3MaHIUI BapuaHTbi OTBeTOB 

1) 6; 
KoJiwrecTBO ueJibiX '-!HCeJI, 2) 5; 
He rrpima,n:JieJKamnx o6JiaCTH 3) 4; 

13 orrpe,n:eJieHH5I tPYHKUHH 4) 3; 

f(x)= x 2 -3x-10 5) 10. 

x 4 -9x2 , paBiw 

06JiaCThiO orrpe,n:eJieHM5I 
1) [1,8; 2); 

2) ( -1,8; 2); Jg=1 1 14 tPYHKUMH y = + 2 + 3) (2; 3); x +x-6 
+ ~x2 -3,24 5IBJI5IeTC5I rrpOMeJKyTOK 4) [-1,8; 1,8J; 

5)(-oo; -1]u[1; +oo). 

OmBembl 

HoMep 3al(aHiuJ 1 2 3 4 5 6 7 
HoMep rrpaBHJibHOro 

2 3 1 5 3 5 1 
orB era 

HoMep 3al(aHH51 8 9 10 11 12 13 14 
HoMep rrpaBHJibHoro 

2 3 5 4 4 3 1 
orBera 
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8 VIPPAUVIOHAnbHbiE 
YPABHEHVIs:l 

Hppau,u01taJtb1ibLM Ha3niBaroT ypasHeHIIe, CO!J:CpJKamee rrepeMeH

HYIO rroA 3HaKoM paAHKana. 

06Jtacmb aonycmUJI1blX 31tatteuuii HppaiJ)IOHaJihHOfO ypaBHeHII5I CO

CTOHT II3 TeX 3Ha4eHIIM rrepeMeHHOM, IIpii KOTOpb!X HeOTpiil.(aTeJibHhi 

BCe BbipaJKeHH5I, CT05IIIJ;He IIO,U 3HaKaMI'I pa,UHKaJIOB qeTHOi1: CTerrenu. 

,llJI5I pernemi5I uppal.(HOHaJihHhiX ypaBHCHHM B rrpoCTeMillHX CJiy

qa5{X HCIIOJih3YIOT: MeTO!J: 3aMeHhi rrepeMeHHOM, MeTOA <<ye.UHHeHH5I~ 

pa,uHKaJia, MeTO!J: rrpHBe!J:CHH5I K CMeillaHHOH CHCTeMe ypaBHeHHH H 

HepaBeHCTB. 

8.1. YpasHeHtMI LteTHOtll cTeneHII1 KOpHH 

PaCCMOTpHM MeTO!J: ~yeAIIHeHII5I~ pafJ:HKaJia, KOTOpbiH COCTOHT 

B TOM, 'ITO, 0CTaBJI5I5I pa,UHKaJI B O,UHOM 'laCTH ypaBHeHH5I, B03BOn5IT 

o6e qaCTII 9TOfO ypaBHeHH5!. B COOTBeTCTBYIOIIJ:YIO CTeiieHh no TeX 

rrop, rroKa ne rronyqaT ypaBHeHue, He co.uepJKamee paAIIKaJIOB. ITpH 

B03BeneHHH ypaBHeHH5I B 4CTHYIO CTeiiCHh Heo6XO!J:HMO ITOMHHTb, 'ITO 

o6e ero qaCTH He fi:OJIIKHbi 6h!Th OTpul.(aTCJihHbiMH. 

MeTonM pememdi ypaBHeHHii: 

1. Ecnu ypasHei-IHe uMeeT sun .J j(x) = g(x), To O,ll3: f(x) 2 0. 
Bosse.u5I o6e qacTu ypaBHeHH5I B KBaApaT (B o6meM cnyqae B 

JII06yiO 'leTI-IYIO CTCIICHb), rrpu YCJIOBHH, 'ITO g(x) 2 0, IIOJIY'IHM: 

( .J f(x) )
2 

= g2(x), /(x) = g2(x). 

2. Ecnu ypaBnenue uMeeT BH!I: .J j(x) + .J g(x) = .JCf<x) , TO 

{

f(x)20, 
O,ll3: g(x)20, 

Cf{x)20. 

Bo3Be,ueM o6e qacTH ypasnenu5!. B KBa,upaT: ( .J j(x) +.Jg(x) )
2 = 

= ( .jCf{x) )
2

, ~YC!J:HHHM~ pa,UHKaJI, IIpHBe,UeM IIOA06Hhie CJiaraCMbiC I1 

CHOBa B03BeneM o6e 'laCTH IIOJIY'ICHHOfO ypaBHCHH5I B KBa,upaT IIpH 

YCJIOBHH, 'ITO o6e qaCTH ypaBHCHH5I He OTpHl.(aTeJibHhi. 

3o ECJIH ypaBHeHHe HMeeT BH!J: .J j(x)- .J g(x) = .jCf{x) , TO 
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1
/(x)?.O, 

o,n3: g(x)?. 0, 
<p(x)?.O. 

DepeHeceM orpHu,areJihnoe cnaraeMoe B npaByiO 'IaCTh ypasnemui 

~ j(x) = ~<p(x) + ~ g(x) M ABa)!{,Uhi B03BeAeM o6e ero qacTH B KBaApaT, 

npH YCJIOBHM, ~no o6e qaCTH ypaBHeHHH He OTpnu,aTeJibHbl. 

8.2. YpasHeHIIIH HeYeTHoill cTeneHIII KopHH 

MeTO~bl pememrti ypaBHeHnti: 
1. Ecnn ypaBnemre HMeeT BHi'J: ~ f(x) = <p(x), To, B03Bei'];5I o6e qac

TH 3TOfO ypaBHeHI15I B Ky6, ITOJiyqnM paBHOCI1JibHOe eMy ypaBHeHne 

j(x)=cp3(x). 

2. £cJII1 ypaBHeHne HMeeT BHi'l: v j(x) + ~ g(x):::: <p(x), TO BbiTIOJI
HHM CJieAyiOilliie AeHCTBH5I: 

1) nepeneceM OAHH pa,unKaJI B npaByro qacTh ypaBnemm: 

~f(x) =<p(x)-~g(x); 
2) B03Bei'];eM o6e qacTH ypaBHeHH5I B Ky6: 

j(x) =( <p(x)-Vg(x) )
3

; 

3) npHMeHitM ITOi'J:CTaHOBKY ~ g(x) =a II ITOJIYYHM ypaBHeHHe, He 

coi'];ep)!{amee nepeMennyro no~ 3HaKOM paiJ:HKaJia. 

3a.MemUM, 'ITO ypaBnerme Vf(x) +~g(x) =<p(x) MO)!{HO pernnTh 
HHaYe: 

1) B03Be~eM o6e qaCTH ypaBHeHH5I B Ky6: 

(fflx) +Vg(x) )
3 = cp3(x); 

2) corJiacno cpopMyne (a ±b)3 = a3 ± b3 ± 3ab(a+ b) 3an:rrrneM: 

f (x) + g(x) +3cp(x)V f(x)g(x) = cp3 (x); 

3) <:<yei');HHHM~ pai'];MKaJI II CHOBa B03Bei'J:eM o6e tJaCTH ypaBHeHM5I B 

Ky6. B pe3yJihTare noJiytJnM ypaBaenne, He coi'];ep)!{amee nepeMennyro 

ITOi'J: 3HaKOM paAHKaJia. 
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TeeT AflH nposepKIII TeopeTIII'·tecKIIIX aHaHIIIVI 

Y1mJ1Cume npaBWlbHbtu aapuaHm omeema ( 1-4 ): 

1. YpaBHeHae .J f(x) = g(x) paBHOCHJibHO: 

1) {f (X)= g2 (X)' 
f(x) ~0; 

3) [f (X) = g2 (X)' 
f(x)>O; 

{
f (x) = g2 (x), 

5) f(x)>O, 
g(x)>O. 

2) {f(x) = g2 
(x), 

g(x) ~ 0; 

4) [j (X) = g2 (X) ' 
g(x) > 0; 

2. YpaBHem-Ie .J j(x) = .J g(x) paBHOCHJibHO ypaBHeHaiO: 

1) f(x)=g(x); 

2) lf(x)l =lg(x)l; 

3) j 2(x)=g2 (x); 
4) f(x) = g(x) rrpa yc.JIOBHH, 'ITO f(x) <0 u g(x) <0; 

5) f(x)=g(x) rrpuycJIOBliH,'ITO f(x)~O u g(x)~O; 

3. YpaBHeHae ~ j(x) = g(x) paBHOCHJibHO ypaBHeHHIO: 

1) f(x)=g3 (x); 

2) f(x)=g3 (x) rrpnyc.JIOBHH,'ITO g(x)2::0; 

3) f(x)=g3(x) rrpnyc.JIOBHH,'ITO f(x)2::0; 

4) j (X) = g6 (X) ; 

5) If (X )I= g3 (X) . 

4. YpaBHemie .Jj(x) =~g(x) paBHOCHJlbHoypaBHeHHIO: 

1) f 5 (x)=g2 (x); 

2) j 2 (x)=l(x); 

3) lo(x)=g1o(x); 
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4) / 0 (.x)=i0 (.x)npnycJIOBHH,qTo g(.x)~O; 

5) / 0 (.x)=g10 (x) npnycJIOBHH,qTO f(x)'?.O: 

OmBembt 

HoMep 3a.n:aHIUI 1 2 3 
HoMep rrpaBHJibHoro 

2 5 1 
OTBtTa 

npiiiMepbl 

llpnMep 1. PernHTe ypaBHemre ~(5x+2)3 -6= ~ 16 . 
5 (5x+2)3 

PeweHue. IloJiar<UI, qTo ~(5x+2)3 =a (a :;t:O ), noJiyqMM: 

a-6- 16 =0, a 2 -6a-16=0, OTKyLJ:a a1 =-2 11 a2 =8. 
a 

4 

4 

YqMTbiB<UI TIO[(CTaHOEKY ~(5.x+2)3 =a, pelllHM L(Ba ypaBHeHH5I: 

s/ 3 3 s 
1) ~(5x+2) =-2, (5x+2)5=-2, 5x+2=(-2)3, 5x+2= 

2 
=-2·(-2)3, 5.x::::-2V4-2, S.x=-2(1+~), x=-0,4(1+~); 

. 3 . 

2) ~(5.x+2)3 =8, (5x+2)5=23
, 5x+2=25

, x=6. 

Omeem: x1 = -0,4( 1 +~), x 2 = 6. 

llpnMep 2. PernHTe ypasHeHHe .J x 3 + 8 + ~ x 3 + 8 -6 = 0 . 

PeweHue. IloJiar<UI ~x3 +8 =a H .Jx3+8 =a2 , noJiyqMM 

a 2+a-6=0, oTKy[(a a1 =-3, a2 =2. Yt.JHThiB<UI ITOLJ:CTaHOBKY 

R + 8 ~a pemMM ypaBHemre ~ x3 + 8 = 2 . Torrt;a .x3 + 8 = 16, OTKyLJ:a 
x::::2. 

Omeem: 2. 

llpnMep 3. PernHTe ypaBHeHHe .J xlf.X = ~ x.JX +56 . 
PeweHue. IlpMMeHHM csoi1:CTsa cTeneHei1 11 3annrneM ypasHeHMe B 

1 1 1 1 6 3 

BHLJ:e x2x10 -x5.xTO -56=0 HJIM .x10 -x10 -56 =0. 
3 

- 2 
IloJiar<UI x 10 =a , noJiy<IHM a -a-56= 0, OTKyLJ:a a1 = -7 , a2 = 8 . 

3 

yqJITbiB<UI ITOL(CTaHOBKY X 1(j =a (a'?. 0 ) HaHL(eM 3HaqeHHe X: 

129 



3 1 

x1D=23
, x10=2, x=210

, x=1024. 

Omeem: 1024. 

4 JX+VX 3 
llpnMep . Pennue ypaBHeHne JX _ VX = 4 · 

~+zr;z 3 Pewenue. YpaBHeHne 3arrHIIIeM B Bn.ne 6~ sr? 
4 

. 
'JX3 -'JX2 

fioJiarM lfi =a (a> 0 ), IIOJIY'-IMM: 

a3 +a2 _3 a2 (a+1)_3 a+1_3 _ _ 
-3--2--

4
, 2 --

4
, -

1
--

4
, 4a+4-3a-3, a--7. 

a -a a (a-1) a-

YpaBHeHn:e Vi= -7 KOpHeii He n:MeeT. 

Omeem:0. 

llpnMep 5. Haii.nn:Te cyMMY KopHeii ypaBHemm 

0, 5x2 
- 2x-3 = 0, s.J 2x2 

- 8x + 12 . 
Pewenue. YMHOIKMB o6e qacnr ypaBHeHH51 Ha 4, rroJiy'-InM: 

2x2 
- 8x -12 = 2.J 2x2 

- 8x + 12 . 

IloJiarM .J2x2 -8x+12 =a, 3arrn:llieM: 

2x2 -8x+12=a2
, 2x2 -8x =a2 -12. 

Tor.na n:cxo.n:Hoe ypaBHell:ne npn:MeT BM.l( a
2 -12-12 = 2a MJIH 

a2 -2a-24 =0, oTKy.na a1 =6, a2 =-4. 
IlocKOJihKY a;::::O, TO pelliMM ypam-reHn:e .J2x2 -8x+12=6. Tor

.na 2x2 -8x+12=36, x 2 -4x-12=0, oTKy.na no TeopeMe BneTa 

x1+x2 =4. 

Omeem: 4. 

llpuMep 6. PemnTe ypaBHeHMe 1+.J1+x.Jx-4 =x. 
Peweuue. O,ll3: x- 4 2:0 <=> x;:::: 4 . 

1. %Ye.l(HHHM~ pa.l(HKaJI: .J1+x.Jx-4 =x-1. 
2. B03Be.neM o6e lJaCTH ypaBHeHH51 B KBa.npaT. IlocKOJihKY npaBaH 

'laCTh :onoro ypaBHeHH51 rroJIOIKHTeJihHa Ha O,ll3, noJiy'lnM: 

1+x.Jx-4 =x2 -2x+1, x.Jx-4 =x2 -2x. 
TaK KaK lJHCJio 0 He 51BJI51eTc51 KopHeM ypaBHeHH51, TO pa3.neJinM o6e 

ero lJaCTJJ Ha X JJ 3aTIHllieM: .J X- 4 = X- 2 . 
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3. IlocKOJibKY npaBa51 ':IaCTb ypaBHeHJUI ..J X- 4 =X- 2 TIOJIO
JKIITeJibHa na O,l(3, TO B03BeJJ:eM o6e ':IaCTII znoro ypaBHeHII5I B 
KBaJJ:paT: 

x-4=x2 -4x+4, x 2 -5x+8=0,oTKYJJ:a XE 0. 

Omeem: 0. 
IlpHMep 7. OnpeJJ:eJIHTe ':IHCJIO Kopnei1 ypaBHemm 

..J2x-9 +..Jx-8 =..Jx+5. 

{
2x-9~0, 

PeweHue.O,l(3: x-8~0, ~x~8. 

x+5~0; 

1. Bo3BeJJ:eM o6e ':Iacnr ypaBneHH5I B KBaJJ:paT H ~yeJJ:HHHM~ 
paJJ:HKaJI: 

(..J2x-9+~/ =(..Jx+5)
2

, 

2x-9+2-.j(2x-9)(x-8) +x-8 = x+5, 

2..j(2x-9)(x-8) =-2x+22, ..j(2x-9)(x-8) =11-x. 

2. CnoBa B03BeJJ:eM o6e ':IaCTII noJiylfennoro ypaBHeHH5I B KBaJJ:paT 

npii ycJIOBIIH, ':ITO ero npaBa51lfacn neoTpHIJ,aTeJibna, TO ecn x::;; 11: 
(2x-9)(x-8) =x2 -22x+121, x 2 -3x-49=0, 

OTKyrra X = 3+.J205 = 3 -.J205 ,_., , 1 2 , x2 2 . 

TaK KaK x2 = 3-~ - TIOCTOpOHiiHH KOpeHb ypaBHeHII5I, TO JJ:aH-

• v 3+.J205 
HOe ypaBHeHIIe IIMeeT eJJ:HHCTBeHHbiH KOpenb X 1 = 

2 
. 

Omeem: 1. 

IlpHMep 8. Hai1JJ:IITe MOJJ:YJib pa3HOCTH Kopnei1 ypaBneHH5I 

..J3x+7-..Jx+1=2 . 

. {3x+7 ~0, PeweHue. O,l(3. 1 > o· ~X~ -1. x+-, 

3anmneM ypaBneniie B BHJJ:e ..J3x + 7 = ..J x + 1 + 2 H B03BeJJ:eM o6e 
ero ':IaCTH B KBaJJ:paT: 

3x+ 7 =x+1+4..Jx+1 +4, 4..Jx+1 =2x+2, 2..Jx+1 = x+1. 

I1oJiara51 ..Jx + 1 =a , no.rry':IHM a2 = 2a , a (a- 2) = 0, OTKyJJ:a a1 = 0 , 
a2 =2. 
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Torl(a .J X+ 1 = 0 , OTKyl(a X= -1 HJIH .J X+ 1 = 2 , OTKyl(a X = 3 . 

HaiiJJ:eM MOJJ:Y Jib pa3HOCTH KOpHeii ypaBHeHIIJr: l-1- 31 = 4 . 

Omeem:4. 

IIpnMep 9. PeiiiHTe ypaBHeiiHe 

~ 6 + .J x -1 + ~,--3 --.J--;=x=-=1 -3 = 0 . 
PeweHue. 3anHIIIeM ypasHemre B BIIJJ:e 

~ 6 + .J x -1 = 3- ~,--3 --.J--.=x=-=1 

II B03Bel(eM o6e ero qaCTH B Ky6. flOJIY'-IHM: 

(~6+JX:1)3 =(3-~3-~)3 ' 

6+.Jx-1 =27 -27~3-.Jx-1 +9(~3-.Jx-1)2 -3+-Jx-1, 

(~3-.Jx-1 )2 
-3V3-.Jx-1 +2=0. 

flpHMeHIIM llOJ(CTaHOBKY ~3-.Jx -1 =a. 

PeiiiM ypaBHeHHe a2 
- 3a + 2 = 0 , noJiy'-lMM a1 = 1 , a2 = 2 . 

Y'-lHThiBaJI noJJ:cTaHoBKY '<./ 3- .J x -1 = a , peiiiiiM JJ:Ba ypaBHeHHR.: 

1) V3-.Jx-1 =1, (~3-.Jx-1)3 =13 , 3-.Jx-1 =1, 

.Jx-1=2, x-1=4, x=5; 

2) V3-.Jx-1 = 2, ('<./3-.Jx-1)3 = 23
, 3-.Jx-1 = 8, .Jx-1 = -5, 

XE0. 

Omeem: 5. 

IIpnMep 10. PeiiiMTe ypaBHeHHe .J x + 2 = ~3x + 2 . 

Pewe11ue. floJiaraJI .J x + 2 =.a M ~3x + 2 = b, noJiy'-lHM: 

a 2 =x+2, 3a2 =3x+6, b3 =3x+2. 

Toma 3a2 -b3 =3x+6- 3x-2 =4. 

3aMeHMM ypaBHeHMe .J X+ 2 - ~3X + 2 = 0 paBHOCHJihHOM eMy CIIC-

v v {a-b =0, 
TeMOII ypaBHeHHII 3a2 -b3 = 4. 

fiOCKOJihKY a= b , TO BTOpOe ypaBHeHMe CIICTeMhl npMMeT BHJ( 

3a2 -a3 = 4 MJIM a3 -3a2 +4 = 0. 0'-leBMJ(HO, '-ITO '-IHCJIO -1 R.BJIR.eTCR 

KOpHeM :=noro ypaBHeHHR. 
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BhiTIOJIIUIM .ueJiemre MnoroqJiena a3 
- 3a2 + 4 na .unytiJien a+ 1: 

a3 -3a2 +4~+1 
- 2 

a3 +a2 a -4a+4 
-4a2 +4 
-4a2 -4a 

4a+4 
4a+4 

0 

3amnneM (a+1)(a2-4a+4)=0 IIJIII (a+1)(a-2)
2 =0, oTKy.ua 

a1 = -1 ( 3TOT KOpeHb ypaBHeHIUI 6biJI yEe nalJ:,UeH) II a2,3 = 2 . 

flocKOJihKY .Jx+2=a20,To .Jx+2=2, x+2=4 11 x=2. 

Omeem: 2. 

llpnMep 11. Onpe.ue.JII1Te 3naqenne a, npH KOTopoM ypannenHe 

(X+ 3a) .J X- 4 = 0 II MeeT O,UliH KOpeHb. 

Peweuue. 3anmneM O,ll,3: x-420¢::}x24. 
HaH:.ueM KOpHII ypanneHIIR, peiiiM conoKynnoCTh ypaBI-IeHIIH 

.Jx-4 =0, OTKy.ua x1 =4 11 x+3a =0, OTKy.ua x2 =-3a. O<reBI1.U

no, 'ITO x1 = 4 - KOpeHb ypaBHeHHR. floCKOJibKY COrJiaCHO yCJIOBIIIO 

3a,n:aqJI ypaBHeHHe HMeeT O,UHH KOpeHb, TO x 2 = -3a - llOCTOpOHHHH 
KOpeHb, TO eCTb OH He rrpHHa,UJie)KJIT o6JiaCTII ,UOllYCTHMbiX 3Ha'leHHH 

ypanuemm. B TaKoM cJiyqae -3a < 4 n a>-~ . 
. 4 Omeem. a> - 3 . 

llpHMep 12. HaJ:i.unTe npon3ne.ueune KopneH: ypanneHHR 

( .Jx+1 +1)(2-.J2x+3 )=-x. 

p, O,ll,3 . {x+120, {x 2-1, > 1 ewe11tte. . 2 3 > 0. ¢::} > _1 5. ¢::} x-- · x+ _ , x _ , , 

3anHIIIeM ypamreuiie B BH.Ue 

.Jx + 1·.J2x+3 -2.Jx+1 + .J2x +3 -2-x =0 
I1 pa3JIOEHM ero JieByiO tiaCTb Ha MHOEHTeJIH: 

( .Jx+1·.J2x+3 +.J2x+3 )-( .Jx+1 +1)-( .Jx+1 +x+1) =0, 

.J2x+3( .Jx+1 +1)-( .Jx+1 +1)-.Jx+1 (1+.Jx+1) =0, 

( .Jx+1 +1)( .J2x+3 -1-.Jx+1) ==0. 
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IJoCKOJinKy (~X+ 1 + 1 )>0, TO ,11;3HHOe ypaBHeHIIe paBHOCIIJibHO ypaB

HeHIIIO ~2x+3-1-~x+1=0 HJIII ypaBHeHIIIO ~2x+3=1+~X+1, 
B03BO,ll;5I o6e qaCTII KOTOpOrO B KBa,n:paT, IIOJiyqiiM: 

2x+3 =1+2~x+1 +x+1, x+1-2~x+1 =0, ~x+1 ( ~x+1-2) =0. 
IJOCJie,n:Hee ypaBHeHIIe paBHOCHJihHO COBOKYIIHOCTH ypaBHeHVIH 

~X+ 1 = 0 , OTKy,n:a X= -1 II ~X+ 1 = 2 , OTKy,n:a X= 3 . 

TaK KaK o6a KOpHR IIpHHa,n:Jie:>KaT o6JiaCTH ,n:onycTIIMhiX 3HaqeHIIH 

ypaBHeHIIJI, TO H3H,ll;eM IIX IIpOH3Be,~J;eHIIe: -1· 3 = -3. 

OmBem: -3. 

IIpHMep 13. PenmTe ypaBHeHIIe 

~x-4~x-4 +2.Jx+4~x-4 = 6. 
PeweHue. I1peo6pa3yeM Bnrpa:>KeHIIJI, 3aiiiiCaHHnie IIO,ll; 3HaKaMII 

pa,ll;IIKaJIOB: 

x-4~x-4 =x-4-4~x-4 +4 =( .Jx-4 -2)
2

; 

x+4.Jx-4 =x-4+4../x-4 +4=( .Jx-4 +2)
2

. 

)l,aHHOe ypaBHeHIIe IIpiiMeT BII,n:: 

J( .Jx-4 -2)2 +2J.-( -1-x---4-+-2-::-)2 = 6 IIJIH 

l~x-4 -21+2l~x-4+21=6. 

3aiinrneM 0,7],3 ypanHemm: x- 4;:::: 0 <=} x E [ 4; + oo). 

Tor,n:a l~x-4+2l=~x-4+2 (eM. II. 10.2) II IIoJiyqiiM 

~~ x-4 -21 + 2.J x-4 -2 = 0 . PernnM a To ypanHeHIIe MeTo,n:oM 

HHTepBaJIOB COfJI3CHO aJifOpHTMy, IIpiiBe,n:eHHOMY B II. 10.3. 
1. Hai1:,n:eM HYJIII ¢YHK1IHII, CTOJIII1ei1 IIO,n: 3HaKoM Mo,n:yJIJI, pernM 

ypaBHeHHe ..j X -4-2 = 0, OTKy,n:a X= 8. 

2. HaHeceM qiicJio x = 8 Ha 0,7],3 

4 8 X ypaBHeHHJI (pH C. 8.1) H paCCMOTpHM 

Puc. 8.1 
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1) CCJIII X E ( 4; 8) , TO .J X- 4-2 < 0 , CJICi'(OBaTeJibHO, 

!.J X-- 4 - 21 = -.J X- 4 + 2 H ypaBHCHHC IIp11MCT Bl1i'( 

-.J X- 4 + 2 + 2.J X- 4 -2 ::::: 0 IIJIH .J X- 4 ::: 0 , OTKyi'(a X = 4 ; 

2) CCJIH X E ( 8; + oo), TO .J X -4-2 > 0 , CJICi'(OBaTeJihHO, 

I.J x-4 -21 = .J x- 4 - 2 n ypaBHeHne npnMeT BHi'J: 

.Jx-4-2+2.Jx-4-2=0 IIJIII .Jx-4=~,0TKYJJ:a x=5~. 

TaK I<aK ~mcJio 5~ He rrpnHai'(Jie)KIIT paccMaTprmaeMoMy rrpoMe-

57 u 

)KYTKy, TO X= g - IIOCTOpOIIHHII KOpCHb ypaBHCHII51. 

Omeem: 4. 

llpnMep 14. Hai-"IJJ:IITe rrpon3Bei'(eHne KOpHeif ypaBHeHM51 

~x+3 +R.fx+3 = 16WX" 
X 3 3 . 

PeweJtue. 3arrnrneM ypasHenne B BMJJ:e 
1 1 1 

(x+3)3 (x+3)3 _16x3 
X + 3 --3-

11 YMHO/KHM o6e ero 'IaCTH Ha Bbipa)KeHne 3x =F 0 . IToJiy'InM: 

' 1 1 .1 1 .1 
3(x+3)3 +x(x+3)3 = 16x3, (x+3)3(x+3) = 16x3, 

4 i 
(x+3)3=24x 3 , (x+3)4 =212x 4

. 

Tort~,a x+3=8X,OTKYJJ:a x=~ HJIH x+3=-8x,OTKYJJ:a x=-~. 
HaifJJ:eM rrpon3Bet~,enne KOpHeif ypaBnenn51: -~· ~ = -t. 

. 1 Omeem. - 1 . 

flpHMCp 15. PernHTC CHCTeMy ypaBHCiii1H 

{ v::x +'FY = -3, 

RJx2 -rxii+Q =3. 

Pewe1tUe. IToJiarM rx =a' ifY = b CHCTeMy ypaBHCHHH 3arrnrneM 

{
a+b=3, 

B BHAC a2 -ab+b2 =3. 
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I1peo6pa3yeM BTOpOe ypaBHeHMe CMCTeMbi: 

· a2 +2ab+b2 -3ab=3, (a+b) 2 -3ab=3. 

IlocKOJibKY a+ b = 3 , TO llOJIY'lHM 9-3ab = 3, ab = 2 H 3amnueM: 

{
a+b = 3, 
ab=2. 

0l.feBHLJ:HO, 'ITO pemeHHeM CMCTeMbl 5IBJI5IIOTC5I LJ:Be napbl 'IMCeJI: 

a1 = 1 , b1 = 2 H a2 = 2 , b2 = 1. 

Y'IHTbi~M notJ:CTaHOBKY lfX =a , Vii= b , noJiy'In:M: 

1) lfX = 1, Vii= 2 , OTKy.IJ.a X= 1, y = 8 ; 

2) lfX = 2, Vii= 1, OTKy.IJ.a X= 8, y = 1. 

OmBem: (1; 8); (8; 1). 

3aAa'"llll Ans:t caMOCTOs:tTenbHoro peweHIIIs:t 

PemHTe ypaBHeHHJI ( 1-29): 

1. ~5-x -~x+3 _ 2=0. 
x+3 x-5 

1 1 

2· (~;:y +{x·:5Y =1. 

3. o,s.J x2 +32 -# x2 +32 -1,5 = 0. 

4. V::X -2,sVX +9 = o. 
~--

5. 2V3x+10-1 +1 =3.J3x+10-1
. 

5 2 
6. -2 1+ rn-:-:1 =0,6. 

x+ v2x+1 

7. 0,25xlfX -~( -x)2 + 1=0. 

8. 1 + lfX+3 =1. 
T 1lfX+1 10 

9 Q-1+ V-1 4 . '(;2 -1 V::X-1 . 

10. 2-3xlfX+2=V, x>O. 

11. st(;22 +1~x14JX =223(;14. 
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12. x2 +4~x2 +3x-6=18-3x. 
13. 2,1.J2,1x+1+3,1==2,1x+1. 

14. ~-.J6-x=2. 

15. ~x2+x+4 1-2x+2==0. X-
~-

16 . .Jx+6 -.J3x-26 -.Jx-6 =0. 

17 . .J3X.t4+.Jx-4-2~ =0. 

18. ~x+.Jx+11 +.Jx-.Jx+11-M =0. 

19 . .Jx+1-.J9-x -J2.Jx-6 =0 .· 

20. 0+~5-x!=vx. 
21. ~~-9-~7+.Jx+1=-4. 

31 1 3r--r 
22. \J24+x2 =V5+x2 +1. 

23. Vx+34+~=1. 

24 . .V5x+ 7 +-V12-5x -1 =0. 

25 . .fX+2 =~(3x+2)3 . 

26 . .J4x+16 +~.JX=fi +24 =x+.rxz=i6. 

27. ~3x2-2x+15 =7 -~3(-x) 2-2x+8. 
3 3 

28. (5-x)2 +(x-3)2 =Z . 
.J5-x +.Jx-3 

29 J3 = J3 +3. 
• X- .J x 2 -X X+ .J x2 -X 

FemriTe CIICTeMhl ypaBHeHIIH (30-38): 

30. {x2 +xy+~~=91, 
2x+2(xy) · +2y=26. 

31 { {jX+Y +~ = 4' 
· ~2x + 2y - .j2x-2y = .Jf28. 

32. { (x+y)19+(x-yj~ =6, 
1~(x+y) (x-y) =23

. 
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33 {~yx-1 -2~xy-1 =1, 
· .j5x+y+.)5x-y =4. 

34. {x~y~ +y~.J =12, 
xy=26

• 

35. {VX+VY =22, 
T 2x+2-2 y-7 =0. 

36. {y~-xJY =3,[2, 
xy2 -x2y ==30. 

{ 
rx+Y rx=y = 7 
~8+~12 ' 

37. f¥ ffj x+y _ x-y =3 8 12 . 

{

3(2-(x-y)0
'
5

( +t0(2+.Jx+yt =5, 
~- ~ 1 

8(2-(x- y)0
'
5

) -10(2+.jx+y r =6. 

39. HaH:,nnTe npon3se,neHne Mo,nyJieH: KOpHei1 ypasHeHII5I 

~-~~6: =%· 
40. HaH:,nrne npoH3Be,neHne KBa,npaTOB KopHeif ypaBHeHn5I 

1,5VX-2,5Vf.l -x-1 =0. 

41. HaH:,nnTe cyMMY KBa,npaTOB KOpHeif ypamieHII5I 

x 2 -20+.Jx2 +20 == 2. 

42. HaH:,nnTe cyMMY KOpHeif (IIJIII KopeHh, ecJIII OH e.n;nHCTBeHHbiH) 

ypaBHeHII5I ~x-3 -.J6+x +3 ==0. 
43. Haif.n;IITe cyMMY KopHeH: (II JIM KopeHb, ecJin oH e.n;nHCTBeHHbiH) 

ypasHeHII5I .J4x+1-,V-2(5x +2) -9= 0. 

44. Onpe.n;eJinTe KOJIWieCTBO KopHew ypasHeHII5I 

1~(x+7)5 =.Jx+3. 

5 OmBembt: 1. x ==1. 2. x ="3. 3. x1,2 =±7. 4. x =64. 5. x=0,3. 

6. x=12. 7. x1,2 ==±2,J2. 8. x1 =8; x2 =27. 9. x =8. 10. x=8. 
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11. x1 =0;x2 =4. 12. x1=-5; x2 =2. 13. x=4,1. 14. x=-58. 

15. x=3. 16. x=10. 17. x=4. 18. x=5. 19. x1=8;x2 =7. 

20. x=64.21. x=0.22. x=9.23. x1 =-61; x2 =30.24. x1 =4; x2 =-3. 

25. X= 2. 26. X= 5. 27. i 1 = 1; x2 = -i. 28. x1 = 3; X2 = 5. 29. X= 4. 

30. (1; 9); (9; 1). 31. (41; 40). 32. (12; 4); (34; -30). 33. (1; 4). 

34. (1; 64); (64; 1). 35. (1; 27); (27; 1). 36. (0,5; 8). 37. (124; 76). 

2 38. ( 5; 4) . 39. 511' 40. 64. 41. 32. 42. 28. 43. 6. 44. 1. 

KoHTponbHbiVI TeeT 

N!! 3a,ll,aHna BapnaHThi OTBeTOB 

Haiit.JJ1Te cyMMY KopHeii (.11Jm. KopeHh, ecJIH 
1) }1. 

6' 
2) 17. 

9' 
1 OH e,ll,HHCTBeHHbiH) ypaBHeHHJl 

3) 23. 4) _ _1. 
2__3 =~4x+4 3' 3' 
x+1 x 5) -3. 

13. 2) 9843. 
Pa3HOCTb HaH60Jibll.lero H HaHMeHhll.lero 

1) 27' 431 ' 

2 4~x+1 +4~x-1 =17 
514. 40. 

KOpHeH ypaBHeHHJl 3) 255' 4) 51' 
x-1 x+1 

paBHa 4 
5) -2 25. 

1) 10; 
KopeHb ypaBHeHH~ .Jx-4 +.Jx+24 =14 2) 20; 

3 3aKJIIOqeH Me:>Ki'l,y I.ieJibiMH qncJiaMH, cyMMa 3) -4; 
KOTOpbiX paBHa 4) 8; 

5) 80. 

1)(1; 3J; 

2) [2; 4]; 

4 KopeHb ypaBHeHH~ ~1-.Jx4 -x2 +1 = x 3) ( -5; 0); 
rrpHHaZJ:Jie:>KHT rrpoMe:>KyTKY 4) (3; 6]; 

5)[10;11). 
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M ·3a~aHHH BapHaHTbi OTBeTOB 

EcJIH k - KOJIH'IeCTBO Kopne:H ypaBHeHH5I 
1) 16; 
2) 332; 

5 ~x+1 +~3x+1 +~1-x =0, ax0 - ero 3) 77; 
OTpHll,aTeJibHbiH KOpeHb, TO 3HaLieHHe 4) 1; 
BbipaiKeHH5I k3 x 2 paBHO 5) 8. 

Cpe~nee apmpMeTHLiecKoe Kopne:H 
1) 2,5; 2) 3; 
3) -2,5; 4) -4,5; 

6 ypaBHeHH5I (x+4)(x+1)-6 = 3..Jx2 +5x+2 5) 13. 
paBHO 

CyMMa Kopneii ypaBHeHH5I 
1) 10; 2) -1; 
3) 11; 4) 1,3; 

7 ..Jx2 +x+4 +..Jx2 +x+1 = ..J2x2 +2x+9 5) 3. 
paBHa 

Cpe~Hee apmpMeTHLiecKoe KOpneii 1) 1,5; 2) 1,25; 

8 ypaBneHH5I ~x-1-~2-x=~ 
3) 1; 4) 1,75; 
5) 4. 

paBHO 

Pa3HOCTb 6oJibiiiero 11 Menbiiiero KOpneii 
1) 19; 2) -4; 

9 ypaBneHH5I ( x+ ..J x 2 -1 )
5 

( x-..Jx2 -1 )
3 
= 1 

3) 2; 4) 4,5; 
5) 9. 

paBna 

Haii~HTe npoH3Be~enHe Kopneii 1) 1; 2) 10,5; 

(HJIH KOpeHb, eCJIH OH 3) -1,2; 4) 2; 
10 e~HHCTBeHHhiH) ypaBHeHH5I 5) 2,2. 

..Jx+2~x+7+8+..Jx-~x+7+1=4 
1) 1; 

Haii~HTe cyMMY Kopneii (HJIH Kopenb, 2) -12; 

11 eCJIH OH e~HHCTBeHHbiH) ypaBHeHH5I 3) 4,3; 
Tt 2-1.JX +.!_±__ = 20 4) 8,2; 

x+2 5) 15,5. 

EcJIH (x; y) ;_ peiiieHHe CHCTeMhi 
1) 0,1; 
2) 1,4; 

12 ypaBHeHHH { .JX- .JY = O, S..jXY, 3) -5; 
0,2x+0,2y = 1, 4) 5; 

TO cyMMa 'IHCeJI X H y paBHa 5) -17. 

140 



N!! 3aAaHHH BapHaHTI>I OTBeTOB 

ECJm ( x; y) - perneHMe cncTeMhi 
1) 3; 
2) 1; 

13 {J.X+fy=10 3) 2; 
ypaBHeHMH lifX + #Y ~ 4: TO 3HaqeHMe 4) t5; 

Bbipa:>KeHM.H t/XY paBHO 

5) 5. 

Ecnn ( x; y) - perneHMe CHCTeMhi 1) 60; 

{ -1 -1 
2) 64; 

14 ypaBHeHMH X 
2 'ifX + y 2 ifij = i, 5, 3) 63; 

xy=64, 4) 65; 

TO 3HaqeHMe Bhipa:>KeHM.H lx- Yl paBHO 
5) 3. 

Omeembt 
HoMep 3a):laH!15! 1 2 3 4 5 6 7 
HoMep npaBllJihHOro 

4 3 5 1 4 3 2 
OTBeTa 

H oMep 3a)laHl15! 8 9 10 11 12 13 14 
HoMep npaBllJibHoro 

1 3 4 1 4 1 3 
OTBeTa 
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9 IIIPPALUIIOHAnbHbiE 
HEPABEHCTBA 

9.1. MeTOAbl peweHIIIH HepaseHCTB 

Hppau,uoHaJlbHblMU Ha3biBaiOT nepaseHcTBa, coAep:tKalll}Ie rrepe

MeHHYIO ITOA 3HaKOM paAHKaJia. 

ITpu: pernenu:u: u:ppauuoHaJihHhiX HepaseHCTB Heo6xoA.HMo rroMHHTh: 

a) ecmr o6e qacnr HepaBeHCTBa Ha O,U3 npu:mrMaroT TOJihKO HeoT

pm~aTeJihHbie 3HaqeH.H51, TO, B03BO.U51 o6e era qacnr B KBa,upaT, (u:JIH 

B JII06yiO 'IeTHYIO CTCITeHh) 11 COXpaHHB 3HaK 11CXOAHOro HepaBCHC

TBa, ITOJiyqi1M HepaBeHCTBO, paBHOCI1JihHOe AaHHOMY uepaBCHCTBY 

(ua O,U3); 
6) B03BOA51 o6e qacnr HepaBeHCTBa B OAHY u: TY :tKe ueqeTHYIO cTe

neHb, BCer,ua ITOJIY'II1M HepaBeHCTBO, paBHOCI1JihHOe ,UaUHOMY uepa

BeHCTBy. 

1. PaccMoTp11M HepaBeHCTBO B11Aa .J f(x)::; g(x). 

TaK KaK Bhrpa:tKenl1e, CTOHIQee ITOA 3HaKOM paA.HKana 11 npaBaH 

qacTh HepaBCHCTBa He MOryT 6biTb OTpH~aTeJihHhiMI1, TO, B03BOA51 

o6e qacTI1 nepaBeHCTBa B KBaApaT, noJiy'!HM f(x)::; g
2
(x). Y'UIThiBa5! 

v {f(x)?. 0, u 

CI1CTeMy orpaHI1'ICHI111 g(x)?. O, Ha.H,ll,CM perneHHe HepaBeHCTBa. 

2. PaccMoTp11M HepaBeHCTBO B11Aa .J f(x)?. g(x). TaK KaKg(x) MO-

:tKeT npi1HI1MaTb KaK HCOTpii~aTCJibHbiC, TaK II OTpii~aTeJihHbiC 3Haqe

HH51, TO B03MO:tKHbi ABa CJiyqaH: 

1) eCJII1 npaBaH 'IaCTb HepaBeHCTBa He OTpH~aTeJibUa, TO CCTb 

{

j(x) ?.0, 
g(x)?. 0, TO pernaeM CHCTeMy HepaBeHCTB g(x) ?.0, 

j(x)?. g2(x); 
2) CCJIH rrpaBaH 'IaCTb HepaBeHCTBa OTp11~aTeJihHa, TO eCTh g( X) < 0, 

TO pernaeM CHCTeMy HepaBCHCTB {~~;~ ~ g 
PernemreM 11CXO,ll,noro uepaseHCTBa RBJIReTc5! o6be,ll,I1HeHI1e perne

HI1H, ITOJiyqeHHhiX B Ka:tK,ll,OM CJiyqae. 

3a.MemUM, 'ITO HepaBeHCTBa .jj(x) ::;g(x) 11 .jj(x) ?.g(x) MO:tKHO 

peilli1TbMCTO,ll,OM 11HTepBaJIOB (CM. IT. 7.1). 
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TeeT AflS~ nposepKIII TeopeTIIIYecKIIIX 3HaHJIIV! 

YJCaJ/Cume npaBUJLb1lbtii eapua1tm omeema ( 1-3 ): 

1. HepaBeHCTBO J f(x) S g(x) paBHOCHJibHO: 

1) HepaBeHCTBY j(x)Sfl(x); 

2) HepaBeHCTBY j(x) Sg2
(x), rrpH ycJIOBHH, 'ITO j(x) ;:::Q; 

3) HepaBeHCTBY j(x)<;;,g2(x) rrpHyCJIOBIUI, 'ITO g(xJ;:::O 

II f(x) ;:::0; 
4) HepaBeHCTBY j(x) <;;, g 2(x) npH ycJIOBHH, 'ITO g( X) 2 0; 

5) HepaBeHCTBY j(x) <S, g
2(x) rrpii ycJIOBHI1, 'ITO g(x) < 0, 

H /(x)20. 

2. EcJia g(x) 2 0, TO rrepaBeHCTBO .J f(x) 2 g(x) paBHOCHJihHo: 

1) HepaBeHCTBY f (x) ;:::g2 (x); 

2) HepaBeHCTBY f(x)2g 2 (x) rrpHyCJIOBHII, 'ITO f(x)20; 

3) HepaBeHCTBY f (X) 2 g (X) llpi1 ycJIOBI1H, 'ITO j (X) 2 0; 

4) HepaBeHCTBY lf(x)j2 g2 (x); 

5) CI1CTeMe HepaBeHCTB {~gj; g 
3. EcJia g(x)<O, TOHepaBeHCTBO .Jf(x);:::g(x) paBHOCHJibno: 

1) HepaBeHCTBY ·f(x);::: g2 (x); 

2) HepaBeHCTBY f (X);::: g2 (X) npH YCJIOBHH, 'ITO f (X) 2 0; 

3) CIICTeMe HepaBeHCTB {~~~j ~ ~; 

{

f(x) ;:::o, 
4) CIICTeMe HepaBeHCTB g(x) < 0, 

f(x);::: g2(x); 

5) COBOKYTIHOCTH HepaBeHCTB [~?: j! g: 
YJCaJicume ace 1teo6xoaUM'bte aeucmeuJt: 

4. lJT06bi peiiiiiTb HepaBeHCTBO .Jj(x) 2g(x) MeT02J,OM IIHTepBa

JIOB, He06X02J,IIMO: 
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1) 3aiHICaTb HepaBeHCTBO B BH,ll;C .J j (X) - g (X) 2 0; 

2) HaMTM HYJIH cpyHKU,HM f(x) H g(x); 

3) Hai1m HYJIH ¢YHKUHH F(x) = .Jf(x)-g(x); 

4) HaMTYI o6JiaCTh orrpe,ll;CJICHH5I cpyHKU,HM f (X) H g (X) ; 

5) HaMTU o6JiaCTb orrpe,ll;eJICHH5I cpyHKU,HH F (X)= .j j (X) - g (X); 
6) HaHecTH HyJin cpyHKIJ,HH Ha ee o6JiaCTb orrpe.neneHH5I; 

7) yCTaHOBHTb 3HaKH cpyHKIJ,HH Ha IIOJiyqeHHbiX IIpOMC:JKYTKax; 

8) 3aTIHCaTb BCC TipOMt:JKyTKH, Ha KOTOpb!X paCCMaTpHBaeMa5I cpyH

KIJ,H5I TIOJlO:JKHTCJlhHa; 

9) 3anncaTh Bee rrpoMe:JKyTKH, na KOTOpbiX paccMaTpiiBaeMa5I cpyH

KIJ,H5I He OTpHU,aTtJlhHa. 

HoMep 3a.l(aHH5l 1 2 3 4 

BapuaHT 
3 2 3 1,3,5,6,7,9 

npaBl!JibHOfO OTBeTa 

npliiMepbl 
llpnMep 1. PeiiiiiTe HepaBeHcTBO .J2x -15 + x2 > -1. 
Pewemte. TaK KaK Bhrpa:JKeHne, CT05IIUee rro,ll; 3HaKOM pa,ll;HKaJia He 

MO:JKCT 6hiTh oTpnu,aTeJihHbiM, TO 3annmeM OL(3 HepaBeHCTBa: 

x 2 + 2x-15 2 0 ~ XE (-oo; -5) u[3; +oo) (puc. 9.1). 

ilOCKOJlbKY JlCBa5I qaCTb Hepa

-------·------·------. BCHCTBa HCOTpHU,aTtJlbHa, a rrpa-

+ + 

-'-5 3 x Ba5I - Bcer,ll;a OTpHIJ,aTeJibHa Ha OL(3, 

Puc. 9.1 TO peiiiCHHCM HepaBeHCTBa 5IBJ15ICT

C5I mo6oe qncno II3 npoMe:JK-yTKOB 

(-co; -5) H [3; +oo). 

Omaem: ( -oo; - 5] u [3; +oo). 

llpnMep 2. HaM,ll;IITe u,eJihie peiiieHH5I nepaBeHCTBa 

5>'-'x+1+x. 
Pewe11ue. Cnoco61. 3arrnUieM HepaBeHCTBO B BH,ne 

.Jf(x)<g(x): '-'x+1<5-x. 
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TaK KaK Bbipa)KeHI·re, CTO}III!ee rro,r~; 3HaKoM pa,r~;HKaJia n npaBa}I 
'!aCTb HepaBeHCTBa He MOfYT 6biTb OTpHIJ;aTeJibHblMH, TO 3aiiHIIIeM 
CHCTeMy orpaHH'!eHHH: 

{
x+1;:o:O, {x;:o:-1, _ [.] 
5- >0·<=::} <5· <=::} .XE -1,5. X_ , X- , 

Bo3BO,rl;}I o6e 'faCTH nepanencTBa .J x + 1 < 5- x B KBa,r~;paT, rroJiy

'fHM: (.Jx+1)2 < (5-x)2
, x+1 < 25-10x+x2

, x 2 -11x+24 > 0. 

PeiiiHM 3To nepaBencTBO MeTo

,r~;oM HHTepBaJIOB (pHC. 9.2). Qqe

BH,rl;HO, '-ITO peiiieiHieM HepaBeHCTBa 

}IBJI}IeTC51 IIpOMe)KyTOK [ -1; 3) , 

-1 

+ 

3 
Puc.9.2 

3aiiHIIIeM :U:CJihie peiiieHH51 HepaBeHCTBa: { -1; 0; 1; 2}, 

5 

Cnoco6 2. 3arrHIIIeM nepanencTno B BH,r~;e .J x + 1 -5 + x < 0 n pe-
IIIHM ero MeTO,rl;OM HHTepBaJIOB. 

1. PaccMOTpHM cpynK:u:mo 1 (x) = .Jx+1-5+x. 

2. D(f):x;:o:-1. 

3. Hali,r~;eM ny JIH cpyHK:U:HH, peiiia}I ypaBnen:ne .J x + 1 == 5- x np:n 

ycJIOBHH, '-ITO x::::: 5. IIoJiy'-I:nM: x+1 = 25-10x+x2
, x 2 -11x+24 = 0 , 

OTKy,r~;a X 1 = 3, x2 = 8 , npH'-IeM x2 = 8 - IIOCTOpOHHHH KOpeHb ypaB

HCHH}I, TaK KaK OH ne y,r~;OBJieTBOp}ICT YCJIOBHIO X ::::; 5. 

4. HaneceM '-IHCJIO 3 na o6- + 

JiaCTb ODpe,r~;eJieHH5! cpyHK:U:HH 11 -1 

ycTanomiM ee 3naKH na noJiy'-IeH

HhiX npoMe)KyTKax (pnc. 9.3). 

3 

Puc.93 

X 

5. Peiiien:neM nepaneHCTBa 5IBJI5!eTC5! npoMe)KyToK, na KOTopoM 

cpyHK:U:H5! 1 (X)= .J X+ 1-5 +X OTPH:U:aTeJibHa: X E ( -1; 3) . 

Omaem: { -1; 0; 1; 2} . 

IlpHMep 3. Hali:,r~;nTe cyMMY n:eJihiX peiiiennli: nepaBeHCTBa 

.Jx2 -4X > X-3, y,r~;OBJieTBOp5IIOII!HX ycJIOBHIO ~(1-x)4 
:::::( -.J2( 

PewerlUe. Cnoco6 1. IiiMeeM HepaBeHCTBO nn,r~;a .J 1(x) > g(x). 

PaccMoTpHM ,r~;na cJiy'fa}I. 
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1. Ec;m npaBaJI '!aCTh HepaneHCTBa HeoTpnu;aTCJihHa, TO 3amnueM 

CHCTCMyorpaHH'ICHHH: {X
2

- 4X2':0, ~ XE(4;+oo) (pHC 94) 
x-32':~ · · · 

+ • 
3 4 

Puc. 9.4 

.. 
X 

+ 

0 

Puc. 9.5 

Bo3BCIJ:CM o6e 'IaCTH HepaneHCTBa B KBa~J:paT n nony'-mM: 

x 2 
- 4x > x 2 

- 6x + 9 , 2x > 9 , x > 4, 5 . 

Y'IHTbiBaJI CHCTCMY orpaHH'ICHHH, 3anniiieM: XE ( 4,5; +co). 

3 

2. Ecnn npaBaR '!aCTh HepaneHCTBa orpHu;aTeJibHa, TO peiiiHM cuc-

TeMy HepaBCHCTB: 

X- x_ '~ . - '~xe(--oo;O] (puc.9.5). 
{ 

2 4 >0 {x(x-4)>0 
x-3<0; x<3, 

PerueHneM ncxo~J:HOro HepaneHCTBa RBJIJieTCR o6ne.zumeHne 

peiiiCHHH, TIOJIY'ICHHhiX B nepBOM H BO BTOpOM CJiy'IaRx: 

X E ( -oo; 0) U ( 4, 5; + oo) . 

PaccMOTPHM IJ:OTIOJIHHTCJihHOe orpaHH'IeHHe ~( 1-x )
4 

:::; ( -.f2)4 

H 3aTIHIIICM ero B BH,ZJ;e lx -11:::; 4. 3TO HepaBeHCTBO paBHOCHJlbHO 

. { X -1 :::; 4, { X :::; 5, ( 3. 5] 
CI1CTCMC HCpaBCHCTB. _ 1 > _4. ~ > _3. ~ X E - , · . x _ , x_ , 

-3 0 
0 I 

4,5 5 

Puc.9.6 

.. 
X 

3anHIIICM peiiiCHHC 3a~J:a'IH (pHC. 9.6): 

X E [ -3; 0] U ( 4, 5; 5] . 
Haii~J:eM cyMMY u;eJihiX peiiieHHH 3311:3-

'IH: -3-2-1+0+5=-1. 

Cnoco6 2. 3anHrueM HepaBeHCTBO B BHIJ:e .J x 2 -4x- x +3 > 0 II pe-

IIIHM ero MCTOIJ:OM HHTCpBaJIOB. 

1. PaccMOTpHM ¢yHKIJ,IIIo f ( x) = .J x 2 
- 4x - x + 3 . 

2. D (f) : x 2
- 4x 2': 0 . llocKOJibKY peiiieHHR HepaneHCTBa IJ:OJI)J(Hhi 

y~J:oBJieTnopRTh YrJioBHIO lx -11:::; 4 ~ x e [ -3; 5] , To pernHM Hepa-

BeHcTno x 2 -4x2':0 Ha 0Tpe3KC [-3; 5] I1.COfJI3CHO pHCYHKY 9.7 33-

TIHIIICM: X E [ -3; 0] U [ 4; 5) . 
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- + + 
I e + e I 

+ 
1----0------1 

-3 0 4 5 -3 0 4 4,5 5 

Puc. 9.7 Puc.9.8 

3. HaH:i'J,eM HY JIH cpyHKQHH, pernaa ypaBHCHHe .J x 2 
- 4x = x-3 , 

IIpH ycJIOBHH, 'ITO X- 3 2 0 . IJoJiy'IHM: x 2
- 4x = x 2

- 6x + 9, OTKyi'J,a 

x=4,5. 

4. HaHeceM 'IHCJIO 4,5 Ha o6JiaCTh orrpei'l,eJieHHH cpyHKQHH II 

OIIpCi'J,CJJHM 3HaKH cpyHK[(HH Ha IIOJIY'lCHHhiX IIpOMe%yTKaX (pHC. 9.8). 
5. PerneHHeM HepaBeHCTBa HBJiaeTca o6nei'J,HHeHne npoMe%yTKOB, 

Ha KOTophrx cpyHKQHa f ( x) = .J x 2
- 4x - x + 3 rroJIO%HTCJihHa: 

X E [ -3; 0] U ( 4, 5; 5] . 
3THM IIpOMC)KYTKaM rrpHHai'J,JIC)KHT 5 [(CJihiX peiiiCHHM HepaBCHC

TBa, CYMMa KOTOphiX paBHa -1. 

Om8em: -1. 

llpuMep 4. HaMi'J,HTe cpei'l,Hee apHcpMeTH'IecKoe u;eJihiX perneHHM 

HepaBeHCTBa 
1-b'-x2 +5x+6 -1R/4-x > 0. 

Peweliue. PernHM HepaBeHCTBO MCTOi'J.OM HHTepBaJIOB. 

1. PaccMoTpHM cpyHKQHIO f(x) = 1-b'-x2 +5x+6 -1R/4-x . 

2. D(f): 4-x20, xs:A. 

3. HaM.ZJ.CM HYJIH cpyHKQHH, pernaa ypaBHCHHa -x2 +5x+6=0 II 

4-x=O. IloJiy'IHM: x1 =6, x2 =-1, x3 =4. 

4. HaHeceM 'lHCJia -1 H 4 Ha o6-

JiaCTh onpei'J,CJICHHH cpyHK[(HH II yc

TaHOBHM 3HaKH cpyHK[(HH Ha IIOJiy

l{CHHhiX I1pOMC%YTKaX (pHC. 9.9). 

-1 

Puc.9.9 

+ 

4 

5. CorJiacHo pHcyHKY 9.9 perneHHeM HepaBeHCTBa aBJIHeTca HH-

TepBaJI (-1;4), Ha KOTOpOM cpyHK[(HH j(x)= 14-x2 +5x+6· 1Rf4-X 
IIOJIO%HTCJihHa. 

HaH:i'J,eM cpei'l,Hee apHcpMeTH'IecKoe u;eJihiX perneHHM HepaseHCTBa: 

(0+1 +2+3): 4 = 1,5. 

Om8em: 1,5 .. 
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llpHMep 5. Permue HepaBeHCTBO 

.J17-15x-2x2 -(x+3) 
1 x+3 >- · 

PemeHue. Tipeo6pa3yeM JJ,anHoe HepaBeHCTBo: 

.Jt7-15x-2x2 x+3 >-1 .J17-15x-2x2 

x+3 x+3 ' x+3 
1>-1, 

.J17-15x-2x
2 

>O. 
x+3 

PerrniM :no nepaBeHcTBo MeToJJ,oM HHTepBaJIOB. 

!( ) ../17 -15x-2x2 
1. PaccMOTpHM ¢ynKI{Hio x = 

3 X+ 
2. Ha:H:;a:eM o6JraCTb orrpe;a:eJieHHJI ¢ynKI{HH. TiocKOJibKY Bbipa:>Ke-

nne, CTOJill{ee IIOL( 3HaKOM pa;a:HKaJia He L(OJIJKHO 6biTb OTpHI{aTeJibHbiM, 

To 17 -15x-2x2 ~ 0 ¢:::} 2x2 + 15x-11 ~ 0 ¢:::} XE [-8,5; 1) (pnc. 9.10). 
11cKJIIO<IHB 113 0Tpe3Ka ( -8,5; 1) TO<IKY -3 (TO<IKY pa3pbiBacpyHKI{HH), 

OKOH<IaTeJihHO IIOJIY<IHM: X E (-8, 5; - 3) U ( -3; 1) . 

+ + + 
• • o------~o~----~o 

-8,5 1 X -8,5 -3 1 

Puc.9.10 Puc. 9.11 

3. HaneceM nyJIH ¢YHKI{HH na ee o6JiaCTb orrpe;a:eJieHim 11 ycTano
BHM 3HaKH cpyHKI{HH Ha IIOJiy<IeHHbiX IIpOMeJKyTKaX (prrc. 9.11 ). 

4. PernenrreM nepaBeHCTBa JIBJIJieTcJI rrpoMeJKyToK, na KOTopoM 

¢ynKI{HJI f ( x) = .J 17 - 1 5
X-

2
X

2 
rroJIOJKHTeJibna: x E ( -3; 1) . 

x+3 

Omeem: ( -3; 1) . 

llpHMep 6. PeniHTe nepaBeHCTBO x -12 ~ .JX. 
PemeHue. 3arrrrrneM nepaBencTBO B Brr;a:e x- .JX -12 ~ 0 H pernrrM 

ero MeTOL(OM HHTepBaJIOB. 
1. PaccMOTpHM ¢ynKI{MIO f ( x) = x- .JX -12 . 
2. D(f):x~O. 
3. Haii;a:eM nyJin ¢YHKI1HH, pernaJI ypaBnenrre x-.JX-12=0. 
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ITo TeOpeMe BI1eTa llOJiyqHM: .JX = 4, OTKyl(a X= 16 I1 .JX = -3, OT

Ky,ll,a XE 0. 
4. HaHeceM 'II1CJIO 16 Ha o6JiacTh + 

onpe,ll,eJieHI15I cpyHKQIIH II onpe,ll,eJIHM o 
3HaKH cpyHKQHH Ha llOJiy'IeHHbiX npo

Me)l(yTKaX (pHC. 9.12). 

16 

Puc. 9.12 

X 

5. PerneHHeM HepaBeHCTBa 5IBJIHeTca npoMe)l(yToK, Ha KOTopoM 

cpyHKQI15I j (X) =X- .JX -12 He llOJIO)l(IITeJibHa: X E ( 0; 16). 

OmBem: [0; 16]. 

3a,Q8Lfll1 ,QflH C8MOCTOHT8flbHOrO peW8HII1H 

PernHTe HepaBeHCTBa ( 1-13): 

1. lf3..Jx3 +3x+4 >~. 
3 . ..J3x-x2 +x<4. 

5. v'9x-20 -x < 0. 

7. T 1..J-x2+6x-5-22 +2°x>O. 

8. (1-x)·~x-20 ~0. 

9. v'x-2 +v'3-x +v'6-x >v'x-1. 

12 . ..J x-7 <0. 
4x2 -19x+12 

2. JX+S-1<-X. 

4. -..Jx2 -x-12 > -x. 

6 . ..Jx2 -4x+3>x. 

14. Ha:Hl(HTe Hai160Jihrnee u;eJioe perneHHe HepaBeHCTBa 

#x2 -2x+1·<fx+3 ~0. 
15. Ha:H,ll,I1Te KOJIHqecTBo ueJihiX perneHHH HepaBeHCTBa 

~ x 2 
- 4 · .J x + 8 < 0 . 

16. HaH,ll,I1Te KOOp,ll,HHaTy cepe,ll,I1Hbl 0Tpe3Ka, Ha KOTOpOM BblllOJI

H5IeTC5I HepaBeHCTBO 1, 5~ X+ 1-1 ~ -0, 5</ -X -1 . 
17. Ha:H,ll,IITe l(JII1HY oTpe3Ka, Ha KoTopoM BhinOJIHaeTca HepaBeHc

TBO ~-.JX+6~0. 
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18. Hali,n:HTe HaHMeHhiiiee 3Haqemie x, rrpH KOTopoM crrpaBe,z:vmBo 

(.Jx-5)2 

HepaBeHCTBO 3- X :::;; -'--:---'--
2 6-x 

19. Hali,n:HTe HaH6oJihlllee 3HaqeHHe x, rrpH KOTopoM BepHo Hepa-

BeHCTBO 1+x:s;;2,5£ o 

20. CKOJihKO IJ,eJihiX qnceJI Bxo,n:HT B o6JiacTh orrpe,n:eJiemur <PYHK-

IJ,HH y = J( 4-x2 ).J2x-8 +.ffi? 

21. Hali,n:HTe cyMMY IJ,eJibiX peiiieHHH cHcTeMhi HepaBeHCTB 

.Jx2 -9x+20 :::;;.Jx-1 ::;;.Jx2 -13 0 

OmBemot: 1. [-1; +=)0 2. XE[-5;-1)0 3. [0; 3]0 4. [4; +oo)o 

5. [ 2
9
°; 4)u(5; +oo)o 6. (-oo; O]u(4,5; +~)0 7. XE(3; 4]0 8. {-:-4}u 

u[S; +=) 0 9. [2; 3]0 10. (-oo; -~)u[1; +=) 0 11. (-oo; O)u[1; 2] 0 

12. (-oo; 0,75)u(4; 7)0 13. (5; +oo)o 14. 1. 15. 30 16. 31,50 17. 160 

18.5019.4020.1021.220 

KoHTpOllbHbllll TeeT 

N!! 3a,n:aHHR BapHaHTbi OOTBeTOB 

KoJIHqecTBO IJ,eJihiX peiiieHHH 
1) 6; 2) 4; 

1 
HepaBeHCTBa .J X+ 2 ° ( 3-X) > 0 paBHO 

3) 5; 4) 7; 
5) 11. 

qHCJIO HeoTpHIJ,aTeJibHhiX peiiieHI1H 
1) 3; 2) 9; 

2 
HepaBeHCTBa .J3- X o (X+ 2) :::;; 0 paBHO 

3) 1; 4) 2; 
5_2 120 

HaH60Jihiiiee IJ,eJioe peiiieHHe 
1) 0; 2) -1; 

3 
HepaBeHCTBa .J X2 

- 3x + 2 + 5 > 2x paBHO 
3) 2; 4) 4; 
5) 30 

L(JIHHa rrpoMe)KyTKa, KOTOpbiH 
1) 3; 
2) 1,5; 

4 o6pa3yiOT Bee perneHwi HepaBeHCTBa 3) 6; 
.J3x-x2 <4-x, paBHa 4) 9; 

5) 10,50 
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N!! 3a)].3HHH BapnaHTbi OTBeToB 

1 ) ( -oo; 0) U ( 0; + oo) ; 

MHO)KeCTBO Bcex pernemri1 HepaBeHc-
2)(-0,5; O)u(O; 0,5). 

5 1 .J 1- 4X
2 

< 3 IIMeeT BII,U 
3) [-0,5; 0,5]; 

TBa- 4) ( -0,5; 0,5); X X 
5) [ -0,5; 0) u(O; 0,5]. 

HaiiMeHhrnee IJ,eJioe perneHIIe 1) -1; 2) 1; 

6 HepaBeHCTBa ~ >35-12X paBHO 
3) 0; 4) 2; 

x2 -1 5) 4. 

HaiiMenhrnee IJ,eJioe pernenHe 1) 3; 2) 2; 

7 nepaBeHCTBa .Jx+3 -.Jx-1-.Jx-2 <0 3) 4; 4)- 2; 

paBHO 5) 7. 

1) [~; 3l 

8 
MHo)KeCTBO perneHHH HepaBeHcTBa 2) [~; 2l 

.J5x-4-3+.J3x+1 <0 UMeeTBU,U 3) [0,8; 1); 

4) (0,8; 1); 
5) (0,8; 11). 

1) -2; 
Hau6oJrhrnee IJ,eJioe oTpull,aTeJibHoe 2) -1; 

9 pemeHHe HepaBeHCTBa 3) -23; 

.J x2 +3x+2 <.J x 2 -x+1 +1 paBHO 4) -7; 
5) -13. 

1) 6; 
KoJiu'leCTBO IJ,eJihiX perneHui'I 2) 2; 

10 HepaBeHCTBa 3) 3; 

..JX +.Jx+ 7 +2.J x 2 + 7x +2x < 35 paBHO 4) 11; 
5) 7. 

KoJIU'leCTBO IJ,eJihiX '!uceJI, 
1) 10; 
2) 3; 

11 y ,UOBJieTBOp.mOIIIHX HepaBeHCTBY 3) 4; 
1 1 x2 

4) 1; .J"i7 + .J"i7 > J , paBHO 
1+T1 2- 4-x2 x 5) 12. 
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,N"q .3a,a:aHIUI BapHaHThlOTBeToB 

1) xE(~; ~); 

2)xE(0; V'2]; 

13 HepaBeHCTBo .J 4-4x3 + x6 + V4 > x 
3)x=V'2; 

He BhiiiOJIH5ICTC5l CCJII1 

4)x=.J2; 

5) XE [V'2; .J'i]. 

Cpe,11.Hee apncpMeTnqe~Koe u.enhiX 3Ha-
1) 1,25; 

'ICHHH X, np11 KOTOpbiX He BbillOJIH5lCTC5! 
2) -0,5; 

13 
HepaBeHCTBO -.J x 4 

- 2x2 + 1 < X -1 , 
3) -2; 
4) 5,4; 

paBHO 5) 1,24. 

KonwieCTBO u.eJihix pememn1 cncTCMbi 
1) 2; 
2) 1; 

14 { -.J4x-7 > -x, 3) 7; 
HepaBeHCTB .Jx+5 +.JS-x _ 4 > O 4) 3; paBHO 

5) 4. 

OmBembt 
HoMep 3a;J;aHmi 1 2 3 4 5 6 7 

HoMep npaBHJibHoro 
2 3 5 1 5 4 3 

OTBeTa 

HoMep 3a;J;aH!1.SI 8 9 10 11 12 13 14 
HoMep npaBHJihHoro 

3 2 1 3 3 2 1 
OTBeTa 
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10 
YPABHEHVIs:l, CO.QEP)f{ALUVIE 
nEPEMEHHYKl no,Q 3HAKOM 
MO.QYns:l 

1 0.1. Onpe.QeneHIIIe Mo.Qyns:. Lilli en a 

M o .a y JI eM ( a6coJIIOTHOH semPumoi1) 'IHCJia a Ha3h.IBaeTc5l 'IHC

JIO a, eCJIIJ: OHO HeoTpHI~aTeJibHO, H npOTHBOITOJIOJKHOe eMy 'IHCJIO, 

ecJin a oTpHI.(aTeJihHO: Ia! =a , ecJiu a~ 0 u Ia! =-a , ecm1 a< 0 . 

feoMeTpn'IeCKHH CMbiCJI MO,nyJI5l. j-3j=3 j3j=3 
Mo,nyJih '!HcJia - aro paccTOJJtme oT ---41ei====!l=====i•._-~,. 
na'IaJia OTcqeTa ,no roqKu ua Koop,nu- -3 0 3 x 
HaTHOi:'! rrp5!MOH, COOTBeTCTBYIOU~eH Puc. 10.1 
9TOMY qucJiy (pHC. 10.1) 

CnoiicTBa Mo,nymi 

lai~O; ( 10.1) !a+bl~lal+lbl; (10.5) 

la12 =a2; (10.2) la-b! ~!al-Ibi; (10.6) 

jab! =!alibi ; (10.3) !xi~a ~-a~x~a; ( 10. 7) 

,a,_ Ia!. 
b -jbj' (10.4) I I> [ x~a, x _a~ < x_-a. ( 1 0.8) 

1 0.2. PacKpbiTIIIe Mo.Qyns:. 

1. EcJiu rro,n 3HaKOM Mo,nymi noJJOIKHTeJibHa5! BeJiuquna, TO Mo

,nyJih npocTo onycKaeM. 

HanpUMep, ~~ -1J = ~ -1. 
2. Ec.Tm no.n 3HaKOM MOAYJI5! oTpuuaTeJibHa5! Be.TJHquna, TO MOAYJih 

onycKaeM u MeHJJeM 3HaK BbipaJKeHH5l, CTOJJIUero no,n Mo,nyJieM. 

Hanpu.Mep, J1-~J=-1+~. 
3. Eom rro,n 3HaKOM Mo,nymr rrepeMeHHaJJ seJiuquna, TO rrpuMeHR

eM MeTO,n rrpoMeJKyTKOB. 
HanpUhtep, paccMOTpuM BhrpaJKenHe lx-1j. Hai1,11.eM nyJIH cpym<-

unu, CT05!IUei1 no,11. 3HaKOM MO.ll.Y.TJR: x = 1 . PaccMoTpHM npoMeJKyTKH 

( -oo; 1], (1; +oo) u pacKpoeM Mo,nyJih na KaJK,ll.OM 113 nux: 
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1)ecmr XE(-oo; 1],To lx-11=1-x; 

2)eCJHI XE(i; +oo),TO lx-il=x-1. 

1 0.3. MeTO.Qbl peweHIIIVI ypaBHeHIIIVI 

1. £CJIII ypaBHeHHe HMeeT BH.[( lf(x)/=g(x) H g(x) ;:::0, TO 

lf(x)l = g(x) <=> [ f(x) ~ !5x), 
f(x)- b(x). 

2. EcJin ypaBHeHne co.n;ep)KHT HeCKOJihKO MO.ll.yJiei1:, HanpnMep, 

HMeeT BH.[( lft(x)l±lf2(x)l = g(x), TO np:nMeH5IeM MeTOi'( HHTepBaJIOB: 

1) HaXOi'(HM HYJIH ¢YHKU:HM, CT05IIu:HX ITO.[( 3HaKOM MO.ll.YJI5I, pernaH 

ypaBHeHH5I _t;(x) = 0 H f2(x) = 0; 
2) HaHocnM HyJI:n ¢YHKU:Hi1: Ha O,ll3 ypaBHeHnH; 
3) pacKpbiBaeM MO.[(YJIH Ha Ka)K,ll,OM npOMe)KyTKe; 
4) pemaeM noJiyqenHhie ypaBnen:nH; 
5) npOH3BOi'(HM OT60p KOpHeM Ha Ka)Ki'(OM npOMe)KyTKe, OCTaBJI5I5I 

KOpHn, npnHa,n;Jie)Karu:ne paccMaTpnBaeMoMy npoMe)KyTKy. 

TeeT ,Qn51 nposepKIII TeopeTIII'·IeCKIIIX 3HaHIIIL71 

YlwJ!Cume npaBWlb1lbtii eapua1tm omeema ( 1-2 ): 

1. Mo,n;yJieM qncJia a Ha3biBaeTc5I: 
1) lJHCJIO a, eCJIH a ;::: 0 ; 
2) lJHCJIO -a, eCJIH a< 0 ; 
3) 'IHCJIO a, ecJI:n a< 0 ; 
4) lJHCJIO -a, eCJIH a;::: 0 ; 
5) lJIICJIO a, eCJIII a 2: 0 II lJIICJIO - a, eCJIH a< 0 . 

2. CBoi1cTBa Mo,n;yJIH: 

1) jaj>O; 

3) laf =a2; 

5) jxj~a~{ x;a,. x_-a, 

7) !x/2: a <=> [: ~ ~~; 
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2) jaj;:::O; 

4) jaj3 =a3; 

6) jxj~a~[ x;a,_ 
x _-a, 



Ycmmweume coom6emcmeue: 

3. PacKpbiTHe MOfl:YJI51 

YCJIOBI1E 

1) \a- b\ , a >b ; 

2) \a-b\, a<b; 

3) \a -b\, a> 0, b > 0; 

4) \a+b\. a>O, b>O. 

PE3YJibTAT 

a) a-b; 

6) a+b; 

B) b-a; 

r) -a-b; 

A) ecmi a> b, TO a-b, 
CCJIH a < b , TO b-a ; 

e) ecJIH a > b , TO b-a , 
CCJIH a < b , TO a- b . 

Ycmmweume npa8UJlb1l!f10 nocJZeiJoeameJlbrtOCmb: 

4. EcJIH ypaBHCHHe HMCCT BH,ll; \ft(x)j±jj2(x)\ = g(x), TO: 
a) HaXOAHM HYJIH cpyHKU:HH IIOA 3HaKaMH Mo,n:yJieH:; 
6) pacKpbmaeM MOAYJIH Ha Ka:>KuoM npoMe:>KyTKe; 
B) peiiJaeM ypam-IeHH51 Ha npoMe:>KyTKax; 
r) HaHOCIIM HYJIH cpyHKU:HH ft(x) H j 2(x) Ha 0,U3 ypaBHCHII51; 
A) npOH3BOLJ:HM OT6op KOpHCH Ha Ka:>KLJ:OM IIpOMC:>KYTKC, OCTaBJI5151 

KOpHH, TipiiHaAJIC:>KaiQHC paCCMaTpHBaCMOMY npOMC:>KYTKy. 

OmBembt 
HoMep Ja,naHHJI 1 2 3 4 
llpaBII.IIbHbiH 

5 2,3,5, 7 1 - a, 2 - B, 3 - ,n, 4 - 6 a, r, 6, B, ,n 
BapiiaHT OTBeTa 

np111Mepb1 

IlpHMep 1. HaHAHTe KBaApaT npoH3BCAeHII51 KopHeH: ypaBHCHH51 

x2 +\x\-20 =0. 
Peweuue. YqnThiBa51, qTo x 2 = \x\2 

, ypaBHeHne 3aniiiiJeM B BII,n:e: 

\x\2 +\x\-20 = 0. . 
Do TeopeMe BIIeTa rroJiyqiiM \x\ = 4 , TOrAa x = ±4 II \x\ = -5 , Tor,n:a 

x E 0 . HaH:AeM KBaApaT npou3Be,n:eHII51 KOpHeH: ypaBHCHII51: 

( -4·4)2 = 256. 

Omeem: 256. 
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llpHMep 2. Hai1,llJITe npoH3Be~eHMe KopHei1 ypaBHeHMJI 

lx+~l=~lx-~1-
Peweliue. Y'IIITbiBaR, 'ITO o6e 'IaCTM ypaBHeHIIJI rroJIOJKIITeJibHbi II 

laf = a2 
, 3arriirneM: 

(lx+~l)2 =( ~lx-~1)2, (x+~)2 =5(x-~)2, 

x 2 +2.J5x+5-5x2 +10-JSx-25 =0, 4x2 -12~x+20=0, 

x 2 - 3~x + 5 = 0 , OTKy~a no reopeMe BIIeTa x1 · x2 = 5. 

Omeem:5. 

llpHMep 3. PerniiTe ypaBHeHIIe lllx- 51-51- 5j = 5 . 
Peweliue. PernaR ~aHiiOe ypaBHeHIIe, 6y~eM rroMHIITb, 'ITO ypaB

HeHIIe If (X )I= a rrpii a ;;::: 0 paBHOCIIJibHO COBOKYIIHOCTII ypaBHeHIIM 

f(x)=a II f(x)=-a,arrpii a<O perneHIIMHeiiMeer. 
ll OCKOJibKY npaBaR 'IaCTb ypaBHeHIIJI lllx- 51-5\-5\ = 5 IIOJIOJKII-

TeJibHa, TO, OHO paBHOCIIJlbHO COBOKYIIHOCTII ypaBHeHIIM: 

x-5 -5-5-5, ~ x-5 -5-10, ~ lx- 51 _ 5 =_10.~ [II I I _ [II I I- [lx-51-5=10, 

~-~-~-5=-~ ~-~-~=~ ~-~-5=~ 

-1-->o.[llx-5511:155·, [:=~:~~5, l:::~·o, 
,.._,. X- -- '~ 5 5 ~ 10 

l
x-51=5· x- = , x= , 

' x-5=-5; x=O. 

Omeem: {-10; 0; 10; 20}. 

llpHMep 4. Hai1~IITe MO~YJib pa3HOCTII KBMpaTOB KOpHei1 ypaBHe

HIIJI lx2 -4x- 21 = 4x + 18. 
Peweuue. YpaBHeHIIe IIMeeT perneHMe rrpii ycJIOBIIM, 'ITO 

4x + 18 ;;::: 0 MJIM X ;;::: -3,6 . 
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3aMCHIIM ~aHHOe ypaBHeHIIe COBOKYIIHOCTblO ypaBHeHIIM 

[
x2-4x-2=4x+18, [x2 -8x-20=0, [x=-2, 
x2 -4x-2=-4x-18; ~ x2=-16; ~ x=10. 

Hai1~eM MO~YJib pa3HOCTM KBa~paroB KOpHei1 ypaBHeHIIJI: 

lxf -x~j=I4-100I=96. 

Omeem: 96. 



IIpHMep 5. Penn1Te ypanHeHHe lx-61-lx+41 = 10. 
Peweuue. Ha:i1:11:eM HYJIH cpyHKU:H:li, 3amrcaHHbiX noll: 3HaKaMH MO

ll:YJie:li, pellia5l. ypaBHeHH51 X- 6 = 0, OTKyll:a X= 6 H X +4 = 0, OTKylJ:a 
x=-4. 
HaHeceM ':!IICJia -4 II 6 Ha KOOplJ:HHaT

Hyro rrp51MYIO (piic. 10.2). PaccMOTpHM 

IIOJiy':!eHHbie rrpOMeJKyTKII II paCKpOeM 

MO!l:YJIH Ha KalKlJ:OM II3 HIIX. 

-4 6 X 

Puc. 10.2 

1. HarrpoMeJKyTKe (-oo; -4] ypanHeHHe lx-61-lx+41=10 rrpHMeT 

BH!l: -x + 6 + x + 4 = 10 IIJIII 10 = 10 . CIIelJ:OBaTeJibHO, mo6oe ':!HCJIO, 

rrpHHalJ:JieJKaru:ee rrpoMeJKyTKy ( -oo; -4] , 51BJI51eTC51 perneHIIeM ypan
HeHH51. 

2. Ha rrpoMeJKyTKe (-4;6] rroJiy':!IIM -x+6-x-4=10, -2x=8, 
X= -4 . f1aCK0.7JbKY qiiCJIO -4 He IIpiiHalJ:JieJKIIT rrpoMeJKyTKY ( -4; 6] , 
TO ORO He 51BJI51eTC51 pellif'HJieM ypaBHeHH51 Ha 3TOM rrpOMeJKyTKe. 

3. Ha rrpoMeJKyTKe ( 6; + oo) rroJiyqiiM x-6-x- 4 = 10, MJIH 

-10=10. CJiell:OBaTeJibHO XE 0. 

Omeem: ( -oo; - 4] . 
4-l2x+1l-l3-2xl IIpnMep 6. PernHTe ypanHeHIIe .J = 0. 

x 2 -Sx-6 
Peweuue. 3arrJirneM 0,[(3 ypaBHeHJI51: 

x 2 -Sx-6>0{::::}XE(-oo; -1)u (6; +oo) (pHc.10.3). 

+ 

-1 6 

Puc.103 

+ 

X -1 6 

Puc. 10.4 

X 

PernHM ypanHeHne MeTOlJ:OM IIHTepBaiiOB. Ha:i1:11:eM HYJIH cpyHKU:HM 
IIOlJ: 3HaKaMII MOlJ:yJieM, pellia5l. ypaBHemm 2x+1 =0, OTKyll:a X= -0,5 
H 3-2x=0, OTKyll:a X=1,5. IlOCKOJibKY ':!IICJia -0,5 H 1,5 He IIpiiHa
lJ:lieJKaT o6JiaCTH lJ:OIIYCTIIMbiX 3HaqeHliM ypaBHeHII51 (pHC. 10.4), TO 
pelliHM ypaBHeHIIe Ha ll:BYX rrpoMeJKyTKax: ( -oo; -1) II ( 6; + 00 ) • 

1. EcJIH x E ( -oo; -1) , To ypanHeHHe npHMeT BII!l: 

-2X-1+2x-3-4 =0 IIJIH -8 = 0, CJiell:OBaTeJibHO XE 0. 
2. £CJIII XE (6; +oo), TO ypaBHeHHe rrpiiMeT BII!l: 2x+1-2x+3-

-4 = 0 HJIII 0 = 0 , CJiell:OBaTeJibHO X E ( 6; + oo) . 

Omeem: (6; +oo). 
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3a.Qa'illl .Qfl~ C8MOCTO~TeflbHOrO peweHIII~ 

PeunneypaBHeHM51 ( 1-11 ): 

1. -jsx- x 2 -61 = Sx- x 2 -6. 2.j6x-x2-7j=x-1. 

3.jx2-3l-xl+1j=1. 

5.lxl+l1-xl-1=0. 

7. l3-xl=-ly-2xl. 

4. 12-11-lxlll=i. 

6.lx+11+14-2xl-lx+3l+6=2x. 

jx2 -4xj+3 
8. 2 1. 

lxl +15-xl 

9. l1-2xl=v'16+16x -3. 

11. 4(lx+1l-2r
1 
=l1+xl. 

10.j3-xl+l2+xl=3+l4-xl. 

PelllMTe CMCTeMbi ypaBHeHMH (12-15): 

12. {x~0,5~=3,5, 13. {l-xi+21-YI=:_3, 
IY xl-2. 3,5x+2,5y-1. 

14 {y=1-x, 
· IYI=1+x. 

15 {5-l2x+3yi=O, 
· l3y-2xj-1=0. 

16. Haiiwne KBa,n:paT pa3HOCTM KopHeii ypaBHeHM51 

2x2 +~(-2x)2 -6=0 ·~-...,.. 
17. Haii,n:MTe cyMMY Kopneii ypaBHeHM51 ~ 5 ( x- 2 )2 = ~ ( x-5/ . 
18. Haii,n:MTe cpe,n:nee apwpMeTn<IecKoe Kopneii ypaBnemm 

~lx+113 =~lx+112. 
19. Haii,n:MTe cyMMY Kopneii ypaBHeHM51 l-xl 3+l1-xl 3-9=0. 
20. Haii,n:HTe -lxl, ecJIH l4-xl+5x+8=0. 
21. Haii,n:MTe pan;MOHaJihHbre KopnM ypaBHeHM51 

../3X+6 + v'3!xl = 4 
1-xl .Jx+2 · 

22. YKaJKHTe HaH60Jiblllee n;eJioe pellleHHe ypaBHeHH51 

l(-x)31-_£_=0. 
x 2-1 1-x2 

23. Hai:J.,n:nTe cyMMY noJIO)KMTeJibHhiX Kopneii ypaBHeHH51 

llxl-1l=~lx-11. 
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24. HaM,li,HTe rrpo113BeJJ:eHne Bcex op.unHaT ToqeK rrepeceqeHI151 

KpHBhiX lx+yl=5 11 ~xy-1 +2+yx-1 =2,5. 

Omaembl:1. XE(-=; 2]u[3; +oo).2. {2; 3; 7±fU}.3. {-3; -2; 

-1; 0; 1; 2; 3}. 4. {-4; -2; 0; 2; 4}. 5. XE[O; 1]. 6. x22. 7. x=3; 

y=6. 8. {-~; ~; 2}. 9. {0; 3}. 10 .{-6; 2}. 11. {-2-.JS; .JS}. 

12. (3; 1), (~; 1
3
1
).13. (-i~; ~~). (1; -1).14. (0; 1).15. (-~; -~); 

(~; ~);(-1; -1);(1; 1).16. (J13-t( 17. 2,5.18. -1. 19. 1. 20. -3. 

21. {- ~ ;1}; 22. 0. 2.3. 3. 24. 16. 

KoHTponbHbllll TeeT 

N!! 3a.uauua BapuaHTbi OTBeToB 

1 . 2) ~. 
CyMMa KOpHei1 ypaBHemur 

1) 3' 3' 
1 1 

3x2 + lxl- 2x = 0 paBHa 3) 6; 4) -3; 
2 

5)-3. 

2 34 
1) (0; 10]; 2) (2; 15); 

2 KopHI1 ypaBHeHI15f (3x) =- lxJ 3) (-22; -10]; 

IIpHHa,li,JJe:>KaT rrpoMe:>KyTKY 
4) ( -5; 0); 

5) (-2; 5). 

Cpe.uHee apmpMeTHqecKoe KOpHeii: 1) 4; 2) -4; 
3 

ypaBHeHH51 lixl
2 

+31+4X = 0 paBHO 
3) -2; 4) 43; 
5) 25. 

IIpoH3Be,UeHne HaH60JJhiiiero 11 1) -1; 2) 0; 
4 HaHMeHbiJiero KOpHeH ypaBHeHH51 3) -3; 4) 6; 

l1-xl
2 

+ 31 = l-4xl paBHO · 
5) -9. 

159 



N!! 3a~aHHH BapnaHThlOTBeToB 

Y,ll,BOeHHOe rrpOII3Be,ll,eHHe 1) 0; 
KOpHeM ypaBHeHH5l 2) 2; 

5 
ji-.J3xj2 + 6x + 41 = l1-xl2 + x + 21 

3) 4; 
4) 0,5; 

paBHO 5) -12. 

1 . 2 

KBa,n;paT cyMMbl KOpHeii ypasHeHI15l 
1) 9' 2) 3; 

6 4. 1, 5x2 + jO, 5x -11 = 1 pas en 3) 3' 4) 1 

5) 0. 

Mo,ll,yJib cpe,ll,Hero 1) 18; 
2) 23; 

7 apwflMeTwiecKoro KOpHeii ypasHe- 3) 2; 

2 1+lx+41 4) 4; 
HH5l (x+4) +1= lx+ 4l paseH 5) 28. 

qHCJIO KOpHeii ypasnemm 
1) 6; 2) 4; 

8 
11111-xl+ 2J-1J+11 = 2 paBHO 

3) 3; 4) 2; 
5) 1. 

HaiiMennumii KopeHn ypasnemur 1)(2; 7); 2) (-4; 5); 

9 21-x-61-lxl-lx-61-18=0 rrpmra- 3)( -1; 6); 4) [ -2; 5]; 
,ll,Jie)KHT npoMe)KyTKY 5)(-oo;O). 

KoJiwieCTBO u:eJinrx 1) 3; 
3HaqemJi:i: X, ,ll,JI5I KOTOpbiX 2) 4; 

10 He BbiiiOJIH5leTC5I paBeHCTBO 3) 2; 

lx2 -10x+ 161 lxl
2 

-10x+16 
4) 6; 

== paBHO 5) 7. 
x 2 -10x+24 lxl2 -10x+24 

EcJIH k - KOJIH'-lecTBO pa3-
JIH'-lHbiX KOpHeM ypaBHeHH5l 1) 4,5; 

9-lx3 + 2lxl2 -91 =( -x)3' 2) 3; 
if 3) 6; 

a Xo - Hal160Jibiiii1M KOpenh :'lTOfO 4) 42; 
ypaBneHII5l, TO anaqenne Bnrpa)KeHH5l 5) 1. 
0, 5x0k paBno 
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N2 3a,ll,aHIUI BapnaHThlOTBeTOB 

Ky6 cpe)lnero apiicpMenrqecKoro 
1}2; 
2) -3; 

12 KOpHeH ypaBHCHIUl. 3) 27; 

~-2Jxj2 
+8x-6 ·(1-Jx-11) =0 paBeH 4) 8; 

5) 1. 

Mo,11,yJih cyMMhi Kopuei1 ypaBHeHIIR 1) 6; 2) 16; 
13 3) 28; 4) 4; 

-lx-11-(J-xl+l2-xl)==8(1-x) paBen 5) 51. 

EcnH ( x0; y0) - pernenHe cHcTeMhi 1) 1; 
u {T1 -1-2-t 2) 12; ypaBHeHHH y - X, 

14 Jy-3xj== 1 3) -12; 
H 3-1 x0y0 > 2 , TO 3Ha'-Iemie 4) 22; 

Bhlpa)KeHH51 -12Jy0 -x0J paBno 
5) -6. 

HoMep sap;amu1 1 2 3 4 5 6 7 

HoMep rrpaBMJihHoro 
1 4 3 5 2 1 4 

OTBeTa 

HoMep sap;amu1 8 9 10 11 12 13 14 

HoMep rrpaBHJibHoro 
5 1 2 1 4 1 5 

OTBeTa 
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11 
HEPABEHCTBA,COAEP)KA~~E 
nEPEMEHHYKJ nOA 3HAKOM 
MOAYflfl 

11.1. MeTO.Qbl peweHllllll HepaseHCTB 

1. ECJIM HepaBeHCTBO HMeeT BH)]; lf(x)l:::; g(x), TO OliO paBHOCl1Jib

liO CHCTeMe HepaBeliCTB { j(x):::; g(x), 
f(x) ~ -g(x). 

2. EcJIH liepaBei-ICTBO MMeeT BH)]; jj(x)l ~ g(x), TO OHO paBHOCMJib-

liO COBOKYTIHOCTH liepaBeHCTB [ j(x) ~ g(x), 
/(x):::; -g(x). 

3. EcJIH HepaBeHCTBO co,'l;ep)KHT HeCKOJibKO Mo~yJie:i1, lianpHMep, 

HMeeT BH)]; l.fi(x)l+l/2(x)l::;g(x), (~,<,>),TO TipMMemieM MeTO)]; Hli

TepBaJIOB ( CM. TI. 1 0.3). 

TeeT AllH nposepKlll TeopeTiiiYeCKiiiX 3H8HiiiL71 

YKaJICume ece npaeWtoHote eapumtmot omeemoe (1-2): 

1. Ecmr HepaBeliCTBO HMeeT BH)]; /f(x)/:::; g(X), TO OliO paBHOCHJibliO: 

1) HepaBeHCTBY j 2 (x):::; g 2 (x); 

2) COBOKYTIHOCTH HepaBeHCTB j(x):::; g(x) H j (x) ~-g(x); 

3)CHCTeMeliepaBeliCTB j(x):=;g(x) H j(x)~-g(x); 

4) [f(x) ~ g(x), 
f(x):::; -g(x); 

S) {f(x) ~ g(x), 
f(x) :=;-g(x) 

2. PerneHneM liepaBelicTBa BH)];a /f(x)/.~ g(x) .HBJI.HeTc.H: 

1) nepece"leHMe MliO)I(eCTB perneliHH HepaBeHCTB j (X) ~ g (X) 
n f(x):=;-g(x); 

2) o6ne)];MlieHIIe MHO)I(eCTB pemeHHH HepaBeHCTB j(x)~g(x) 
n f(x):::; -g(x); 

3) peruemre COBOKYTIHOCTH HepaBeHCTB [f~-~j ~ ~i(~'); 
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4) pernemre COBOKYTIHOeTH nepaBeHeTB [;~~j ~ ~ic~); 

5) perneHHe Cl!CTeMbl HepaBeHCTB {j (:? ~ ~i ( ;•). ; 
YlwJICume ece 1leo6xoaUMbte aeucmewz: 

3. qTo6hr HaiiTII pernenHe nepaneneTna au.n:a lft(x)l-l/2(x)l ~ g(x), 
Heo6xo.n:HMO: 

1) HaMTI1 HYJIH cpyHKll,HM ft (x) 1I f2 (X); 

2)naMTHHYJIHcpyHKll,HM ft(x), f2(x) H g(x); 
3) naneeTH HyJin <flyHKll,HH na Koop.n:r(!HaTHYIO np51.MYIO H 3arm:eaTb 

nee TIOJIY'!eHHhie npoMe)KyTKH; 

4) naneeTH HYJIH cpyHKIJ,HM na OL(3 nepaneneTna I1 3anHeaTb nee 

IIOJiyqeHHble IIpOMe)KyTKH; 

5) Ha Ka)K,ll;OM npoMe)KyTKe paeKpbiTb MO.ll:YJIH H pelliHTb IIOJiy'leH

llbie nepaBeHeTna; 

6) 3amrcaTb pernenr1e Hexo.n:noro nepaaeneTna, naxo.n:JI nepeeeqe

nne MHO/KCCTB perneHI-IH HepaBeHCTB Ha Beex npOMeJ>KyTKax; 

7) 3anncaTb pernenHe HexoiJ.noro nepaBeHeTBa, o6beP.HHHB perne

HHJI nepaneneTB na ncex npoMe%yTKax. 

Om6ernbt 
HoMep 3a,ll,amui 1 2 3 
BapnanT rrpaBHflhHoro 

3 2,3 1,4,5, 7 
OTBeTa 

npiiiMepbl 
llpHMep 1. PernHTe nepanenCTBO I ~x-:,t I < 6 . 

Peweuue. I1MeeM nepaneHcTno BHP.a f ( x) < 0, eJie.n:onaTeJihHO, 

P.aHHOe nepaBeHeTBO paBHOeHJibHO eHeTeMe HepaneneTB 

{

6x+1 <6, {6x+1-18+6x <O, {12x-17 <O, 
3-x 3-x 3-x 
6x+1 >-6; 6x+1+18-6x >O; __!§L>O. 
3-x 3-x 3-x 

IToeKOJihKY BTopoe nepaneHCTBo eHeTeMbi BhinOJIHJieTeJI rrpH 
3-X> 0, TO eeTh IIpi1 X< 3, TO rrepnoe HepaBeHeTBO CHeTeMhl pelliHM 

MeTOiJ.OM HHTepBaJIOB Ha rrpoM:e%yTKe ( --oo; 3). 
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+ 
-----40~--------o 

17 3 
IT 
Puc.11.1 

Omeem: XE ( -oo; g). 

ConiacHo pncyHKY 11.1 3armrneM 

perneHHe CHCTeMhl HepaBeHCTB, a, 

CJie,n:OBaTeJihHO, H perneHHe HCXO,n:-

HOfO HepaBeHCTBa: X E ( -oo; i~). 

llpnMep 2. Perrnue HepaBeHCTBO 12-lx-111 ~ 30. 

Pewe11ue. 11MeeM HepaBeHcTBO BH,n:a 1/(x)l ~ g(x), cJie,n:oBaTeJihHO, 

,n:aHHOe HepaBeHCTBO paBHOCHJihHO COBOKYIIHOCTH HepaBeHCTB 

[2-lx-11~30, ~[lx-11~-28, 
2-lx-11 ~-30; lx-11 ~32. 

PernnM Ka)f(,n:oe HepaBeHCTBO COBOKYIIHOCTH: 

1) IIOCKOJihKY JieB<UI qaCTh HepaBeHCTBa lx -11 ~ -28 BCer,n:a IIOJIO

:tKHTeJibHa, a rrpamm era qacTh Bcer,n:a oTpnrraTeJihHa H IIOJIO)f(HTeJihHOe 

qHCJIO 60Jibiile OTpHrraTeJihHOfO, TO HepaBeHCTBO He HMeeT perneHHM; 

2) lx-1l~32~[x-1~32, ~[x~33, ~ 
x-1~-32 x~-31; 

~ XE ( -oo; -31] u[33; +oo). 

B TaKOM cJiyqae perneHHeM coBoKyrrHOCTH HepaBencTB 5IBJI5leTC5l 

pernenne BTOpOrO HepaBeHCTBa COBOKyiiHOCTH. 

Omeem: (-oo; -31]u[33; +oo). 

llpnMep 3. Haii,n:HTe cyMMY rreJihiX pernennii: cncTeMhi HepaBencTB 

{
l10x+31 ~ 33, 
j10x+3l~33. 

Pewe11ue. Cnoco6 1. Haii:,n:eM perneHne Ka:tK,n:oro HepaBeHCTBa 

CHCTeMhi: 1) j10x+3l~33 ~ {10x+3~33, ~ {X~3, 
10x+3~-33; x~-3,6; ~ 

~ XE [ -3,6; 3]; 

I I [10x+32::33, [x~3, 2) iOx+ 3 ~ 33 ~ 10x+3~-33; ~ x~-3,6;~ 

~xE(-oo; -3,6]u[3; +oo). 

QqeBHJJ:HO, qTO perneHHeM CHCTeMhl HepaBeHCTB 5IBJI5IIOTC5l qiJCJia 

-3,6 H 3 , cyMMa KOTOphiX paBHa -0,6 . 
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{
j10x+31 ~33, 

Cnoco6 2. 3aMeHHM CHCTeMy HepaBeHCTB liOx+ 31 ~ 33 CHJlbHhiM ypaBHeHHeM 

11 Ox+ 31 = 33 ~ [1 Ox+ 3 = 33, ~ [ x = 3, 
10x+3=-33; x=-3,6. 

Omeem: -0,6. 

paBHO-

llpuMep 4. Hail,n;HTe HaHMeHhiiiee QeJioe noJIO)KHTeJibHoe peiiie

HHe HepaBeHCTBa 8x2 +8R -3 > 0. 

Pewe1lue. IIocKOJihKY .[;2 = Jxl H x 2 = lxJ
2 

, TO HepaBeHCTBO npH

MeT BH,ll; 8jxj
2 
+8lxl-3 > 0, peiiiaTb KOTOpOe 6y,n;eM MeTO,ll;OM HHTep

BaJIOB: 
1. PaccMoTpHM ¢YHKQHIO f ( x) = 8lxl

2 
+ Blxl- 3 . 

2. D(f): XE R. 

3. Haii)J;eM HYJIH ¢YHKQHH, peiiiaJI ypaBHeHHe Slxl2 +8lxl-3 = 0. 

I I -2-.JIO I I -2+.Ji0 IlOJI)"'HM X = 
4 

, OTKy,n;a X E 0 I1 X = 
4 

, OTKy,n;a 

X 
_ -2+.Ji0 _ 2-.JiO 

1- 4 n x2- 4 . 

4. HaHeceM noJiy'IeHHbie 

'IHCJia Ha KOop,n;HHaTHYIO IIp5I

MYIO II onpe,n;eJIHM 3HaKH ¢yH

KQHH Ha IIOJiy'IeHHbiX IIpOMe

)KyTKaX (piic. 11.2). 

+ + 

2-.JiO . -2+.Ji0 X 

4 4 

Puc. 11.2 

5. PeiiieHHeM HepaBeHCTBa 5IBJI5IeTC5I o6ne,ll,HHeHIIe npoMe)KyTKOB, 

Ha KOTOpbiX <}>yHKQI15.! j(x) = 8lxl
2 
+8lxl-3 IIOJIO)KHTeJibHa: 

( -oo; 2-;o )u( -2+
4
M; +oo} 

TaK KaK 2-;o <0, a - 2+
4
M ""0,29, TO 'IHCJIO 15IBJI5IeTc5I Ha

nMeHhiiiHM QeJibiM IIOJIO)KHTeJibHbiM peiiieHHeM HepaBeHCTBa. 

Omeem: 1. 

llpnMep 5. Haii,n;HTe cyMMY KBa,n;paToB QeJibiX peiiieHHH HepaseHc

TBa llxl-61 >jx
2 
-5jxj+9j. 
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Pewmme. IIocKoJihKY o6e 'IaCTI1 HepaBeHCTBa noJIO.IKI1TeJih

Hhi, TO, B03BO].(.$I HX B KBa,n:paT II yqiiTbiBa5I, qTO lal2 = a2 
, 3aTIIIIIICM 

2 ( 2 )
2 

2 ( 2 )2 (jxj-6) > lxl -Sixl+9 IIJIII (lxj-6) - /xl -5/xl+9 >0. 

Pa3JIO.IKI1M JieByiO qacTb HepaBeHCTBa Ha MHO)KHTCJIH, npiiMeHH.$I 

cpopMyJiy pa3HOCTII KBa].(paTOB: 

(lxl-6-/x/2 
+Six/-9 )(/xl-6+/x/2 -5/x/+9) > 0, 

(lx/2 
-6/xl+15)(1xl

2 
-4lx/+3) < 0. 

PerniiM HepaBeHcTBO MeTO].(OM HHTepBaJIOB: 

1. PaccMoTpnM cpyHKIIIIIO f(x) =(lx/2 -6/x/+ 15)(/.xl-4/x/+3). 
2. D(f):xER. 
3. Haii].(eM HYJIII cpyHK111111, pernaH coBoKynHoCTh ypamieHI1H 

/x/2 -6/xl+15 =0, OTKyJJ:a XE 0 11 lx/2 -4lx/+3 =0, oTKy].(a x1 = 1, 

x2 =-1, x3 =3 11 X4 =-3. 

+ + + 
4. HaHeceM qiicJia -1, 1, -3 

11 3 Ha KOOp].(IIHaTHYIO npRMYIO 

II onpe].(C.TIIIM 3HaKn cpyHKIIliH -3 -1 1 

Puc. 113 

3 X 

Ha noJiyqeHHhiX npoMC.IKYTKaX 

(pl1C. 11.3). 
5. PeiiieHneM HepaBencTBa RBJI5IeTcR o6ne].(HHCHne npoMe)KyTKOB, 

Ha KOTOpOM cpyHKIII15l j(.x)=(lxl2 -6jxj+15)(1xl2 -4jxj+3) OTp1111a

TCJibHa: (-3; -1)u(1; 3). 
HaiiJJ:eM cyMMY KBa].(paTOB u:eJihiX pernennii nepaBeHCTBa: 

( -2)2 + 22 = 8. 

Omeem:8. 

llpnMep 6. Haii].(I1Te cyMMY IICJihiX pemen11i:J 113 o6JiaCTI1 onpe].(e

JICHI15I cpyHKU:11I1 y =~~X- 2/-l2x + 41- 2x2
- 2.x + 4 . 

Peweuue. TaK KaK Bbipa.IKeHHe, CTORIIJ:ee no].( 3HaKoM paJJ:HKaJia, He 

MO.IKCT 6biTh OTpHU:aTCJihHbiM, TO lx- 2l-l2x + 4/ ::2:: 0. 
PernHM HepaBeHcTBO MeTOJJ:OM IIHTepBaJioB: 

1. Haii].(eM HYJIH cpyHKU:HH, CT051IIIHX no].( 3Hai<oM MOJJ:YJI51, pema51 

ypaBHCHI15I X-2=0, OTKy].(a X=2 I1 2x+4=0, OTKy].(a .X=-2. 
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2. HaHeceM 'IHCJia 2 H -2 Ha 

KOOptJ:HHaTHYIO IIp51MYIO II pac-

CMOTpHM IIOJiy'IeHHhie IIpOMe

)KYTKH (pHC. 11.4). 

-2 2 X 

Puc. 11.4 

PacKpoeM MOll:YIIH Ha Ka)KlJ:OM npoMe)KyTKe 11 pelllnM HepaBeHCTBa: 

a) eCJIH XE ( -oo;- 2), TO 2- X+ 2x +4 2:0, X 2:-6 11 XE [-6;-2]; 

6) ecm1 xE(-2;2], To 2-x-2x-42:0, -3x2:2, x::S:-~ H 

XE[ -2; -~l 
B)eCJIH XE(2;+oo),TO -2+x-2x-42:0, -x2:6, X::S:-6 HXE 0. 

PellleHneM HepaBeHCTBa 51BJI51eTc51 o6oetJ:HHeHHe noJiy'-IeHHhiX pe-

llleHH:ii:: XE [ -6; -~]. Ha:ii:tJ:eM cyMMY u;eJibiX pellleHHH HepaBeHCTBa: 

-6-5-4-3 -2-1=-21. 
3a.MemUM, '-ITO HepaBeHCTBO lx- 2l-l2x + 412: 0 MO)KHO pellli1Tb 

11Hal.Je. 3amillleM HepaBeHCTBO B BHtJ:e 12-xl2: j2x + 41 H B03Be-

6 2 2 
lJ:eM 0 e ero l.JaCTH B KBaApaT. TI OJIYLIHM (X- 2) 2: ( 2x + 4) HJIH 

(x-2- 2x-4)(x- 2+ 2x+4) 2:0, (3x+2)(x+6)::; 0. 

CoriiacHo pHcyHKY 11.5 3aiiH

llleM pellleHHe HepaBeHCTBa: 

XE [ -6; -~J 

OmBem: -21. 

+ 

• -6 • 2 
-3 

Puc. 11.5 

lxl
2 

-7lxl+10 IlpuMep 7 . PelliHTe HepaBeHCTBO 2 > 0 . 
x -6x+9 

+ 
• 
X 

Pewe11ue. PelliHM HepaBeHCTBO MeTOlJ:OM HHTepBaJIOB. Ha:ii:tJ:eM 

HYJIH ¢YHKIJ;HH j(x) =X, CT051IIIeH IIOlJ: 3HaKOM MOAYJI51: X =0. 

1. EcJIH x :S: 0 , TO HepaBeHCTBO npiiMeT BIIA x
2 

+ 7 x +} 0 > 0 , 
(x-3) 

(x+5)(x+2) · 
~--=-f...:,__,2...::...L > 0. Ero pellleHIIe rroKa3aHo Ha p11cyHKe 11.6: 

(x-3) 

XE (-oo; -S)u(-2; OJ. 
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+ + + - 3 - + 
--o---<:r---1 

-5 -2 0 
~ 

0 2 3 5 X 

Puc.11.6 Puc. 11.7 

x 2 -7x+10 2. EcJIH x > 0, To HepaBeHCTBO rrpHMeT BHJJ: 2 > 0, 
(x-3) 

(x-5)(x-2) 
-'-----'-..o...-...,;2~ > 0. Era pelllemre rroKa3aHo Ha pucyHKe 11.7: 

(x-3) 

XE (0; 2)u(5; +oo). 

PellleHIIeM ucxo,nHoro HepaBeHCTBa JIBJIJieTC5I o6ne.n:rmeHHe pellle
HHH, rroJiy'IeHHhiX B rrepBOM II BTopoM cJiy'IaJIX: 

xE(-=; -5)u(-2; 2)u(5; +oo). 

Omeem: (-oo; -5)u(-2; 2)u(5; +oo). 

3aA8YIII AIUI C8MOCTOS1Te11bHOrO peWeHIIISI 

PelllHTe HepaBeHCTBa ( 1-14 ): 

1.\x(x-4)\-5<0. 2.j8-x2+2xj>2x. 3.,~~;,.-2>0. 

6. \1-xj-\x\ > 0. 

1 1 
8.jx-1l+l2-xj>3+x. 9. i-jx+3i<"3. 

1-x-21-1-xl 
12. ~ >0. 

v4-x3 

13. \1-xj-"1+j2x+31 >lxl+(2x+3). 

14. lx-1\-\x-2\-\x+2\-\x\>-\x+1\-3. 

PelllHTe cncTeMhi HepaBeHCTB (15-16): 

15. {l1-x\
2

+5xl<6, 16. {lx(x-4)\<5, 
jx+il-1~0. \x+1\-3<0. 
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17. HaH,l(HTe 'IHCJJO ~eJJhiX peiiieHHH HepaBeHCTBa 

lx-21--lx+41 <O 
\2-xl-1-xl . 

18. HaH,l(HTe ,l(JJHHY HHTepBana, KOTOpbiH o6pa3yroT Bee peiiieHHH 

\3 -xi+ x 2 
- 5x + 6 

nepaBeHCTBa 2 > 3 . 
· x -5x+6 
19. Hali.l(HTe naH60JJbiiiee ~enoe OTpH~aTeJJbHOe peiiieHHe nepa-

BeHCTBa lx-11+12-xl > 3+x. 

20. HaH,l(HTe cpe,l(Hee apHqH\IeTH'lecKoe ~eJJbiX peiiieHMH cncTeMhi 

J l2x + 5l-l4x- 71 ~ 0, 
nepaBeHcTB Uxl-2\4-xj<x-2. 

OmBembt: 1. (-1; 5). 2. (-oo; 2-/2)u(2+2.J3; +oo). 3. (~; 3)u 

u(3; 8)- 4. [0; 1,6]u[2,5; +oo). 5. (- -f2t 1; -~ )u(-~; ~)u 
u( ~; -12

2
+1} 6. ( -oo; 0,5) .7. (-oo;-3)u( -1;1)u(3;+oo). 8. ( -oo; O)u 

u(6; +oo). 9. ( -oo;-4)u( -2; +oo) .10. ( 3; 3~]-11. (2; 3). 12. ( -1;~). 

13. (-oo;~3 }14. (-3; -1)u(-1;1)u(1;3).15. (-2;0].16. (-1;2). 

17. 2. 18. 0,5.19. -L 20. 3. 

KoHTponbHbiVI TeeT 

.M 3a,l(aHMH BapnaHTbi OTBeToB 

1.JHCJJO HaTypaJJbHbiX peiiieHHH Hepa-
1) 2; 2) 9; 

1 3) 7; 4) 5; 
BeHCTBa ix2 -361- (X- 5)::; 0 paBHO 5) 6. 

Cpe.u.nee api1¢MeTH'lecKoe ~eJibiX He-
1) 1; 
2) 2; 

2 OTpH~aTeJJbHbiX peiiieHHH HepaBeHCTBa 3) 2,5; 
12-xj· (4-Sx) ~ 0 paBHO 4) 1,25; 

5) 4. 

HaHMeHhiiiee ~enoe peiiienHe nepa-
1) 3; 2) -6; 

3 3) 2; 4) 1; 
BeHCTBa lt6-x2I·(X-1,25)>0 paBHO 5) 5. 
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N!! 3a,ll,aHH» BapHaHThlOTBeToB 

KomiqecTBo ueJibiX oTpiiUaTeJihHhrx 1) 2; 2) 4; 

4 v !xl+x+3 3) 3; 4) 10; 
perneHIIII HepaBeHCTBa 

3 
> 1 5) 12. 

paBHO X+ 

HaH6oJibrnee perneHHe HepaBeHCTBa 
1) -10; 2) -0,5; 
3) -3; 4) 0; 

5 
1-xl 2 0 paBHO 5) -2. 

-x-3 

HanMeHbrnee ueJioe perneHne Hepa-
1) 3; 2) 2; 

6 
~x-0~~ 

3) 1; 4) -2; 

BeHCTBa X -f > 1 paBHO 5) -4. 

1) ( -oo; 4]; 

MHo)KeCTBO pernemn1 cncTeMbi nepa- 2) (0; 4,5); 

7 
{l1-xl<3 

3) (-1; 4); 
BeHCTB -l-x..=-

21
•< _1 HMeeT BII.ZJ: 4) (-1; 4]; 

5) (-1; +oo). 

qiiCJIO UeJibiX perneHHH HepaBeHCTBa 
1) 6; 2) 5; 

8 3) 0; 4) 3; 
1 ~~X-0,51 < 1,5 paBHO 5) 1. 

qHCJIO ueJibiX HeOTpHUaTeJihHbiX pe- 1) 6; 2) 4; 
9 rneHHH HepaBeHCTBa 13 -12- xll-1 < 0 3) 2; 4) 3; 

paBHO 5) 1. 

HepaBeHcTBO j2-xl+lx-3j-2x<5 
1) X> 0; 2) X ~0; 

10 3)x>2; 4)x>3; 
BblllOJIH»eTC» npH ycJIOBHH, qTQ 

5) XER. 

1) 8; 
qHCJIO HaTypaJihHbiX perneHHH Hepa- 2) 5; 

11 -lxlz+lxl+12 
3) 3; 

BeHCTBa - 2X 2 0 paBHO 4) 2; 
3-x 5) 1. 

1) 1; 
KoJiwrecTBO ueJibiX pernemtli: Hepa- 2) 5; 

12 1-xlz+x-2 
3) 4; 

BeHCTBa . z :::; 0 paBHO 4) 2; 
(3-13-xl) 5) 3. 
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N!! 3a,ll,ann.a BapnaHThiOTBeTOB 

Cpe21:nee apn¢MeTH'IecKoe 1) 3; 

u:eiibiX 'InceJI, rrpnnal(IIeJKamnx 2) 3,25; 
13 o6JiaCTH onpe~J:eiieHH5I ¢YHKUHH 3) 5; 

y= .j3-jx-2j+( .Jx-1-1t, paBuo 
4) 3,5; 
5) 5,75. 

qHCJIO u;eJihiX HeOTpHU:aTeJibHhiX 1) 2; 
· pe~HHM uepaBeHCTBa 2) 1; 

14 lx-xgl+lx7 -xsj-jxg -xs +x7 -xj:s;o 3) 5; 
4) 9; 

paBHO 5) 17. 

HoMep 3a,n:amur 1 2 3 4 5 6 7 
HoMep npaBHJihHoro s 1 3 1 4 2 4 
OTBeTa 

HoMep 3a,c(amur 8 9 10 11 12 13 14 
HoMep rrpaBHJibHoro 3 5 1 4 5 2 1 
OTBeTa 



12 OnPEAEnEHVIE VI CBOVlCTBA 
norAPVICllMOB 

JlozapurjJMoM qucJia b > 0 no ocHOBaHHEo a (a> 0, a =f:.1) Ha3biBa

IOT noKa3aTeJib cTenenn c , B KoTopyiO neo6xo,ll,HMO B03BCCTH a , qTo-

6br IlOJIY'IHTb b : 

log
0

b =c ~ b=ac. 

OcnoBnoe JiorapmpMHqecKoe TO:>K,ll,eCTBo: 

alogab =b. 

12.1. CsoLIIcTBa norapiiJ(:jJMOB 

(12.1) 

CBoi1cTBa JiorapmpMoB cJie,ll,yiOT 113 cooTBCTCTByio~nx cBoikTB 

CTCITCHCH npH ycJIOBHH, qTQ OCHOBamre JIOrapHCpMOB ITOJIO:>KHTCJibHOe 
H OTJIHqrwe OT e,ll,HHHI1bl ,ll,eHCTBHTCJlbHOC ~UICJIO; qHCJia a, b, C- IlOJIO

:>KHTeJibHbi; ~mCJra m H n- oTJIHqHbi OT HYJIH. 

log
0

a =1; 

log0 1=0; 

loga be = loga b + log0 c ; 
b 

loga- = loga b-logac; 
c 

logabn =n·!ogab; 

log m b = 1_ log(/ b ; 
a m 

log111 bn = n111 log111 b . 
a a ' 

lo b =loge b . 
ga loge a' 

1 
logab=-

1 
-; 

ogba 

alogbx = xlogba 

ITpwHHThi cJie.n,ym~He 3amrcH: , 

1) log10 b = lgb - ,ll,CC5lTWIHbiH JIOrapHCpM qncJia b; 

(12.2) 

(12.3) 

(12.4) 

(12.5) 

(12.6) 

(12.7) 

(12.8) 

(12.9) 

(12.10) 

(12.11) 

2) loge b = lnb - HaTypaJibiihiH JIOrapu¢M <IHCJia b, r,ll,e e - Hppa

rruoHaJibHOe qHcJio u e = 2, 718281828459045 ... 
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' 

TeeT AnH nposepK111 TeopeTw-teCKII1X 3H8HIIJJII 

YlwJICume npaBWlb1lblU BapuaHm omBema: 

1. JlorapiHpMOM l.JIICJia b TIO OCHOBaHIIIO a 5IBJIJJ.eTC5l: 

3ATII1Cb 

1) Iogb a; 

2) !ogab; 

3) ab; 

4) ba. 

Ycmmweume coomeemcmeue: 

2. CBoHCTBa Jiorapii¢MoB: 

1) loga xy; 

2) loga.:!.; 
y 

3) logax. 
!ogay, 

4) log~1x; 

5) !ogax·!ogxa; 

6) alogax; 

7) alogp;; 

8) !oga" Xn; 

9) loga a11
; 

10) logn, a. 
a 

Omoembt 
HoMep 3aL(aHH5! 1 

TIPI1 YCJIOBI111 

a) a >0, b>O; 

6) a:::::O, b:::::O; 

B) a>O, b>O, a:;t:1; 

r) a2::0, b:::::O,b:;t:1; 
JJ.) a > 0 , b 2 0 , a :;t: 1 ; 
e) a2::0, b2::0, a#1. 

a) 0; 
6) 1; 

B) x; 

r) n; 

ll.) 1.; 
n 

e) n11
; 

:>K) n-n: 

3) logax; 

II) logx a; 

K) logyx; 

JI) logax-logay; 

M) logax+logay; 

H) Xlogba. 

2 
BaprraHT rrpaBHJibHoro 

2-B 
1 - M, 2 - JI, 3 - K, 4 - H, 5 - 6, 6 - B, 7 - H, 

OTBeTa 8 - 3, 9 - r, 10 - )!( 
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np111Mepb1 
IIpnMep 1. Ynpocnne Bbip<DKeHHe -log~ log3 ~ . 
Pewemte. TipHMeH5I5l CBOMCTBa Jiorap:mpMoB 12.6II 12.2, rroJiy'-IHM: 

1 

-log~log3 39 =-logjilog3 3=-(log33-1·1t =-(-1)
2 
=-1. 

Omeem: -1. 2 --- 4 
IlpHMep 2. YrrpoCTHTe glogs 3 + 2iogg36 +.J9 log79. 

Pewe11ue. TipiiMeH5l5I caoi1cTBaJiorapncpMoB 12.10, 12.6, 12.7 Hoc
HOBHoe JIOrapHcpMH'-IeCKOe TO:>K,ll.eCTBO 12.1, IIOJIY'lHM: 

4log 5 31og 262 4log 27 ' log s4 l]og362 i]og37 
3 3 +3 3 +3 3 =3 3 +32 +32 = 

==54 +3log363 +3log372 =54+ 63 + 72 = 890, 

Omeem: 890. 
_2_+1 _2_+1 

llpHMep 3. Yrrpocnne alogha b+alogab+iblogba+i_ab 10gab 

P 3 O rr 3 {a>O, a:;t:1; 
ewe11ue. ammreM ,~--~, : b > O, b :;t: 1_ 

TipnMeH5I5I CBOMCTBO cTerreHei1 2.3 11 caoi1CTBa JiorapncpMOB 12.10, 
12.6, 12.1, rroJiyqHM: 

a2logab ·a. b+alogab. a· blogba. b -a. b2logba. b =:. alogab2. a. b+b· a ·a. b-
2 

-a· blogha ·h= ab3 +a2b2 -a3b= ab{ b2 +ab-a2 ) 

Omeem: ab(b2 +ab-a2 ),rne a>O, a:;t:1, b>O, b:;t:1. 

3log 3 b-log~b IIpHMep 4. YrrpocTHTe ___ ....!b!...__~::.._ __ 

(loga b +1ogb a+ 1)loga ~ 

R 3 0 rr 3 {a > 0, a :;t: 1; 
euteHue. anum eM ,w, : b > O, b :;t: 1. 

Ha ocHoBaHHM caoi1cTB JiorapiicpMoB BbiTIOJIHIIM cJieLJ.yiOm:ne rrpe
o6pa30BaHII5I: 

1 1) 3logb3 b=3· 3·logbb=1; 

2) log a~ =:.loga a- log a b = 1-loga b. 
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floJiaraJI log a b = x, logb a=_!_, 3amnueM: 
X 

1_x3 (1-x )( 1 + x+x2) __ ,.::.--..:..:.__ __ - -X 

(x+~+1)(1-x)- (x2+1+x)(1-x)- . 

X 

Om6em: loga b . 

Slog r.:.J3+.f3 log (.fJ-3)2 
IIpHMep 5. BbrqHCJIHTe vS +5 25 . 

Pewe11ue. flpnMeH.H5I rrocJie,noBaTeJihHO CBOHCTBa Jiorapn¢MoB 

12.7, 12.6, 12.1 H rrpaBHJIO pacKpbiTH.H MOJJ:YJI.H qncJia, IIOJiyqHM: 

Slog.J5.J3+.J3 + Slog25(.J3-3)2 = 52log5.J3+,J3 + 5logsl.f3-3l = 13 + .J31 + 

+I.J3 -31 = 3 +.J3 -.J3 +3 = 6 . 
OmBem: 6.· 

IIpHMep 6. BhPmcmrre 4.jlog43 -3.jlog34 -31g25 ·4lg3. 

Pewe11ue. PaccMOTpHM pa3HOCTh 4.flog13 -3.flog34 =A. 

fiOJraraJI ..}Iog4 3 =a, 3arrnrneM: 

log4 3 = a2 
, 3 = 4 a

2 
, ..}log3 4 = 1. 

a 
1 a2 

floJiyqnM: A=4a-(4a
2

);; =4a-4(1 =4a-4a =0. 

PaccMoTpHM rrpOH3Be,neHHe 31g25 ·41g3 H rrpnMeHHM ¢op-

MYJihi 2.3, 12.4, 12.6, 12.2. floJiyqnM: 3lg2S. 4lgJ = 3Ig2S. 3Ig4 = 

= 3lg25+lg4 = 3lg25·4 = 3lg100 = 3lg102 = 32 = 9 

CJIO:>KHM pe3y JihTaThi ,n:Byx ,neilcTBHH:: 0-9 = -9 . 

OmBem: -9. 

IIpnMep 7. Bhrq.HcJIHTe -logi'ab ( : 1

5

6 J1

, eCJIH logb2 a= T 2 . 

Peweliue. O.ll.3: a >0, b >0, ab-:1= 1. 

Ha ocHOBaHHH CBOHCTBa 12.6 3armrneM: 

-log ... ( ;,', r ~ log;g; ( ;,', } 
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Dpeo6pa3yeM Bbipamemie log
1
} a= T 2

. DOJryqHM: 

1 1 1 
21ogb a = '4 , 1ogb a = 2 . 

b5 
Dpeo6pa3yeM BbipameHHe log~ a16 = x. DpHMemur ¢opMyJihi 

12.7, 12.9, 12.5, 12.4,12.6, 12.2, IIOJiyqHM: 
bs 

bs bs Iogb 1"6 1ogb bs -1ogb a16 
log 1 -=4log b-=4 a =4 = 

(ab)t; a 16 a a16 logbab logba+logbb 

_ 4(5logbb-16logba) _ 4(5-16logba) 
- logha+1 - logba+1 

1 ' 
DoJ~:CTamm 3naqenHe 1ogb a= 2 B nocJieJ~:Hee Bbipamemre, naliJ~:eM 

HCKOMOe qHCROX: x~ 4 (5 ~16 ·~) ~ 4(5; 8) ~ -~2 ~-1~2 ~-8. 
-+1 - -
2 2 2 

OmBem:-8. 

IIpnMep 8. HaHJI:IITe ac, ecJIH logb81=a, bc=729 II a= loga ~. 

Peweuue. EcJIH 1ogb 81 =a, TO 1ogb 34 =a, 41ogb 3 =a II 1ogb 3 =%. 

EcJIH be =729, TO c=logb36, 6logb3=c II logb3=~. TorJ~:a:i%=~ 
2c 3 r;;;:;-; -II a=3· PaBeHCTBO a=logav121 3anmneM B BHJI:e aa=1P, IIJIH 

2c 2 2 3 

a 3 = 113 , HJII1 ac = 113'2 I1 TIOJIYl.JHM ac = 11. 

Omeem: 11. 

IIpHMep 9. Bhil.JHCJIHTe: 

log-.13 tg 30° + log-.13 tg 31° + 1ogv'3 tg 32° + ... + log-.13 tg 59° . 

Peweuue. DpHMeHUM <}lopMyJiy 12.4 11 rroJiyLJHM: 
log-.13( tg 30° · tg 31° · tg 32° · ... · tg 45° · ... · tg 58° · tg 59°) = 

= log-.13 ( tg 30° tg 45° ( tg 31°tg 59° · tg 32°tg 58° · ... · tg 44°tg 46°)) . 

3J-taa, LJTo tg45°=1, a tg30°= ~II LJTO tg(90°-a)=ctga, 
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a tg a· ctg a= 1, Han)J.eM 3Ha'!emie IICXO)J.Horo Bhipa:JKeHIIJI: 

log-13 ( 1· £1. tg 31°ctg 31° · tg 32°ctg 32° · ... · tg 44°ctg 44°) = 

= log-13( 1·£1·1·1· ... ·1) = -log-13 ../3 =-1. 

Omeem: -1. 

3aA8'-tll1 An~ caMOCTO~TenbHoro peweHII1~ 

Yrrpocnne ( 1-11 ): 
2 2 

1. -log~ logz K2. 2. siog65 + 7logs 7 . 

[ 2i"'~, +5
1
"'' 

49 I 81 1"'~, -8
1
""', J 

3. . 
1 1 

siog27 125 +5log16 25 .slogs 3 
1 3 

4. 81i'Ois9 +3~ ((~)!og~s7 -1251og2s6)· 
4. 49log7lO + 7Ziog73 

5. 36log65 +101-lg2 _ 3logg36 _ 6.3Jog.J32. 

6. [ 81 H'"""' + 25
1
""'"' } 49

1
"''' • 5

1
"'"'" • 

7. ( a1";,, awi,, ·a"~' ... ·a'"":,, r 
8. ( z'"""'' -3

1
"'" I"'" I' - :w} ( 741

""'' - s"·''"'-"' -a''') . 

loga v'a2 -1·logi v'a2 -1 

9. ( 2 ) a ;;/ 2 . 
loga2 a -logaa ·logwa~a +log~ a 

1 -2 

252log4g25"'1-2log2log2log2a2loga4 ·41og34 -a2 

10.~-----------------o2~~-----
( )

lot ( )Joe -a - -a 
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11. (1oga b+ Iogb a+ logbb2 )(loga b-logab b )1ogb a-1ogb b. 

BbPIMCJIHTe (12-22): 

12. Slog~ 7 ·logT1 ('iff· T 2 
· 510g,JSffl). 

13. lntg 1°+lntg 2°+lntg 3°+ ... +lntg 89°. 

14. lgctg 1 °·lgctg 2°·lgctg 3°· ... ·lgctg 89°. 

15. alogbc -clogba. 

16. b.Jlogba -a.jlog2b . 

_4_ 4 

17. 32(log216l · ( T 1 )(log2l6) . 

2 2 3 

18. 
2

tog,(-./3-2) + 3logg(-.i3+2) + 2log,/3+t(-.i3+1) . 

logV2" ..fi8 log~ 49 
19. l I . og322 4 og64 4 

20. lg5·lg10·lg20+(lg2)2+(lg1)2. 
1 

21. 4· 9logst2S ( 9log31 +9log38 )logssS . 

log 1 45 

22 
log9 225 3 

. 1 + 3/ri • 
og22s 9 logwg "'3 

Onpet(eJII1Te 3HaKH '-IHCeJI (23-25): 
23.log1,7(0,5(1-log7 3)). 

24. log0,3 ( 1~(log2 5-1)). 

25 
log3 5 -logs 3 

· log0,3 4 -log0,3 3 · 

26. HaH,[(HTe KBat(paT OCHOBaHH5:! JIOrapHcpMa, npH KOTOpOM qHCJIO 
a paBHO CBOeMy JIOrapHcpMy. 

27. BbiqncJIHTe log0,5 28, ecJIH log4 49 = a-1 
. 

28. HailtJ:HTe lg2 .JX, ecJIH log 2 100 = 0,5a. 
X 

29. HailtJ:HTe log9 2, 97 , ecJIH logs 3 =a logs1 0 H lg 11 = b . · 
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30. BbrqucJII1Te log2 36, ecJIM ln12 = ln9 . 
m 

31. 3HaR, qTO lg2 = 0,301, HaM,llJITe 3HaqeHIIe BbipaJKeHIIJI 

log2 1·log3 2 ·log4 3 ·log5 4 · ... ·log10 9. 

32. BhrqucJIIITe 1oga6b9 ( .fc11. b -3 t , ecJIII logv'a b3 = alogh1 
• 

33. Hail,n:MTe lg12,ecJIM ln3=-
1
a, lg5=b. 
ge 

34. Hail,n:uTe b-a, ecJIM 1ogb 64 = c, loga 625 =a II ac = 125. 

. 2 
OmBembt~ 1. 27. 2. 10. 3. -11. 4. 1. 5. 0. 6. 1. 7. 8. 8. a +a+1, 

1 + .J5 l ["2--: "' r.n:e a>O, a-:J:.-
2
-. 9. oga-va--1, r.n:e a>1, a-:J:.-v2. 10. 1, r.n:e 

a>O, a-:J:.1. 11. logab, r.n:e a>O, a-:J:.1, b>O, b-:J:.1 II ab-:J:.1. 12. 7. 

13. 0. 14. 0. 15. 0. 16. 0. 17. 1.6. 18. 12. 19. 30. 20. 1. 21. 4. 22. 1. 
2 

23. MuHyc. 24. Ml'myc. 25. MuHyc. 26. a~, r.n:e a > 0 II a -:J:. 1. 

27. - 1+a2a. 28. : 2 . 29. b+~~- 2 . 30. 
2~2::::). 31 0. 32. 2. 

1 33. a-2b+2. 34. 
256

. 

KoHTponbHbiVI TeeT 

N!! 3aAaHH.ll BapHaHTbi OTBCTOB 

1) e; 

Pe3yJihTaT BhrqiicJiemw BbipaJKeHMJI 2) 1; 

1 1 3) 24; 
( 2 }3ln8+2ln3 4) 324; e paBeH 

5) 256. 

3naqeHIIe BbrpaJKeHIIJI 
1) 9; 
2) 7; 

2 
( 2 )log./3+13 _1- 3) 8; 
../3-

1 
+410

g
2516 +log53-log9 25 4) 1; 

paBHO 5) 10. 
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N!! 3aAaHHH BapHaHTbi OTBeTOB 

1) 10; 

Pe3yJihTaT BhPIHCJiemui Bhipa)KeHHa 
2) -4; 

3 3) 11; 
lg7 1 0log10049 paBeH 4) 7; 

logtooo 7 5) 21. 

1) 0; 

B pesyJihTaTe npeo6pa3oBaHHa Bhipa)Ke-
2) 23; 

4 3) 24; 
log324 log 216 

Hl1H 3 TIOJI)"'l1M 4) 2; 
log72 3 log83 5) 1. 

1) 8; 
2) 4; 

PesyJihTaT Bhi'lHCJieHHa Bhipa%eHHa 3) 1; 

5 ( J5 )log 4 1 2log91 
2. 

5 +1 Ts=l3 +3 3 paBeH 4) 3' 
4 

5) 3. 

1) log12 5; 

PesyJihTaT ynpo~eHHa Bhipa)Kemra 
2) log5 6; 

6 log2 5 ·log3 5 3)log65; 
paBeH 

4) 1; log25+log35 

5) 5. 

1) 1; 

Pe3yJihTaT Bbi'IllCJieHMa Bbipa)KeHMa 2) 6; 

7 ( ~ ,,,,,,, f''' 3) 5; 
3 lg2 . 2 lg3 paBeH 4) 0,2; 

5) 25. 

B pesyJihTaTe Bhi'lHCJieHMH Bbipa)KeHMJI 1) 0,5; 

1 2) 0,25; 

8 ( (1ogj0,5+log:, 2 + 2 )1 + 2 j -log0,5 2-
3) -1; 
4) -2; 
5) 4. 

-Jog2 0, 5 TIOJIY'lllM 
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M 3a,~~;aHu.»: BapuaHTbiOTBeTOB 

1) (a+1)2
; 

Pe3yJihTaT ynpomeHM5l Bbipa1KeHM5l 2) a2
; 

9 1 _1_ 3) 1-a2
; 

l+-21- 3log 22 
4) (a+2)2

; a og4a +8 a +}og2a}oga2 paBeH 
2 5) (a-1) . 

B pe3yJibTaTe npeo6pa30Bamri1 Bbipa1Ke- 1) 1; 

[log, b-0 ,Slog;: b }og,, ,-., b 
2) logab; 

3) logba; 
10 4) logab+1; HM5l 

log a b-log a b 5) loga b2. - -
b4 b6 

ITOJIY'IMM 

1) 3-log29; 

B peayJihTaTe ynpoiiieHM5l BbipaJKeHIUI 2) log2 9; 

11 ~6(log9 2·log4 9+1)+ log2 9-6 +log~ 9 3) 9; 

ITOJIY'IMM 4) log2 3-9; 

5)log2 9-3. 

1) 2; 

Pe3yJihTaT npeo6pa3oBaHIUI Bbipa1KeHM5l 
2)logba; 

12 3) 1; 
( loga b + loga bO,Siogba

2
) logab a paBeH 4) 0; 

5) logab. 

1) log~ 5-1; 

Pe3yJihTaT ynpomeHM5l Bbipa1KeHM5l 
2) log2 5-1; 

13 (logz 5-lg5)( s2logslog25 -1) 3) log2 5; 

2 paBeH 4) 5; 
log2 5 5) 10. 
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M 3a.l(aHHH BapuaHTbiOrBeroB 

60 

Ecmr loga x = 2, 1ogb x = 3 , loge x = 4 , 
1) 77; 

77 
14 logd X= 5 , TO 3Ha'IeHJ1e BbipWKeHIUI 

2) 60; 

logabcd X paBHO 
3) 120; 
4) 1; 
5) 0. 

HoMep 3a,n:amu1 1 2 3 4 5 6 7 

HoMep rrpaBHJibHoro 
4 1 2 4 3 3 3 

orBera 
HoMep 3a,n:amu1 8 9 10 11 12 13 14 

HoMep rrpaBHJihHoro 
5 1 2 5 3 2 1 

orB era 
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nOKA3ATEflbHbiE 
1.3 Ill fiOr APIIICOMIII'-IECKIIIE 

YPABHEHI/Is:l 

13.1. noK838TellbHble ypaBHeHIIIs:l 

fl01W3ameJlb1-tbLM Ha3hiBaiOT ypaBHCHYIC, CO,ZJ:CpJKaruee rrepeMCHHYIO 

B llOKa3aTCJIC CTCIICHII, TO CCTb ypaBHCHIIC BII,ZJ:a af(x) = bg(x), r,ZJ:e a II 

b - ,ZJ:CHCTBIITCJihHhiC l.JIICJia, rrpii'ICM a> 0, a ;t:.1 II b > 0, b ;t:.1 o 

fl01W3ameJlbHO-CmeneHHbLM ypaBHCHIICM Ha3biBaJOT ypaBHCHIIC 

BII,ZJ:a (j(x))g(x)=(f(x))cp(x) (cJiyqa:H f(x)<O HaMIIpaccMaTpiiBaTh

ca He 6y,ZJ:eT )o 
MeTO.ll;bi peiiieuuii ypauueuuii: 
1. EcJIII ypaBIICHHC IIMCCT BII,ZJ: af(x) = ag(x) , TO OHO paBHOCIIJihHO 

ypaBHCHIIIO j(x) = g(x) o 

2. EcJIII ypaBHCHIIe IIMCCT BII.ll: af(x) = b , TO pam-IOCIIJihHO ypaBHe

HIIIO f(x) = loga b 0 

3. ECJIII ypaBHCHIIC HMCCT BII,ZJ: (/(x))g(x) =(/(x))Cjl(x), TO pernaeM 

Tpii ypaBHCHlJ}!: 

1) g(x)=<p(x) rrpii /(x)>O II /(x);t:.1; 

2)/(x)=1; 

3) f(x) = 0 0 B aTOM cJiyqae Heo6xo,ZJ:IIMa rrpoBepKa rroJiy'IeHHhiX 

KOpHCH ypaBHCHH51llO,ZJ:CTaHOBKOH IIX B HCXO,ZJ:HOC ypaBHCHHC, TaK KaK 

MO)KCM llOJIY'IIITb HCOIIpC,ZJ:CJICHHOCTh BII,ZJ:a 0° IIJIH o-n = ~ o 

06bC.lJ;IIHIIB KOpHII TpCX ypaBHCHIIH, IIOJIY'IIIM pelliCHHC ypaBHC-

Hli51 (/(x)l(x) =(/(x))Cjl(x) 0 

13.2. Jlorapvu:f:>MIIIl.feCKIIIe ypasHeHIIIs:t 

JlozapUrjJMU1leC1CUM Ha3hiBaiOT ypaBHCHHC, CO,ZJ:CpJKaiUCC IIC

peMCHHYIO IIO,ZJ: 3HaKOM JIOrapmpMa, TO CCTb ypaBHCHIIC BH,ZJ:a 

logg(x) f(x) = <p(x), r,ZJ:e /(x) > 0, g(x) > 0, g(x) ;t:.1. 
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MeTOAhi pememdi ypaBueunii: 
1. ECJHI ypaBHeHHe HMeeT BH.l{ loga j(x) = loga g(x), TO OHO paB

HOCHJibHO ypaBHeHHIO j(x) = g(x) IIpH yCJIOBHH, 'ITO a> 0 l1 a :f:. 1; 
/(x)>O, g(x)>O. 

2. ECJlH ypaBHemre HMeeT BHJ( loga j(x) = g(x), TO OHO paBHO-
CHJibHO ypaBHeHHIO j(x) = ag(x) IIpH ycJIOBHH, qTo a> 0 ll a :f:. 1; 
f(x)>O. 

TeeT AflH nposepKIII TeopeTIIILteCKIIIX 3HaHIII171 

Y1wJ1Cume ece eapuaJtmbt npa6UJtb1lblX omeemoe ( 1-4 ): 

1. I1oKa3aTeJibHbiM Ha3biBaiOT ypaBHeHHe BI1J(a: 
1) af(x) = ag(x) rrpu a E R ; 

2) af(x) =b rrpu a>O, a:F-1 H hER; 

3) af(x) = bg(x) rrpn a> 0, a =F 1 H b > 0, b =F 1; 

4) ab = f ( x) rrpn a > 0, a =F 1 u f ( x) > 0 ; 

5) af(x) = -b rrpn a> 0, a =F 1 H b < 0; 

6) -af(x) = -b npn a > 0, a =F 1 n b > 0 . 

2. I1oKa3aTeJibHO-CTeiieHHbiM ypaBHeHHeM Ha3biBaiOT ypaBHeHHe 
BHJ(a: 

1) (/(x))g(x)=(/(x))<p(x) npu /(x)>O H f(x):F-1; 

2) (/(x))g(x)=(/(x))<p(x) npu /(x)>1; 

3) (/(x))a = (/(x)i rrpu /(x) > 0 n /(x) =F 1; 

4) (f(x))g(x)=a rrpn /(x)>O H /(x)=F-1; 

5) af(x)=g(x) rrpu a>O, a=F1n g(x)>O; 

6) af(x) = ag(x) rrpH a > 0, a =F 1 . 

3. JlorapHcpMnqeCKHM Ha3hiBaiOT ypaBHeHHe BHJ(a: 

1) logaf(x)=logag(x) rrpu a>O, a:F-1; f(x)>O, g(x)>O; 

2) loga f(x) = g(x) npn f(x) > 0, a> 0, a =F 1; 

3) loga f(x) = loga g(x) npn /(x) > 0, g(x) > 0, a> 0; 

4) logaf(x)=g(x) rrpn f(x)?::.O, a>O, a=F-1; 
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S) logg(x) f(x) = <p(x) npu j(x) > 0, g(x) > 0, g(x) :;t: 1; 

6) logab=f(x) npH a>O, a:t:1, b>O. 

4. qTo6bi HaihH pemeHHe ypaBHeHH5l (f(x))g(x) =(f(x))<p(x), He

o6xo,uHMo: 

1) o6ne,UHHHTb KOpHH ypaBHeHHH g(x) = <p(X), j(x) = 1, j(x) = 0; 

2) o6ne,UHHHTb KOpHH ypaBHeHHH g(x) = <p(x), j(x) = 1, j(x) = 0 
H BbinOJIHHTb rrpOBepKy ITOJiyl.JeHHbiX KOpHeH; 

3) peiiiHTb CHCTeMy ypaBHeHHH g(x) = <p(x), j(x) = 1, j(x) = 0 H 

l3binOJIHHTb rrpoBepKy ITOJiyqeHHbiX KOpHei:J; 

4) peiiiHTb COBOKYITHOCTb ypaBHeHHII g(x) = <p(x), j(x) = 1, 
j (X) = 0 II BbinOJIHHTb rrpoaepKy ITOJiyl.JeHHbiX KOpHeH. 

Ycmmweume coomeemcmeue: 
5. PaBHOCHJihHOCTh ypaaHenuH:: 

YPABHEHI1E PABHOCI1JibHOE ITPI1 YCJIOBI1I1 
YPABHEHI1E 

1) af(x) = ag(x); a)f(x)=b; 

2) af(x) = -b ; 6) f(x) = g(x); 

5) logaf(x)=g(x). ,u) f(x)=loga(-b); 

e) f(x) = log_a b. 

OmBembt 

HoMep aanamu1 1 2 3 4 

BaprraHT rrpaBHJihHOro 
OTBeTa 3,5,6 1,4 1, 5 2,4 

np111Mepb1 

m) a > 0, a :;t: 1 , 
b<O; 

3) a >0, a :t:1, 
b>O; 

H) a >0, a:t:1, 
f(x)>O; 

K) a < 0, a :;t: -1 , 
b>O; 

JI) a>O,a:t:1, 
j(x)>O, b>O; 

M) a >0, a:t:1. 

5 
1 - 6 - M, 2 - n - )!(, 

3- e- K, 4- a- JI, 

5-r-n 

llpHMep 1. Hail,uHTe cyMMY KOpHeH: ypaBHeHna 

0,5( .J2/x+4 ·3X+1 =36·( .J6) 2x:6. 
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PeweHue. TipiiMemui CBOHCTBa CTeneHeH 2.8, 2.1 0, 2.3, 2.6, 
1 (2 - 4) 1 2.:r+6 .:r+3 1 - X+ -·- -

JIOJIY'IIIM: T ·2 2 - ·3x·3=36·62 x , 2x·2·3x·3=36·6 x, 
x+3 x+3+l 

2x ·3x =6·67 6x =6 x 
' x+3+l 

TioKasaTeJibHoe ypaBHCI-IIIe 6x = 6 x paBHOCIIJihHO ypaBHemno 

x=x;3 +1, x 2 =x+3+x HJIII x2 -2x-3=0,oTey.n:a x1 =-1, x 2 =3. 

Hai1.n:eM cyMMY Kopneli ypasHemur: -1 + 3 = 2. 
Omeem: 2. 

x-3 3 3x-1 0 llpnMep 2. Penn1Te ypaBHeHHe (23)3x-7 0,25 x-1 =(-1,0(3)) . 

Peweuue. Tipe.n:cTaBIIM q11cJia 0,25 II ( -1,0(3))0 B BH.l(e CTeneHei:I 

qncJia 2: 0,25 =% = ; 2 = 2-2
, ( -1,0(3))

0 
= 1 = 2°. 

TipnMeHRR CBOHCTBa 2.5, 2.9 II 2.3, 3aniiiiieM: 
x-3 _2_1.1..3-<-1 3-(x-3) _ 3x-1 3x-9_3x-1 

(23 )3x-7 . 2 3 2 x-l = 20 , 2 3x-7 . 2 3·(x-1) = 20 , 23x-7 3x-3 = 20 . 

flonyqHJIH ypaBHCHIIe BH,l(a af(x) = ag(x) , paBHOCHJihHOe ypaB-

/(x) --g(x). c 3x-9 3x-1_ 0 HCHHIO .Jie,l(OBaTeJibHO, ----- HJIII 
3x-7 3x-3-

3x-9 3x-1 o 

3~ _ 
7 

= 
3

X _ 
3 

. flpiiMCH.H.H OCHOBHOC CBOHCTBO rrporropl:(JIH, JIOJIJ'!HM: 

(3x-9)(3x-3) = (3x-7)(3x-1), 9x2 -36x+27 = 9x2 -24x+ 7, 

20 5 12x=20, oTKy.n:a x=rr='3. 

Omeem: ~-

llpnMep 3. PemiiTe ypaBneHHe 
2· 5.1:"+6 - 2 ·3X+7 -86·5X+4 +38·3x+S =0. 

Peweuue. 3anHIIIel'1 ypaBHeniie B BH.l(e 
5x+6 -43·5x+4 =3x+7 -19·3x+5. 

B neBOH H npaso}i '!acTII ypasnenH.H BhiHeceM cTerrenH c rroKasaTe
.'IeM X+ 4. floJiy'IHM: 

sx+4 (52 -43) = 3X+4(33 -19·31)' 5x+4 ( -18) =3x+4
( -30), 

3·5.1:"+4 =5·3.1:"+4
. 
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Pa3.ZJ:eJIIIM o6e qacTII ypaBHeHIIJI na 3 II na 3x+4 : 

3. 5X+4 - 5. 3x+4 5x+4 - .§_ (.§.)x+4 = (.§.)1 
4 - . 4 . 3amnneM 4 - 3 

HJIH 
3 3 

, 
3·3X+ 3·3X+ . 3X+ 

OTKy.ZJ:a x+4=1, x=-3. 

Omeem:-3. 

IIpHMep 4. Haii.ZJ:IITe .ZJ:eCJITIIqHbiH norapwpM Y.ZJ:BOennoro rrpoii3-

Be.ZJ:eHIIJI Kopne:H ypaBneniiJI 22JX+S + igioo = 2J'X+S+Z + 2JX+S. 
Pewe1-tue. O,U3: x+52:=0. 
3arriirneM ypaBneHIIe B BIIJJ,e 22JX+S+4=2JX+S·22 +2JX+S II rrpii-

MeHIIM IIO.ZJ:CTaHOBKY 2JX+S =a> 0. Tor.ZJ:a IICXO.ZJ:HOe ypaBHetme rrpii

MeT BII.ZJ: a2 +4 = 4a+a. PerniiB KBa.ZJ:paTnoe ypaBneniie a2 -5a+4 =0, 

IIOJiyqiiM a1 = 4 , a2 = 1. 3ciiM 3HaqeHII5IM a COOTBeTCTBYIOT .ZJ:Ba ypaB
HeHIIJI: 

1) 2JX+S = 4 , 2JX+S = 22 
, .J X+ 5 = 2 , X+ 5 = 4 , X = -1 ; 

2) 2'-'X+5 =1, 2JX+S=2°, .Jx+5=0, x+5=0, x==-5. 
IIocKOJihKY qiicJia -5 II -1 rrpiiHa.ZJ:JieJKaT O,U3 ypaBneHIIJI, To na:H

.ZJ:eM .ZJ:eCJITIIqHbiH JiorapwpM Y.ZJ:Boennoro rrpoii3Be.ZJ:eHIIJI rroJiyqennhiX 

KOpHeH ypaBHeHIIJI: lg(2 · ( -1) · ( -5)) = lg10 = 1. 

Omeem: 1. 

IIpHMep 5. Haii.ZJ:IITe MO.ZJ:YJib pa3HOCTII Kopne:H ypaBHeHIIJI 

9·32x -13·6x +22x.Z =0. 
Peweuue. 3arriirneM ypaBneHIIe B BII.ZJ:e 9 · gx + 4 · 4x = 13 · 6x II pa3-

.ZJ:eJIIIM o6e ero qacTII na 6x ,;:. 0 : 

gx.g+4x·4=13·6x g(Q.)x +(.4.)x =13 g(l)x +(1)x =13. 
6x 6x 6x ' 6 6 ' 2 3 

B pe3yJibTaTe IIO.ZJ:CTaHOBKII ( ~ r =a > 0 ypaBHeHIIe rrpHMeT BII.ZJ:: 

9a+~=13, 9a2 -13a+4=0,0TKY.ZJ:a a1 =~, a2 =1. 

YqHTbiBaJI IIO.ZJ:CTaHOBKY ( ~ r =a , pelliHM .ZJ:Ba ypaBnemm: 
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(3)x 4 (3)x (3)-Z 1) 2 =g, 2 = 2 ,OTKy)"(a X=-2; 

(3)x (3)x (3)0 2) 2 = 1 , 2 = 2 , OTKy)"(a X = 0 0 

HaH:)"(eM MOi'J:YJib pa3HOCTH KOpHeH ypaBHeHI15.1: I-2-0j = 2 0 

Omeem:20 

llpHMep 6. Ha:ii)"(HTe 3Ha'IeHHe 1,5a, ec1111 

0,4032a+1_0,_206a-304a =16 
5,4oga-1+0,206a-z2a+1 '0 

Pewe1tueo 3anmneM ypasHeHIIe B Bl1)"(e 

(0,4°32a+l_0,2o6a-3°4a)OS 16 2°32a+l_6a-15°4a _ 8 
(5,4oga-l+0,2o6°-2Za+l)o5 10' 27oga-l+6a-5°22a+l-5° 

CorJiaCHo cso:ilcTBaM 203, 205 11 204 ( CMo no 203) npeo6pa3yeM cJie)"(y

IOIU11eBbipa)KeHIIH01) 32a+1=3°32ao2) 4a=22ao3) 9a-l=9a =1. 032ao 
0 

' ' 9 9 ' 
4) 6a =2a 03a; 5) .22a+l =2°22a o 

J1CXO)"(HOe ypaBHeHIIe IIp11MeT 811)"(: 

2°3°32a-2ao3°-15°22a 8 6°320 -2ao3a-15°220 8 ..::._::,;-___:::.._..::.____;:-=---:=n-= 
27 01. 0 32a + 2a 0 3a- 50 2 0 22a 5 ' 3 0 32a + 2a 0 3a -10 0 22a 5 0 

9 
Pa3)"(eJII1M 'II1CJII1TeJih 11 3HaMeHaTeJib )"(po611, 3an11caHHOH B Jieso:il 

qacTH ypasHeHHH Ha 22
a 11 np11MeHIIM cso:ilcTBO 207: 

32a 2a 
0 3a 22a 

6°-----15°- 2a ( a 22a 22a 22a _ 8 6°(1,5) - 1,5) -15 8 

30 32a +2ao3a _ 100 220 -5, 3°(1,5)2a+(1,5t-10 5° 
22a z2a 22a 

IloJiaraH (1,St =x, nocJie)"(Hee ypaBHeHHe 3anmneM B BH)"(e 

6x~-x- 1 S =.§.
5

0 IlocKOJibKY 3HaMeHaTeJib )"(po611 He )"(OJI)KeH o6pa-
3x +x-10 
IIIaTbC5IBHYJib,TO 3x2 +x-10:;t0 11X1:;t-2,a x2 :;e~o 

I1 piiMeH11M OCHOBHOe CBOHCTBO nponopU1111 11 ITOJIY'IHM: 

30x2-5x-75=24x2+8x-80, 6x2-13x+5=0 ,oTKyi'l:a x1=~,x2=~ 0 

TaK KaK Xz = i -ITOCTOpOHHI1H KOpeHb ypaBHeHI15I, TO ( 1, 5t = 0, 5 o 

Omeem:0,50 
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llpHMep 7. PermiTe ypaBHeHue 

X X 1 
PeweHue. nycTh (.J6+.J35)" =a, TOr,ll,a (.J6-.J35) =;;· noc-

KOJihKY B pe3yJihTaTe yMHO)KeHMJI JieBhiX I1 rrpaBhiX '!aCTeH: oTMX pa

BeHCTB fiOJIY'IMM: 

(.J6+J35t(.J6-J35r =a·~· (~(6+J35)(6-J35)r =1, 

(.J36-35f =1, 1x =1, 1=1. 

PaccMoTpHM ypaBHemre a+1..=12 MJIM a
2 -12a+1=0, OTKy.D.a 

a 

D =122 -4=4(36-1) =4·35, a1,2 = 12 +~J35 =6±J35. 

Y'IMThiBaJI IIO,ll,CTaHOBKY ( .J 6 + J35 r =a ' perrrMM ypaBHeHMJI: 

( )

X X 1 
1) .J6+.J35 =6+.J35, (6+J35)2 =(6+J35), OTKy,ll,a ~=1, 

x=2; 

2) ( .J6+J35r =6-JE. (6+J35)~ =(6+.J35r
1 

,OTKy,ll,a ~=-1. 
x=-2 

Omeem: { -2; 2}. 

llpHMep 8. HaH.D.MTe 'IMCJIO KOpHeH: ypaBHeHMJI 
2 

11-xlx -sx-3 =lx-W7x. 

PeweHue. lloCKOJihKY 11:- xi= lx -11 , TO MMeeM ypaBHeHMe BMJJ:a 

(J(x))g(x) =(f(x))cp<x). 

PerrrMM TPM ypaBHemm: 

1) x 2 -Sx-3=-7x, x 2 +2x-3=0, oTKy.D.a x 1 =-3, x2 =1; 
2) lx-11=1, OTKyJJ:a X-1=1, TOr,ll,a X=2 MJIM X -1 = -1, TOr,ll,a X= 0; 

3) IX -11 = 0, OTKyJJ:a X= 1. BhiiiOJIHMM npoBepKy: TIOJJ:CTaBMM 3Ha

'ICHMe X= 1 B MCXOJJ:HOe ypaBHeHMe I1 TIOJIY'JMM ol-S-3 = o-7 
. TaK KaK 

MMeeM Heonpe,ll,eJieHHOCTh BMJJ:a o-n, TO 'IMCJIO 1 He JIBJIJieTCJI KOpHeM 

MCXOJJ:HOrO ypaBHeHMJI. 
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2 
YpaBHemie 11- xlx ~sx-3 = lx -1r7

x HMeeT TPH KopHa: ·-3, 0 H 2. 

Om8em:3. 

TipJIMep 9. Hail,n:HTe KBa,n:paT .n:ecaTH1JHoro JiorapH¢Ma cyMMhi 
KOpHeM (HJIH KOpH5I, eCJIH OH e,n:HHCTBeHHhiH) ypaBHeHI151 

lg8-lgJx+6 = lg16-lg(x-2). 

{
x+6 >0, 

Pewe11.ue. OJI:3: x _ 2 > O; ~ x > 2 . 

CorJiacHo cnoikTBY 12.5 rroJiy<JHM: 

lg-8- = lg _!§__ _8- = __!§__ _1_ = _2_ 
..Jx+6 x-2' ..Jx+6 x-2' ..Jx+6 x-2 · 

flpHMeHHM OCHOBHOe CBOMCTBO IIpOIIOpiii111l1 3aiiHIIIeM: 

2..Jx+6 =x-2, (2Jx+6/ =(x-2)2
, 4x+24 =x2 -4x+4, 

x 2 -8x-20=0, OTKy,n:a x1 =10, X 2 =-2, IIpH1JeM 1JHCJIO -2- IIOCTO

pOHHHM KOpeHh ypaBHeHH51. 

Tor.n:a lg21 0 = 1 . 

Om8em: 1. 

TipHMep 10. PernHTe ypaBHeHHe 

log3x_10(10x2 -61x+94) = 101
g0·

10
'
5

. 

{

10x2 -61x +94 > 0, 
Pewe11.ue. OJI:3: 3x-10>0, 

3x-10 :t:1. 

BbiiiOJIHHM rrpeo6pa3oBaHH5I rrpaBoil qacTH ypaBHeHH51: 

l T 1 
10Igo,J0,5 =10g10-1 =10lg2 =2. 

TaK KaK HMeeM ypaBHeHHe BH,n:a logg(x) j (X)= C , TO HCXO.D:HOeypaB-

HeHHe Ha OJI:3 paBHOCHJihHO ypaBnemno 10x2 -61x+94=(3x-10i 

JIJIH x 2 -x-6 = 0, OTKyll:a x1 = -2, x2 = 3. fiOCKOJihKY 1JHCJia -2 l1 

3 He IIpHHall:Jie:IKaT o6JiaCTH ,n:orrycTHMbiX 3Ha1JeHHM ypaBHeHH51, TO 

ypaBnenne Kopneil ne HMeeT. 

0mBem:0. 
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llpnMep 11. Peumre ypaBHeHHe xlgx = 1 ooox-2 . 

Pew.e1tue. OLJ:3: x > 0. l1oJiara5l lgx =a , 3armrneM x = 10a H pe-

IliHM TIOKa3aTeJibHOe ypamreHHe ( 10ar = 103 (10arz. 
ITpnMeHHM CBOHCTBa creneneil 2.5, 2.3 H noJiy'IHM: 

2 2 
1 oa = 103 .1Q-Za ' 1 oa = 1 o3-Za ' a2 = 3-2a ' a2 + 2a-3 = 0 ' 

orKy,n;a a1 =-3, a2 = 1. 

yqHTbiBa5l TIOIJ:CTaHOBKy, HaHIJ:eM KOpHH HCXOIJ:HOfO ypaBHeHH5I: 

x 1 =10-3 =0,001 H x 2 =101 =10. 

Omeem: {0,001; 10}. 

B pe3yJibTare TIOIJ:CTaHOBKH log3 x =a noJiyqHM: 

i~~ -(1-a)(1+a)=O, (1-a)( 11a -(1+a))=o. 

PeruHM ll:Ba ypaBHeHHR: 1) 1-a= 0 , orKy~J:a a= 1 ; 

2) -
1

1 
-(1+a)=0,0TKY!l:a (1+a)

2 =1 H a=O HJIH a=-2. 
+a 

YqHTbiBa5l TIOIJ:CTai-IOBKy, paccMorpHM rpH ypaBHeHHR: 

1) log3 X = 1 , X = 3 ; 

2) log3 X= 0, X= 1 - TIOCTOpOHHHll KOpeHh; 

1 3) log3x=-2, x=g· 
Hail~J:eM cpe~J:Hee reoMerpHqecKoe Kopneil ypaBHeHHR: 

~3·i= ~=1· 
Omeem: 1· 
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llpnMep 13. Permne cncTeMy ypaBHeHHM 132.../x-JY = 10log~110 , 
{
x>O lgJXY =1+lg3. 

Pewe~tue. 0l{3: o' y> . 

{ 
32.../x-JY - 34 

3anniiieM crrcTeMy ypaBHeHrrii: B BII.ll:e r::::: - ' 
lg-vxy =lg10+lg3. 

PaccMaTpiiBaeMa5I CIICTCMa COCTOIIT II3 llOKa3aTCJibHOrO II JIOrapH(p-

v { 2.JX-JY=4, (1) MIIqecKOrO ypaBHCHIIII II paBHOCIIJlbHa CIICTCMC r::;::: ( 
-vxy=30. 2) 

Bbrpa3nM JY n3 ypasHemJ5I (1): JY = 2.JX -4. Tio.ll:CTaBHM noJiy

qeHHOCBbrpa:>KeHnesypaBHeHne(2): .JX(2.JX -4) =30, 2x-4.JX = 30, 

X- 2-JX -15 = 0. iloJiyqiiJIII KBa.ll:paTHOC ypaBHCHIIC OTHOCllTCJibHO 

.JX. 3HaquT JX; =5, OTKy.ll:a X= 25 ll .ji;~-3, OTKy.ll:a XE 0. 

Haii:.ll:eM y: JY=2·5-4, JY=6, y=36. 

Omeem: (25; 36) . 

flpHMep 14. HaM.ll:llTC npOI13BC.ll:CHIIC qnceJI X H y, CCJIII (x; y) -

llog2 x
2l = logx x, 

peiiienHe ciicTeMbi ypaBHeHuii: 1 g _£ = 1 g -4 
o 2 2 o yY . 

y 

P O n3 {x>O, x:;t.1, 
ewe~tue. .u. : 0 1 y> 'Y* . 

ilpeo6pa3yeM nepBoe ypaBHCHllC CIICTCMbi: 

log2 x
2 +log2 y

3 = 1, 2log2 x+3log2 y = 1. 

Tipeo6pa3yeM BTOpOe ypaBHCHI1C CHCTCMbJ: 

log2 x-log2 y
2 = -4, log2 x-2log2 y = -4, 2log2 x-4log2 y = -8. 

HaH.ll:CM pa3HOCTb noJiyqeHHbiX ypaBneHIIii:: 

2log2 x+3log2 y=1 
-2log2 x-4log2 y = -8 

7log2 y=9 
9 Q. 

Tor.ll:a log2 y='7 II y=27 . 

Hall:.ll:eM 3HaqeHHe .X, peiiiM ypaBHeHIIe log2 x- 2log2 y = -4. Tio-

18 10 -~ 
JiyqiiM: log2 X= -4 +7 , Jog2 X= - 7 , OTKy.ll:a X= 2 7 
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HaHJJ:CM rrpoH3BCJJ:CHHe noJiyqeHHhrx 3HaqeHHH x 11 y: 
10 9 1 

xy=2-7.27 =2-7 =Z/0:5. 

Omeem: I.f0,5. r,r-;;:;; 

{
~xx+y _ 2 

IIpHMep 15. HaHJJ:HTe perneHHR cncTeMhr ypaBHeHHi1 .~CXffl" - Y ' 
~Yx+y =X 

np11 ycJIOBHH, qTo y > 0. 

PeweHue. flpHMCHHM orrpeJJ:eJrerme JIOrapwpMa H 3arrnrneM cMcTe-

{

x+y =logxy2, {x+y=12logxy, 
MY ypaBHemri1 B BHJJ:e . x ~ x + = _3_. 

__ y =log x· y log y 
3 y ' X 

l 3 2 l 2 1 TorJJ:a 12 ogxy=-
1
--, 12logxy=3, ogxy=-

4
, OTKyJJ:a 

ogx.lf 

l 1 1 . 1 r 1 ogx Y = 2 HJIH ogx y = - 2, a 3HaqHT y = v X MJIM y = JX . 
PaccMoTpHM JJ:Ba cJiyqaa: 

1. EcJIH y = JX , TO, ITOJJ:CTaBJIRR 3HaqeuHe y B JIIo6oe ypaBHCHHe 

HCXOJJ:HOH CHCTCMhi, HarrpHMCp B ypaBHCHHC Xx+y = y12 
, HaHJJ:CM 3Ha

qemre nepeMeHHOH X, pernaJI I10Ka3aTCJlbHO-CTei1CHHOe ypaBHeHHe 

xx+JX =x6: 

1) X+ JX = 6 , X+ JX- 6 ::::. 0 , OTKyJJ:a JX = 2 , a X = 4 , TOrJJ:a y = 2 ; 
2) X= 1, TOrJJ:a y = 1. 

1 X+_!_ . 
2. EcJin y = JX , TO pernnM ypaBueune x JX = x-6

. TaK KaK x > 0, 

1 6 u u 1 TO ypaBHCHHe X+ JX = - KOpHCH HC HMCCT, a CJiyqau X = Y:JKC pac-

CMOTpCH. 

TaKHM o6pa30M, paccMaTpHBaeMaa cncTeMa ypaBueuui1 HMeeT JJ:Ba 

pernemm: (4; 2),(1; 1). 

Omeem: (4; 2),(1; 1). 

3aAal.llil Ails:! caMoCTOf!TellbHOro peweHiilfl 
PernnTe ypaBHeH:na ( 1-75): 

193 



x+.g 

3. ((m)1-#J , =(3't. 
2 2 3 

4. 2x -3 .5x -3 =(0, 2S)Iog21o ·(iox-1) . 

(
25

)
x2-12 _1_ r-=f 

5. 0,6x 9 =(0,216)3. 6. sx-.Jx ·0,2"x-· =lli. 

2 1 ..(X 

7. ( J2),!x-1.Q,5Tx+t = 4x+Tx. 

4+~ 1 

8. 2,5 ~ ·0,4 1-~ =510 ·32lgO,S. 

9. 27x -13·9x +13·3x+1 =33. 

10. 25x +5·22x =52x+1-20·4x. 

11. 0,5·9x+(~0,5·3x)2 

=22x. 12. 9X+2+45·6x=9·22
x+2. 

13. 1,5·24x +92x =2,5·62x. 

15. gxz-1,5 -12·3x2-3 =-1. 

17. C~)3x + c~r-10 = 84 . 

19. 8,5·2,Jx2-8x -22 =4~x2-8x. 
2 2 

21.10l+x -101-x +10°=102. 

2 8x 2x+1 
23. . + =10. 

4x -2 

14.15·52x-1-10·Sx-l=1. 

16. 22x -10·2x-1-6·22 =0. 

18. g...rx=5 = 91
'5 + 6 · 3...rx=5 . 

2 31x+1 2 
25. l<x-3)3r - 3 = 1. 26. 12- xl10x -3x-1 = lg 10 . 

27. log2( .J4x+5 -1)=0,Slog2( .J4x+5 +11). 

28. (t+ 2~)lg3+lg2=lg( 27-3~} 
29. lg(x+i,S) =-lgx. 30. xlg~52x-B -lg25 =0. 

31. x(lgS-1) = lg( 2x + 1) -lg6. 

32. O,S(lg( x 2 -55x+90)-Ig(x-36)) = IgJ2. 

33. lg(5-x)-1lg(35-x3) =0. 
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34. log2 x + log4 x+ log8 x = 11. 

35. lg8 -lg.Jx+6 = lg16-lg(x- 2). 

36. 3log5 2+ 2-x = log5 ( 3x -52-x). 

37. log3(81x+32x)=3log27 90. 

38. lgS+ lg(x+10) = 1-lg(2x_:_ 1) + lg(21x-20). 

39. lg(3x -24-x) = 2+0,25lg16-0,Sxlg4. 

40. 2-lg4+lg0,12 =1. 41. lg(625~5x2-20x+55 )=o. 
lg( .J3x+ 1 +4) -lg(2x) 

42. lg10
1
g(x

2
-

21
) -2 =lgx-lg25. 

43. lg( 81~3x2-Sx )=0. 

x-5 1 ( 2 ) 45. log2 x+S = og0,5 x -25 . 

47. log3 (x-2) = -O,Slog3 (x-4r 

48. log3 (3-xi -log 1jx-3j=3. 
3 

49. lg(x(x-9)) = -lg( x-1 (x+9)). 

44. log0,5 log3 log4 x = log7,51. 

2log25(~ +1) 
46. ( ~ ) =1. log25 -v2x-7 + 7 

50. log2 (x4 +4)-x=log2 (2·2x -3). 

51. log1_x 6 -log1_x 4 = 1. 

53. lg(.J6+x+6)-21og"Jk10=0. 

54. 2log(B+xr1 (2x-.J6+x)=-1. 

55. 3. 221ogx2- 23 = 46. iogx2-1. 

52. 6logx3+3log 1 x=1. 
27 

56. 1+logx4·log4 (10-x)=2·log41 x. 

57. logx9+log 2 93 -!ogxx=9. 
X 

58. lg2 x 2 = lg210. 

59. lnlog~(x-4)=0. 60. lg2 (10x)-log0,1x-19=0. 

61. xlog2x -10lg8 = 0. · log 2(x2-1) log 2J62S 
62. X X =X X • 

63. 221og2x +x2 =(2..Ji)2. 64. ~ xlg../X = xlogx10. 
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65. 3.Jlog3 X= 4logg J3X + 1. 66 . .J54(logs2+X) -5Hiogs2 = 2. 

67. lg( x2 + 1 )+ lg10 = 2lg-1 ( 1 + x2). 

68. 0,25logx ( 9x2
) ·log~ x = logx X. 

2 r 2 x2 
69. log0,5 ( 2v x) + log2 23 = 8. 

70. 33lgx -7 ·32lgx -21·3lgx =-33. 

71. log 1 x ·log9 x ·log27 x ·log81 x = -0,(6). 
3 

72 . .Jlog5x +.J1ogx5 = 3~. 
73. (log2x-3)log2 x=-(log2 x+1)log2 W. 

74. lg2(1o.JXf +lg210x=14+lgx-1
. 

75. 5log2(x2-21) .s-Iog2x =52. 

Peuune cucTeMbi ypaBHeHHH (76-89): 

76. { ~~r: :1 ~~2y = 5, 77: {~~~1;y~y, 

{

logy x + logx y = 2, 

79. (It =!+s. 

{
x2y2-1 -5 

81. 2 - ' 
xY +2 =53. 

83. {2x-1. 3y-1 = 1, 
3x-1. 4y-1 = 1. 

{
(x+y)2y-Zx =2,52, 

85. (2 )-1 
(x+y) x-y =5. 

86 {23Iogg(x-4y) = logz 2, 87 {log2 x = 2log2 y, 
• 22x-4y -7. 2x-2y = 23. . 0, 2x2 + Y2 = -0, 8. 

88 - ' { 
10lg(x+y)_5 

· lg(x- y)+lg(x+y)+lgS =lg100. 

89 { 3Y . 32x = g2' 
· lg(y+x)2 =lgx+lg9. 

196 



90. HaiiiJ:HTe KBa~J:paT pa3HOCTH KopHeii ypaBHeHH5I 
2 2 2 2 2x -1-3x -3x -1+402x =00 

91. HaiiiJ:HTe MOIJ:YJib pa3HOCTH KOpHeii ypaBHeHH5I 
1 1 1 1 

4°100~ +4°25~ =17 °25~ 0 2~ 0 

92. HaiiiJ:HTe cpe~J:Hee apmpMeTH'leCKoe KopHeii ypaBHetnui 

3"-l2X +3R = 3../-.'IX-1 
12 ° 

93. HaliiJ:HTe npomBe~J:eHHe KOpHeii ypaBHeHH5I 
3 

Xlog3x -(V3x )4 =0 0 

94. HaiiiJ:HTe cpe~J:Hee reoMeTpH'lecKoe KOpHeii ypaBHeHH5I 
2 log6x 

6log6x-1+T-2=0 0 

95. Hai!,n:HTe Yll:BOeHHYIO cyMMy x II y, ecJIH ( x; y) - perneHHe cHc

u {1ogxy ( x- y) = 1ogxy xy, 
TeMbi ypaBHeHHH 1 ° ( ) _ 1 1 og_'t!f x+y - ogxy 0 

OmBembt: 1. x=810 2. xi=-0,2;x2=30 3. x=100 4. x1=1; 

x 2 =20 5. x1 =-2,5; x2 =3. 6. x=2,25 0 7. x=4 0 8. x1 =-7; x2 =8 0 

9. x1=0;x2 =1;x3=2.10. x=1.11. x=0.12. x=-2013. x1=0; 

x2 =0,50 14. x=O. 15. x1.2=±1;x3.4=±.J2 0 16. x=30 17. x=200 

18. x=9019. x1=-1; x2 =90 20. x=350 21. x12 =±1. 22. x=30 

23. xi =1;x2 =1og2 (3+..J29)-10 24. x1 =2; x2 =4; x3 =11. 25. xi=~; 
x2 =2; x3 =4 0 26. {-0,2; 0,5; 1; 3}0 27. x =50 28. x=O,S 0 29. x=O,So 

30. Xi= -1; Xz =5° 31. X= 10 32. X= 54 0 33. x1 = 2; Xz = 3 o 34. X= 64 o 

35. x=100 36. x=20 37. x=1. 38. xi =1,5; x2 =100 39. x=3 0 

40. X= 10 41. x1 = 5; Xz = 15 o 42. X= 7 o 43. X1 = 2; Xz = 6 o 44. 640 

45. x=60 46. x=5,50 47. x1 =3; x2 =3+.fio 48~ x1 =0;x2 =6. 
1 49. x=-10050. x=2051. x=-0,5052. x1 =

27
;x2=9053. x=10° 

54. x=3055. x=-Vio56. x1=2;x2 =8057. x=.J3058. x1.2 =±Mo 

197 



59. x=4,5. 60. X 1 =10-6;x2 ==10
3

. 61. x1 =2../3, x2 =T.J3. 

62. x=.f26. 63. x=2. 64. {100; 0,01}. 65. x 1 =3; 

x 2 =81. 66. x=O. 67. x 1,2 =±3. 68. 

x 2 =2. 70. x1 ==1; x2 ==100. 71. 

1 1 x1 = g , x2 = 3 . 69. x1 = 
128 

; 

x1 = ~; x2 =9. 72. x1='¥5; 

x 2=59
. 73. x1 ==~;x2 =4. 74. x1=10-4

'
5

; x2=10. 75. x=7. 

76. (0;2);(2;0), 77. (1;1} 78. (2~;2~). 79. (5;5). 

80. (3; 2). 81. (5; 1); (5; -1). 82. (0,5; -1,5) 83. (1; 1). 

84. (16; 3); (i4; -2). 85. (9; 16). 86. (5; 1). 87. (~; 1); (4; 2). 

88. (4,5; o,5). 89. (1; 2); (16; -28). 9o. 12. 91.1. 92. - 6. 93. m 
94. 1. 95. 2. 

KoHTpOilbHbiVI TeeT 

N2 3a,n;aHHH BapuaHThi OTBeToD 

Jlec5ITHquw1 JiorapYI¢M 1) lg21,5; 2) lg3; 
1 paQMOHaJibHOrO KOpH5I ypaBHeHH5I 3) 0; 4) 1; 

32-.JX- 2 = ~92_2,;x paBeH 5) 2. 

1) 101; 

CyMMa Kopueii: ypaBHeHH5I 2) 100; 
2 

} +lg
2(1-xr1 =8 pasua 

3) 99,99; 
4) 99; 

log1_x 10 
5) -98,01. 

CyMMa ,n;eoiTHqHbiX Jiorapu¢MoB 1) 4; 2) 5; 
3 KOpHeM ypaBHeHJ15I Xlgx = 100 000x4 3) 2; 4) 1; 

paBua 5) 3. 

Ecmi x0 - KopeHb ypaBHeHH5I 
1) 14; 
2) 64; 

4 log2log6 ( 2../X+t +4) = log6 6, To 3) 48; 

3HaqeHHe Bblpa:>KeHH5I log~ Xo paBHO 
4) 4; 
5) 16. 
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.N!! 3a~aHHJI BapHaHThiOTBeTOB 

ITpoH3Be~e:rme Kopneil ypaBHeHH51 1) 16; 2) 4; 
5 

~(2+.J3t +~(2-.J3r =4 paBHO 
3) 2; 4) -4; 
5) 0. 

Hail.n:IITe cyMMY Kopneil ( IIJIH KopeHh, 1)1,5; 2) 3; 
6 eCJIH OH e,UHHCTBeHHbiH) ypaBHeH!151 3) 2; 4) 2,52; 

2x +3x =13 5) 1. 

Hail,UIITe cpe.unee apH<JlMeTwiecKoe 1) 1,55; 

KOpHeH (HJIII KOpeHb, eCJIH OH 2) 9; 
7 e,l(HHCTBeHHbiH) ypaBHeHH51 3) 6,5; 

2 4) 1,5; 
lx- 3lx -7X+14 = (3- X )2 

5) 3. 

HanMeHbUiee u;eJio~ peiiienne 1) ( -1; 2); 2) (2; 6) ; 

8 ypaBHeHII51 40,5-flogzx = x-fiogx2 3) [2; 5]; 4) [3; 9); 
rrprma.n:Jie)I(HT rrpoMe)KYTKY 5) [3; 5). 

YpaBnenne 2x + 2-x = 2a-1 HMeeT 1)a=2; 2) a=1; 
9 e.unncTBennoe peiiienne, rrpH ycJIOBHH, 3)a>O; 4) a<O; 

qTo 5) aE [1; 1,9). 

IIpoH3Be.uenne Kopneil ypaBHeHII51 1) 0,25; 2) 1,25; 
10 

J1- xJiogzx-logzx2 = Jx -1J3 paBHO 
3) 125; 4) 4; 
5) 8. 

EcJIH x0 - MeHhiiiHH Kopenh 
1) 1; 

2Jg100-3Jgx 
2) 1,1; 

11 ypaBHeHHJI X x = Xlog_yO.t , TO 3) 10; 

3HaqeHHe x05 paBHO 
4) 0,0001; 
5) 100. 

Mno)I(eCTBO peiiiemn':J: ypaBneHH51 1) {3; 5; 7}; 2) R; 

12 logx+i ( x 2 +X-6) = logx+1Jx + 1J
4 

HMeeT 3) {13; 25}; 

BH,l( 4) {0; 1}; 5) 0. 
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N!! 3a,~J;aHMH BapMaHTbi oToeToo 

1)aER;2)a=0; 

13 YpaBHemre log~x+0,5a = 0,5\log3xl 3) aE (0; 0,125); 

HMeeT qeTbrpe perneHH5I, ecJJII 4) aE(1; 125); 

5) aE[1; 2]. 

KoJJuqecTBO QeJJhiX 3HaqeHHH a, rrpn 
1) 1; 
2) 2; 

14 KOTOpbiX ypaBHeHHe ln \xl = !!:_ HMeeT 3) 5; 
X 4) 3; 

He eLJ,HHCTBeHHbiH KOpeHh, paBHO · 
5) 10. 

Omeembl 
HoMep 3a,llam151 1 2 3 4 5 6 7 

HoMep npaBJJJibHoro 
3 5 1 2 4 3 5 

OTBeTa 

HoMep 3a,n;af!H5! 8 9 10 11 12 13 14 

HoMep npaBHJibHOro 
3 2 1 3 5 3 1 

OTBeTa 



nOKA3ATEJlbHbiE 
14 Ill JlOr APIIICOMIIILIECKIIIE 

HEPABEHCTBA 

14.1. noKa3aTeJ1bHble HepaBeHCTBa 

MeTOAbi pememdi IIOKa3aTeJibHbiX HepaBeHCTB: 

1. EcJIH: HepaneHCTBO H:MeeT BH.D; af(x) < ag(x) ($, >,~),To: 
a) rrpH ycJiomm, qTO a> 1 rroJiyqHM /(x) < g(x); 

6) rrpH ycJIOBHH, qTo 0 <a< 1 noJiyqHM f(x) > g(x). 

2. EcJIH: HepaneHCTBO nMeeT Bl1.D; af(x) < g(x), To: 

a) np11 a> 1 H g{x) > 0 noJiyquM /(x) <loga g(x); 
6) npn a> 1 n g(x) <0 noJiyqHM XE 0; 

a) npH 0<a<1H g(x)>O noJiyqnM f(x)>logag(x); 

r)rrpn 0<a<1 H g(x)<O rroJiyqJIM XE0. 

3. EcJIH: HepaaeHCTBO nMeeT BHJl af(x) > g(x), To: 

a) np11 a> 1 11 g(x) > 0 rroJiyqnM j(x) > loga g(x); 

6) rrp11 a> 0 n g(x) < 0 rroJiyq11M x E D(j); 

a)np11 0<a<1n g(x)>O rroJiyqHM f(x)<logag(x). 

14.2. noKa3aTeJ1bHO-CTeneHHble HepaBeHCTBa 

fipnne,n;eM anropnTM perneH11R noKa3aTeJihHO-CTerreHHoro Hepa
BeHCTBa BH,n;a (f(x))g(x) < (/(x))u;(x) ( >; $; ~ ): 

1. 3annrneM HepaneHCTBO B B11)le (f(x))g(x) -(/(x))lf{x) < 0 11 pac-

CMOTpHM ¢YHKUHIO F(x) = (/(x))g(x) -(f(x))<p(x). 
2. HaH:)leM o6JiaCTh onpe)leJieHH.H ¢YHK[(11H. 
3. HaH:)leM HYJIH cpyHKIJ,HH, peiUa.a ypanHeHn.a: 
1) g(x)=<p(x),np11lleM j(x)>O 11 f(x):t:1; 

2)/(x)=i; 

3) /(x)=O. 
4. HaHeceM HYJIH ¢YHKIJ,nn Ha ee o6JiaCTh onpe)leJieHH.H n rrpHMe

HHM MeTO)l HHTepBaJIOB. 
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14.3. floraplllcpMIIIYeCKIIIe HepaBeHCTB8 

MeTOlJ.bi pemeHHH JIOrapncpMnqeci<HX HepaBeHCTB: 
1. Ecm1 HepaBeHCTBO MMeeT BM~ Joga j(x)::; Joga g(x) ( <, >,;:=:),TO 

OJJ:3: {f(x) > 0• Toma: 
g(x)>O. 

a) npH ycJIOBMI1, qTO a> 1, IIOJIY'HIM j(x)::; g(x); 

6) IIpM ycJIOBHH, qTO 0 <a< 1, ITOJiyqHM j(x);::: g(x). 

2. EcJIH HepaBeHCTBO HMeeT BH~ loga j(x) < g(x), TO OJJ:3: 
j(x)>O. Tor.n.a: 

a) np11 ycJIOBHH, qTo a> 1, noJiyqMM j(x) < ag(x); 

6) npH ycJIOBHH, qTo 0 <a< 1, noJiyqHM f(x) > ag(x). 

3. EcJIH HepaBeHCTBO HMeeT BH~ Jogq(x) j(x)::; logq(x) g(x), TOpe

rnaTb HepaBeHCTBO :QeJiecoo6pa3HO MeTO~OM mnepBaJIOB ( CM. IT. 7.1 ). 

3a.MemUM, •ITO ITOKa3aTeJibllhie H JIOrapmpMHqecKHe HepaBeHCTBa 
BCer.n:a MOJKHO pelliHTb MeTO.ll:OM HHTepBaJIOB. 

TeCTAnHnposepK111TeopeTIIIYecKIIIX3HaHIII~ 

YcmaHoeume coomeemcmeue ( 1-5 ): 
1. HepaBeHCTBO af(x) < ag(x) : 

PABHOCI1JlbHOE HEPABEHCTBO 
1) f(x) < g(x); 
2) f(x) > g(x). 

2. HepaBeHCTBO af(x) < g(x): 
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PABHOCMJibHOE HEPABEHCTBO 
(EfO PEII1EHI1E) 
1) j(x) <loga g(x); 
2) /(x) > loga g(x); 
3) XE0. 

ITPI1 YCJIOBl1l1 
a) O<a<1; 

6) a >0, a* 1; 
B) a> 1; 
r) a> 0. 

ITPM YCJIOBI1I1 

a) a>1, g(x)>O; 
6) a> 0, a* 1, g(x) < 0; 
B) a<1, g(x)<O; 
r) a>O, g(x)>O; 

.n.) 0<a<1, g(x)>O. 



, 3. HepaBeHCTBO af(x) > g(x): 

PABHOCI1JibHOE HEPABEHCTBO 
(EfO PElllEHI1E) 
1) j(x)>logag(x); 
2) j(x) < loga g(x); 

3) XE D(j), 

I1Pl1 YCJIOBI1l1 

a) a>1, g(x)>O; 
6) a>O, g(x)>O; 

B) a >0, g(x)<O; 

r) 0<a<1, g(x)>O; 

,n,) 0<a<1, g(x)<O. 

4. HepaBeHCTBO loga f(x) $loga g(x): 

PABHOCI1JibHOE 
HEPABEHCTBO 

1) f(x) $ g(x); 

2) f(x) 2 g(x). 

5. HepaBeHCTBO logaf(x)<g(x): 

PABHOCI1JibHOE 
HEPABEHCTBO 

1) f(x)<ag(x); 

2) f(x) > ag(x). 

OmBembt 
HoMep 3a,namm 1 
BapHaHT 

1- B, 
npaBI1JJhH0fO 

2-a 
OTBeTa 

2 

1- a, 2- A, 
3-.6 

TIPI1 YCJIOBI1l1 

a) a > 1 [! ( x) > O, 
' g(x)>O 

6) a> 1 {f(x) > 0, 
' g(x) >0 

s) 0<a<1 {f(x)>O, 
' g(x)>O 

r) 0 < a < 1 [! ( x) > O, 
' g(x)>O. 

I1Pl1 YCJIOBI1l1 

a) 0<a<1, g(x)>O; 

6) O<a<1, f(x)>O; 

B) a>1, g(x)>O; 

r) a>1, /(x)>O. 

3 4 
' 

5 

1- a, 2- r, 1-6, 1- r, 
3-B 2-B 2-6 
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npll1Mepb1 
-I 

llpHMep 1. Pennue HepaBeHCTBO 21_2
x < 0,125. 

I 

Pewe11ue. 3amnneM HepaBeHCTBo B BH)l;e 

2 > 1 , TO ITOJIY'-IHM: 

21-
22 < T 3

. llocKOJihKY 

1 1 1 
1-2 x < 3 , 2;: > 4 , ix > 22 , 1. > 2 1- 2x > o . 

+ 
----~Or-----40r---•~ 

0 0,5 X 

Puc.14.1 

X X 
CorJiaCHO pncyHKY 14.1 pe-

rneHHeM HepaBeHCTBa RBJIReTCR 

rrpoMeJKyTOK (0; 0,5). 

Omeem: (0; 0,5). 2 

( 

1 )X -2x 
llpHMep 2. PernMTe HepaBeHcT:Bo 0,(7)x2 ~ 1. 

2 x -2x 0 Pewe11ue. 3arrmneM HepaBeHCTBo B BM,a;e 0,(7)~ ~0,(7) . IToc-

x(x-2) 
KOJibKY 0,(7) < 1, TO IIOJIY'-IHM 2 < 0. 

X 

+ + 
~ 

0 2 X 

Puc. 14.2 

Omeem: (0; 2]. 

CorJiacHo pMCYHKy 14.2 pe

rneHMeM HepaBeHCTBa RBJIReTCR 

IIpOMeJKyTOK (0; 2). 

IlpHMep 3. Orrpe)l;eJIHTe '-IMCJIO JleJihiX perneHHM HepaBeHCTBa 

(O,St2-4x-5:::; TX2+4X+5. 
2 2 

( 
1 )x -4x-5 ( 1 )x -4x-5 

Pewe11ue. 3armrneM HepaBeHCTBO B BII,a;e 2 ::; 3 
x 2-4x-5 x 2-4x-5 

Pa3,a;eJIHM o6e ero 'IaCTH Ha ( t) II rroJiy'-IHM (%) ::; 1 MJIM 

( 
3 )x

2
-4x-5 ( 3 )0 3 2 :::; 2 . TaK KaK OCHOBaHHe CTerreHH 2 > 1, TO ITOKa3aTeJihHOe 

HepaBeHCTBO paBHOCHJihHO CTeneHHOMY HepaBeHCTBY X
2 

- 4x- 5::; 0 . 

204 

+ + PenrHM rrocJie)l;Hee HepaBeHCTBO 

• .S JOo MeTO)l;OM HHTepBaJIOB (pHC. 14.3) H 
-1 X 

TIOJIY'IMM X E ( -1; 5] . 
Puc.143 

0Tpe3KY [ -1; 5] rrpnHa,a;JieJKHT 7 !leJibiX penreHHM HepaBeHCTBa: 

-1; 0; 1; 2; 3; 4; 5. 
OmBem: 7. 



llpuMep 4. Pennne HepaBeHCTBo 52 
( .J2(r: -1 ox+ sx > 25. 

Pewenue. 3anmneM HepaBeHCTBo B mr~e 

25·2x -2x ·5x + 5x -25>0 
l1 pa3JIO:>KMM ero JieByiO l.J:aCTb Ha MHO:>KMTeJIM. 

iloJiyl.J:MM HepaBeHCTBO 2x ( 25-5x)- ( 25- 5x) > 0 MJIM HepaBeHC-

TBO ( 25- 5x) · ( 2x -1) > 0 , KOTOpoe peiiiMM MeTO~OM MHTepBaJIOB: 

1. PaccMDTpMM ¢YHK~MIO f ( x) = ( 25-5x) · ( 2x -1) . 
2. D(f):xER. 

3. Ha:H~eM HYJIM ¢YHK~HM, peiiiM ypaBHeHne ( 25-5x) ( 2x -1) = 0, 

paBHOCHJibHOe COBOKYTIHOCTH ypaBHeHHH 5x = 25, OTKy~a X = 2 M 

2x = 1 , OTKy~a X= 0. 
4. HaHeceM l.J:HCJia 0 n 2 Ha KO-

op~HHaTHyiO npaMyiO n onpe~e

JIHM 3HaKM ¢YHK~HH Ha TIOJIYl.J:eH

HbiX npoMe:IKyTKax (puc. 14.4). 

+ 
--o------o---

0 2 X 

Puc. 14.4 

5. PeiiieHHeM HepaBeHcTBa aBJiaeTca npoMe:IKyToK, Ha KOTopoM 

¢YHK~H51 j (X) = ( 2 5-5x) · ( 2x -1) IIOJIO:IKMTeJibHa, CJie~OBaTeJibHO, 

XE(0;2). 

Omeem: (0; 2). 

llpHMep 5. PeiiiMTe HepaBeHCTBO 0,52.JX+l +1 > 1,5·0,5JX. 
Pewenue. 3anMIIIeM ~aHHDe HepaBeHCTBO B BM~e 

0, 52.JX + 2-3 · 0, 5.JX > 0 M peiiiMM ero MeTO~OM MHTepBaJIOB: 

1. PaccMOTpMM <PYHKUMIO f (X) = 0, 52.JX + 2-3. 0, 5.JX . 
2. D(f):x?.O. 
3. Ha:H~eM HYJIM ¢YHKUMM, peiiiM ypaBHeHMe 

o,52.JX -3·0,5JX +2 =0. 

ilOJIYl.J:MM: 0,5JX = 1, OTKy~a X= 0 M 0,5.JX = 2, OTKy~a 2-.JX = 2, 

JX=-f H XE0. 

4. HaHeceM l.J:MCJIO 0 Ha o6JiaCTb onpe~eJie

HH51 ¢YHK~M M ycTaHOBMM ee 3HaK Ha TIOJiy

l.J:eHHOM npoMe:IKyrKe (pHC. 14.5). 

+ 

0 X 

Puc. 14.5 
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5. llOCKOJibKY ¢YHKIJ,ll5I j (X)= 0, 52.JX + 2-3 · 0, 5.JX llOJIO:>KIITCJib

Ha Ha rrpOMe:>KyTKC (0; +oo), TO perueHIIeM HepaBeHCTBa 5IBJI5IeTC5I 
3TOT npoMe:>KyTOK. 

OmBem: (0; +oo). 

( 
2 )x2-x 

IlpHMep 6. Peru rue HepaBeHCTBO 4x + 2x + 1 > Ine. 

PemeHue. liiMeeM rroKa3aTeJibHo-crerreHHOe HepaBeHcTBO, KOTopoe 

x2 x 
3amrrneM B BM,ll,e ( 4x2 + 2x + 1) - -1 > 0 n: perun:M ero MeTO,ll,OM n:H-
TepBaJIOB: 

x 2 x 
1. PaccMoTpn:M ¢YHKUI1IO f ( x) = ( 4x2 + 2x + 1) - -1 . 
2. D(f):xeR. 
3. Hail,ll,eM HYJIH ¢YHKUIIII, peruaH ypaBHeHn:e: 

x2-x 0 
( 4x2 

+ 2x + 1 r = ( 4x2 
+ 2x + 1) : 

a) x 2 -x=O, x(x-1)=0,oTKy,ll,a x1 =0,x2 =1; 

6) 4x2 +2x+1=1, x(2x+1)=0,orKy,ll,a x 3 ==0,x4 =-0,5; 

B) 4x2 +2x+1=0, OTKy,ll,a XE 0. 

+ 

0,5 

0 

0 

Puc.14.6 

+ 

1 

4. HaHeceM HYJIII ¢YHKIJ,n:n: Ha KO

op,ll,IIHaTHYIO IIpHMYIO ll onpe,ll,eJIHM 

X 3HaKH ¢yHKIJ,llll Ha noJiy'IeHHbiX npo

Me:>KyTKaX (piiC. 14.6). 

5. PerneHIIeM HepaBeHCTBa JIBJIHIOTCH npoMe:>KyTKII, Ha KOTopbiX 
x2 x 

¢YHKIJ,ll5I j (X) == ( 4x2 + 2x + 1) - -1 llOJIO:>KIITeJibHa: 

XE (-oo; -0,5)u(1; +oo). 

OmBem: (-oo; -O,S)u(1; +oo). 

IlpHMep 7. Hail,ll,IITe perneHIIe HepaBeHCTBa 

log1g9(8-x) > log1g9 (x+4)(2x-3r
1

. 

{

8-x>O, 
PemeHue. 0)],3: x + 4 > 0 

2x-3 
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Hai111:eM O,ll3 HepaseHCTBa. llocKOJihKY perneHIIeM rrepsoro Hepa
BeHcTBa 5IBJI5IeTC5I IIpOMe)l(yTOK (-oo; 8), TO BTOpoe HepaBeHCTBO CIIC
TeMbi perniiM Ha 3TOM rrpoMe)l(yTKe MeTOlJ:OM IIHTepBaJIOB. CorJiacHo 
piiCYHKY 14.7 3aiiiillieM: XE (-Oo; -4)u(1,5; 8). 

+ + + + 
·~ -----<0 o-o--o---o 

-4 1,5 8 -4 1,5 2 7 8 

Puc. 14.7 Puc. 14.8 

PaccMoTpHM IICXOlJ:HOe .HepaBeHCTBO. TaK KaK ocHosaHne Jiorapn¢
MOB lg9 < 1, TO HaHlJ:eM perneHIIe paBHOCIIJibHOfO eMy HepaBeHCTBa: 

8-x< x+4, 16x-2x
2
-24+3x-x-4<0 -2x2 +18x-28<0 

2x-3 2x-3 ' 2x-3 ' 

x 2 
-9x+14 >O 
2x-3 

PeiiiiiM rrocJielJ:Hee HepaBeHCTBO MeTOll:OM IIHTepBaJIOB Ha O,ll3 IIC

XOlJ:Horo HepaBeHCTBa (puc. 14.8) I1 IIOJIYllHM: XE (1,5; 2) u(7; 8). 

Omeem: (1,5; 2) u(7; 8). 

llpHMep 8. HaillJ:HTe cepell:HHY rrpoMe)l(yTKa, Ha KoTopoM BhiiiOJI
HJieTcJI HepaseHCTBO logn (x + 27) +log 1 (16- 2x) < logn x. 

{

x+27>0, {x>-27, 
Peweuue. O,ll3: 16-2x > 0, <=> x < 8, <=> x E (0; 8). 

x>O; x>O; 

I1puMeHJIJI¢opMyJiy 12.5,rroJiyqHM logn 1~~~: < Iognx. ITocKOJib

KY OCHOBaHHe JiorapH¢Ma 1t > 1 , TO ll:aHHOe HepaBeHCTBO paBHOCHJib-

x+27 x+27-16x+2x2 <O 2x2 -15x+27 <O HOHepaBeHCTBY 
16

_ 2X <X, 
16

_
2

X , 
16

_
2

X . 

PerneHHe sToro HepaBeHcTBa rroKa3aHo Ha pucyHKe 14.9: XE (3; 4,5). 

Hai111:eM cepell:HHY HHTepsaJia 

. . 3+4,5-(3, 4,5). -2--3,75. 0 
+ + 

3 4,5 8 

Puc. 14.9 

Omeem: 3,75. 
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llpuMep 9. Hai1,'J,HTe Ha«MeHbiiiee u;e;we peiiieHne HepaBeHcTBa 

z-i + logg X -log3 ( Sx) > log1 (x+ 3). 
3 

p Qn3 {x>O, {x>O, 0 eweHue. 14. : x + 3 > O; ¢:::} x > _3; ¢:::} x > · 

fipi1MCH5I5I CBOikTBa JIOrapmpMOB, 3aiii1lllCM HepaBCHCTBO B BH,'],e 

1 1 log32 x-log3 (5x)-log3_1 (x+3) > -2, 21og3x-log3 (Sx)+ 

+log3(x+3) > -~, log3x-log3(5xi +log3 (x+3)2 > -1, 
2 

1 x(x+3) 
1 og3 25x2 >- . 

fiocKOJibKY OCHOBaHHC JIOrapu¢Ma 3 > 1 , TO ITO orrpe,'l,eJICHHIO 
2 

JIOrapn¢Ma IIOJIY'IHM ( X2~!) > 3-l , a TaK KaK X > 0 , TO 3aflHllleM 

~ 25x z x"+6x+9>T 11 3x -7x+27>0. 3aMeTHM, 'ITO :no HepaneHc-

TBO BbiQOJIH5ICTC5I ,'J,Jl.H BCeX ,'J,CMCTBHTCJibHblX 3HaqemiM X, a 3Ha'IHT 
BbinOJIH5IeTC5l n Ha O}l3 HCXOAHOro HepaBeHCTBa, CJie,'],oBaTeJibHO, 
XE (0; +co). LJncJio 1- HaHMCHhwee u,eJioe peweHue HepaneHCTBa. 

OmBem: 1. 

llpHMep 10. PewnTe HepaneHCTBO 
log3 (log2 (2-log4 x )-1) < log4 4. 

Pewellue. O,Ll,3: 2 -log4 x > 0, 
{ 

X>O, 

log2 ( 2 -log4 x) > 1; 

{

x>O, 
¢:::} X < 16, ¢:::} X E ( 0; 1) . 

x<1; 

·{x>O, 
¢:::} log4 x < 2, 

2-log2 x > 2; 

Hai1AeM peweHne HepaBeHCTBa. TipnMeH5I5I onpe,'l,eJieHne JIO
rapn¢Ma, rroJiyqnM: log2 ( 2- log4 x) -1 < 3 , log2 ( 2 -log4 x) < 4 , 

2 -log4 x < 16 , log4 x > -14 , x > 4-14 , x > T 28 
. YliHTbiBaH O}l3 He

paBeHCTBa, 3aiii1lllCM era pewemre: X E ( 2-28
; 1) . 

OmBem: ( z-28
; 1). 
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llpHMep 11. Hati:L(IITe HaiiMeHblllee HaTypanbuoe lliiCJIO, KOTopoe 

l 2-1 2-1 He ~IBJI5IeTC5I pellleHIIeM HepaBeHCTBa og1x_11 > . 

PeweHue. 3amnneM HepaBeHCTBO B BHL(e log1x_11 0,5-0,5 > 0 H pe
IliiiM erO MeTOL(OM HHTepBaJIOB: 

1. PaccMoTpHM ¢YHKll,HIO I ( x) = loglx-JI 0, 5-0,5 . 

2. D(/):{lx-11>0: ¢::}{~1,2 i:-1,r 
lx-11 :t:1, x3 =t=O,x4 :t: 2. 

3. Hati:L(eM HY JIH ¢YHKll,IIII, pellla5I ypaBuemre loglx-JI 0, 5 = 0, 5 , oT-
1 

Ky~J:a O,S=Ix-112, lx-11=0,25. Toma x-1=0,25 IIJIH x-1=-0,25, 

a x=1,25 IIJIII x=0,75. 

4. HaneceM HYJIH ¢YHK
U:IIH Ha ee o6JiaCTh onpeL(e
JieHH5I H ycTaHOBHM 3HaKH 
¢YIIKU:l1.I1 Ha llOJiylleHHbiX 
npoMe:>KyTKax (puc. 14.10). 

+ 

0 

- 1 - + 

0,75 1 1,25 2 X 

Puc. 14.10 

5. PemeHneM HepaBeHcTBa 5IBJJ5l!OTC51 npoMe:>KyTKH, Ha KOTOphiX 

¢ynKU:H51 l(x)=loglx-11 0,5-0,5 IIOJIO:>KHTeJibHa: XE (0; 0,75)u 

u(1,25; 2). L£HCJIO 1 - HaHMeHblllee HaTypaJibHOe 'IIICJJO, KOTOpoe He 

5IBJJ5IeTC5I peweuneM uepaBeHCTBa log1x_11 T
1 > T 1. 

Om6em: 1. 

llpHMep 12. HailL(HTe cpeL(nee apn¢McTntiecKoe Bcex u:eJibiX pe

meHHH uepasencTBa T 1lg2 (x+6) ~ T 1lg(x+6)lgx+lg2 x. 

Pewe"Hue. 0)1,3: {x + 6
0 

> O, ¢::} {x > 
0
- 6, ¢::} x > 0. 3anHmeM uepaBeHc-

x> ; x> ; 
TBO B BHL(e lg2 (x+6)-lg(x+6)Jgx-2Jg2 

X ~0 II peiiiiiM ero MeTOL(OM 

HIITepBaJIOB. ITo TeopeMe BneTa HaitL(eM uyJia ¢YHKU:IIH: 

I (1g(x+6)) = lg2 (x+6)-lg(x+6)lgx-21g2 x. 

[
lg(x+6)=2lgx. [x+6=x

2
, [x2 -x-6=0 3anaweM ' ¢::} 1 ¢::} ' ¢::} 

lg(x+6) =-lgx; x+6=-; x 2 +6-1=0· 
X ' 

[
x=-2 x=3 ¢::} , ' 
X =-3±M. 
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+ 
0 • • 

HaHeceM rroJiy'IeHHhie 'IHCJia Ha 

O)l3 HepaBeHCTBa (pHc. 14.11) 11 3a-
3 X 

rrmneM ero perneHne: [ -3 + .JfO; 3 J . 
Puc. 14.11 

3arrurneM l(eJihie perneHH5l HepaBeHcTBa: 1; 2; 3. Hali.Lt:eM cpeLt:Hee 

apmpMeTWieCKOe 3TH X perueHI1H: ( 1 + 2 + 3) : 3 = 2 . 

Omaem: 2. 

llpHMep 13. Permue HepaBeHCTBO ~ x 10
g2JX > log-!2 2 . 

Pewenue. 3arrnrneM HepaBeHCTBO B BHLt:e ~xlogzJX-2 > 0 H peiliHM 
ero MeTOLI:OM HHTepBaJIOB: _ 

1. PacCMOTpHM cpyHKl(HIO f ( x) = ~ x 10
g2JX -2 . 

2. D(f):x>O. 
3. HaJ:'meM HYJII1 cpyHKUnH, perna5l ypaBHeHHe ~ x!og2JX = 2 . Bo3-

t 
l } 

BOLI:5! o6e 'IaCTI1 ypaBHeHH5! Lt:Ba%i'l:hl B KBaLt:paT, IIOJIY'IHM X og2x = 22, 
1 . 
-log2x 2 l · 4 

x2 = 2 , X og2.x = 2 . DoJiara5l log? X= a , a X= 2°, 3aiUHIIeM 

( 2° r = 24 ' 2°
2 = 24. Toma a2 = 4 11 a = ±2 . B TaKOM cJiy<Jae xi = 22 = 4 

H x2 = 2-2 = 0,25 . 

4. HaHeceM HYJII-I cpyHKUHH Ha 
+ + 

o...r---...>-------c>-----l._ ee o6JiaCTh orrpeLt:eJieHH5l n yCTaHo-
0 0,25 

Puc. 14.12 

4 x BHM 3HaKH cpyHKl(HH Ha IIOJIY'JeH

HhiX IIpOMe%yTKaX (pHC. 14.12). 

5. PeilleJ-meM HepaBeHCTBa 5IBJI5IIOTC5l rrpoMe%yTKH, Ha KOTOphiX 

cpyHKUI151. j(x)=~Xlog2 .JX -2 IIOJIO)KIUeJihHa: (0; 0,25)u(4; +oo). 

Omeem: (0; 0,25)u(4; +oo). 

llpHMep 14. Hali.Lt:HTe o6JiaCTh orrpeLt:eJieHH5l cpyHKl(HH 

y =log (2'ogx_3o,s -log 3) + log3 3 . 3 3 log3 (2x-6) 
Pezuenue. Hali.Lt:eM o6JiaCTh orrpeLt:eJieHH5l cpyHKl(HH, pernaH CHCTe-
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{ xl~g~;o~ x-3:;t:1, { ~:~ 
MY orpaHwieHnii 2 -i > O, <:=} ' 

2x -6 > 0, x :;t: 3,5, 
log3 (2x-6) :;t:O; logx_30,5 > 0. 

PaccMorpHM pernemre HepaBeHCTBa logx_3 0,5 > 0 Ha rrpoMeMyT

Kax (3; 3,5), (3,5; 4) H ( 4; +=). 

IT OCKOJibKY cPYHKQHR 

f ( x) = logx_3 0,5 Hy.neil He HMeeT, 

TO ycTaHOBHM ee 3HaKH Ha yKa3aH

Hb!X npoMeMyrr<ax (pnc. 14.13). 

+ + 
~ 

3 3,5 4 X 

Puc. 14.13 

CorJiacHo pncytiKy 14.13 perneHHeM cncTeMhi HepaBeHCTB RBJIR

IOTCR TipOMeMyTKH, Ha KOTOpbiX cPYHKQIUI j(x) = logx_3 0,5 IIOJIO)KH

TeJibHa: XE (3; 3,5)u(3,5; 4). 

Omeem: (3; 3,5)u(3,5; 4). 

llpnMep 15. Hail.n:nre perneHne HepaBeHCTBa 

log 1 (2x -7) + log3 (x- 3) 

---"3'-----~=9=-=x""'---- ~ logx-3 1 . 

PeweJtue. 3amirneM .n:aHHOe HepaBeHCTBO B 

log 1 (2x- 7) + log3 (x -3) 
3 logx_31 ~ 0 H peiiiHM ero MeTO.ll:OM HHTep-

BaJIOB. 
1. PaccMorpHM cPYHKQHIO 

log 1 (2x-7)+log3(x-3) 
J (x) = -""--3 --~-.===---- -logx-31. 

9-x 

{

2x- 7 > 0, {x > 3, 5, 
2. D(f): x:3

3
> 0

1
• ¢::} x> 3

4
• <=}XE(3,5; 4)u(4; 9). 

x .:;t:, x:;t:, 
9-x>O; x<9; 

3. Haii.n:eM HYJIH cPYHKQHH, pernaR ypaBHeHHe logT1 (2x-7)+ 

+log3 (x-3) =0, log3 (x-3) = log3 (2x-7), x-3 = 2x-7, x =4. 
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+ o---o------o 
as 4 g 

Puc. 14.14 

4. IloCKOJihKY 3Ha'IeHHe X= 4 
He nprma,n;JieJKIIT o6JiaCTII orrpe

JJ:eJiemm cpyHKI]JIH, TO yCTaHOBIIM 

3HaKII cpynKIJJ1H ua ee o6Jiacnr on

peJJ:eJieHH51. (puc. 14.14). 
5. Pei.lleHIIeM HepaneHCTBa 51.BJI5l.eTc51 npoMeJKyToK, ua KOTopoM 

log 1 (2x-7)+log3 (x-3) 
cpyHKI.\H5l f(x)=-·-"-3----,==---

.J9-X 
Ha: XE (3,5; 4). 

Omeem: (3,5; 4). 

llpuMep 16. Ha:iJ.JJ:HTe HaHMeHblllee ueJioe pei.lleHIIe HepaBeHcTBa 

lx+2Jiog.J2(3+x) 2(-x-2)8. 

Pewenue. IlocKOJihKY ( -x- 2)
8 

= lx + 21
8

, TO 3arrHI.lleM HepaBeHCTBO 

B BHJJ:e lx+2J2logz(3+x) -Jx+218
:::; 0 11 pelllHM ero MCTOJJ:OM HHTepBaJIOB: 

1. PaccMoTpHM cpyHKUHIO f(x) = Jx+2J
210

g2(
3

+X) -Jx+2J
8

• 

2. D(f):x>-3. 

3. Ha:HJJ:eM Hymr cpyHKUH11, perna51 ypaBHeHne jx+ 2J
21

ogz(3
+X) = 

=Jx+2Js: 

1) log2 (3+x)=4,oTKYJJ:a 3+x=24 11 x=13; 

2) jx + 21 = 1 ~[X+ 2 = 1, ~[X== -1, 
x+2=-1; x=-3; 

3) X+ 2 = 0, OTKyJJ:a X= -2. IlpoBepKa: UOJJ:CTaBJI5151 3Ha'ICH11e 

X= -2 B ypaBHCHHC Jx + 2l2logz(3+X) = Jx + 2J8 , IlOJIY'IHM 0° = 08 . Iloc

KOJibKY UOJiyqHJIH Heorrpe):(eJieHHOCTb B11)J;a 0°, TO X -:f::. -2. 
~ + • • +,. 4. HaHeceM HYJI11 cpyHKI.\1111 

-3 -2 -1 13 x Ha ee o6JiaCTh orrpe)J;eJieHH51. H 

Puc. 14.15 
yctaHOBHM :JHaKH cpyHKI.\HH 
Ha IIOJiyqeHHbiX rrpoMeJKyTKaX 
(pnc. 14.'15). 

5. PerneHneM nepaBeHCTBa 51BJI5l.etc51 o6be)J;HHeHue rrpoMeJKyTKOB, 

na KorophiX cpyHKI.\1151. f (x) =lx+2J21ogz(3+x) -Jx+2J8 He oTpnuareJib-

212 



Ha: (-3; -2)u(-2; -1]u[13; +oo). qMcJio -1- HaMMeHbmee u;eJioe 
pemeHMe HepaBeHCTBa. 

OmBem: -1. 

3aAaYIII AJlfl caMocTos:~TeJlbHoro peweHIIIfl 

Pem1ne HepaBeHCTBa (1-37): 

1. 490,5x2-2x-1_ T2 > 0. 2. ( JQ:S)(x2+x-2)(6-2x) > ( .j0,25t. 

3. 0,09J:.2-l,Sx+3<243·10-S. 4. -0,64<-~10-4 ·23x(x-3 ) <-0,64°·10-2 . 

5. 1jx2-xj <: Jr-x2j < 9 . 6. 22x- 22(x-1) +':<J82(x-2) >52. 

7. 5X+1 + 2x+3 + 2x+4 < sx+2 + 2x+2. 

8. 3../X +3../X-!_3../X-z -3,/4 < 2. 

10. 25x-6·5x+5<0. 

( 
1 )8+3x ( 1 )-7 12. - > - . 
X X 

11. 8·3../X+:V:f +32iiX+2 -32'rx ~0. 

13. lx-312x2-7x > 1x+3. 

3.n15 9 
.14. (x2 +x+1) x+2 -(x2 +x+1) 2:0. 

15. logr1 2(3+x)-log1 (x+8) > 0. 
2 

16. log1,2 (x-2)+log1,2 (x+2) <-2log~ .J5. 

17. lg6x-1 > lg(x +5). 18. log1,5 
2;_=-

2
8 < log5 1. 

log3x-2 
19.5 x <lne. 20. 6log8 (x-2)+3log 1 (x-3)-2>0. 

21. 2log9 x+ log,/3 x + log 1 x-6 < 0. 
3 

8 

22. log 1 log 1 log5 x<O. 
2 3 

24. logT1log22logx-t3>0. 

2log25 ( x
2 +3) 

26. 2 <0. 
X -4 

28. 4o,5Iog0.1x·log0,4(2,5x) > XO. 

30. lgx-0,5(lgx)2 <0. 

23. log2x(x-2)(x-3)-1 <0. 

25• (1-2~)(1+2x) ~O. 
log1,7(T ·(1-log7 3)) 

27. (0,4 )logo,2s(x
2
-Sn8) ::; S. T1. 

2-1 1 1 x+2 · ogl3 ogz-2-

29. 0,09 'ij X +2 >1. 

31. 1+logo,2sx ::;o,s. 
1-log05 x 
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1 

32. Xlogo,32 +0,3logo.zx _ 2·(0,3)2 SO. 33. log2 log 1 x > log6 6 . 
3 

34. __£__ 2 > O 35. XO,Siogo,sx-3 ~ 22,51og0,5x-3. 

log0 3 2 log0.09 2 · 

36. ( .JX)2log2x +16xlogo.sx -17 <0. 37. slog3x +xlogsx -52 <0. 

Haii~IITe o6JiaCTh orrpe,a:eJieHII5I QJYHKnHii (38-43): 
,----,. 

38. y=2)lx-3J-I8-xl+2. 39. y= .J4x-x2+4x-x2. 
log3 Jx-4J 

40. y= ~logi log3 lx-31 +log3 (x-3t 

41. y=~log6.5 (x-3)-1+~. 

42. y = t'2-lgl2-xl +~(x-2)4 
. 

. __ (x-1)(x+1) 
1 

_1 
43. y- (x+ 3)(x-4) -1 + og8 (x-4). 

PemiiTe cucTeMbi HepaseHCTB ( 44-46): 

{

_1 >1 { x2+4 <0 
44. 2-x- ' 45. 16x-x2 -64 ' 

2 · 42x ~ 32x. lg.J X+ 7 +lg4 > lg(x -5). 

46. ( 1,~) 9 > 128' l -x (8)-x 54 
2x -6x-6,5 -.J2 < O. 

47. Haii,a:rne cyMMY ,n:JIHH rrpoMe)KyTKOB, KOTopbre o6pa3yroT pe
IIIeHH5I CIICTeMhi HepaBeHCTB 1 < 2x(x+2) < 8. 

48. Haii,a:HTe cyMivry KBat~;paTOB neJihiX peiiiemrii CIICTeMbi Hepa-

BeHCTB ( ~) -13x
2 

$ ( ~ (+36 < ( ~) -12x
2 

49. Haii,a:IITe HaiiMeHbiiiee neJIOe pellleHIIe HepaseHCTBa 

log0,3 (3x- 8) > -log10 ( 4 + x 2
). 

3 
50. Haii,a:IITe cpe,n:Hee apHQJMeTWieCKoe neJibiX pellleHHH Hepa-

BeHCTBa logi(l+log% x}-1. 
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51. Hm';'I.lJ.HTe cyMMY HaHMeHbiiiero H Hau6oJihiiiero QeJibiX pewe-

log3 (x + 1) 
1 

HHi1 HepaBeHCTBa 2log3 10 +log 1 9 < 
3 

52. Hai1.LJ.HTe KOJIHqecTBO QeJibiX peiiieHni1 HepaBeHCTBa 
3 

log~ x -log~_1 (I) + 9log2 ~; < 4log6,s x . 

Onwembt: 1. ( -oo; 0) u( 4; +oo ). 2. ( -2; 1)u(3; += ). 3. ( -oo; O,S)u 

u(i;+oo). 4. (-1;0)u(3;4). 5. (-1;0)u(0;1)u(1;2). 6. (3; +=). 

7. (0; +oo). 8. [0; 4). 9. (0; +=). 10. (0; 1). 11. [0; 16]. 

12. (0; 1). 13. (-=; O)u(2; 3)u(3; 3,5)u(4; +=). 14. (-2; -1]u 

u[-0,5;0). 15. (-3;2). 16. (2;3). 17. (0;1). 18. (4;6). 

19. (2; +oo). 20. (3; 4)u(4; +=). 21. (0; 27). 22. (1; ~). 
23. (0; 0,5)u(1; 2)u(3; 6). 24. (4; 10). 25. (-=; -O,S]u[O,S; +oo). 

26. (0;4). 27. [1;4]. 28. (0;0,4)u(1;+oo). 29. (-0,5;2). 

30. (0; 1)u(100; +=). 31. (0; O,S)u[ .J2; +=). 32. (0; 0,04]. 

33. (1;,./3). 34. (-2;2). 35. [0,125;4]. 36. (0,25;1)u(1;4). 

37. (0,2; 5). 38. [5,5; +oo). 39. [0; 3)u(3; 4). 40. [0; 2)u(4; 6]. 

41. (3; 3,5]u[5; +oo). 42. [-98; 2)u(2; 102]. 43. (4; S)u(S; +=). 

44. 1. 45. (5; 8)u(8; 29). 46. (-1; 3). 47. 2. 48. 26. 49. 3. 50. 1,5. 

51. 10. 52. 3. 

KoHTponbHbiLII TeeT 

N!! 3a.LJ.aHHH BapnaHTbi OTBCTOB 
HauMeHhiiiee HeoTpHQaTeJibHoe pe- 1) 0; 2) 0,2; 

3 3) 0,5; 4) 1; 1 IIIeHHe HepaBeHCTBa 2x + 2lxi - 2 2 2: 0 
paBHO 

5) 3. 

Cepe.LJ.HHa rrpoMeJKyTKa, KOTOpbri1: 1) 2; 2) 1,5; 

2 o6pa3yiOT peiiieHH51 HepaBeHCTBa 3) 0,5; 4) 5; 

52 · 2x -10x +( .J5)2
x -52 > 0, paBHa 

5) 1. 
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.M! 3a,LiaHIUI BapnaHThiOTBeToB 

HaHMenhrnee IJ,eJioe pernenue nepa-
1) 3; 2) 2; 

3 ( 2t2-6X+8 1 0 
3)5; 4) 4; 

BeHCTBa X- - > paBHO 5) -4. 

1) 2.J7 +2J3; 

CyMMa ,L\JIHH npoMeJKyTKOB, KOTOphre 2) .,fi -J3; 
4 o6pa3yroT perneHH5I nepasencTsa 3) 1; 
~ ~ 32 +1+9<28·3 x - 3 , pasna 4) 2J3- 2.J7; 

5) 2.J7- 2J3 . 

CyMMa IJ,eJihiX pernenuH. nepasencTBa 
1) 5; 2) 2; 

5 3) 6,6; 4) 10; 
13 lx2+7x+12 < 1 5) 15. -x _ pasna 

J].JIHHa npoMeJKyTKa, KOTOpbiH 
1) 1; 2) 3,5; 
3) 6; 4) 2; 

6 o6pa3yroT pernenu5I nepasencTBa 5) 3. 
(5+-Jiif +(5-mt ::;to, pasna 

CyMMa IJ,eJihiX pernemie nepasencTBa 1) 3; 2) 5; 

log2 ( O,Slog,n 2-log9 x+ log!; x} 1 
3) -5; 4) 4; 

7 5) 7. 

pasna 

1) (1;2); 2) (1; ~); 
MnoJKeCTBO pernenuii: nepasencTBa 

3) (o; m); 8 
log0,5 (log 1log5 x} 0 HMeeT """ 4) ( -5; 1); 5) (1; += ). 

lg5 . 2)ln5+1; i) 1+lg2' 
EcJIH x0 - nauMeHbiiiee 

9 
IJ,eJioe pernenue nepasencTBa 3) lg15 . 4) 5; 
logx_3 (x -4) < log.JX-3 (x-3), lg5 ' 

TO 3Ha'!eHHe logx _3 X 0 paBHO ___!gi__ 
0 5) 1-lg5. 
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N!.! 3a,l(aHHH BapHaHThlOTBeTOB 
1) 2,5; 

Hali:,l(HTe cepe,l(HHY MHTepBana, KOTO- 2) 4; 
10 phiH o6pa3yiOT pernemu:r HepaBeHCTBa 3) 2,75; 

log4x ( x 2 -x- 2) > log4x ( 3+ 2x-x2
) 4) 1; 

5) 3. 
Cpe.nHee apmpMeTwiecKoe 1) 1,5; 2) 3; 
qeJibiX pCIIICHHC HepaBCHCTBa 3) 1; 4) 2; 

11 lg2 (3-x)+.Jx-1 
0 

5) 6. 
< paBHO 

lg2 x-lg10 

llHCJIO QCJihiX peiiiCHHH HepaBCHCTBa 
1) 5; 2) 4; 

12 
5log~x log5x ( .JS)Iogs100 

3) 3; 4) 6; 
+X < paBHO 5) 1. 

CyMMa r~eJihiX perneHHH HepaBCHCTBa 1) 8; 2) 11; 

13 4x-5 3) 12; 4) 14; 
log_t.2 l2-xl 2dogx2 x pamm 5) 24. 

HepaBCHCTBO a-1·22x -2x -1:::;; -3a-1 1) a:2:2; 2) a> 1; 
14 HMCCT XOT5I 6hi O,[(HO peiiiCHllC npH 3) aER; 4) 1<a<7; 

yCJIOBHH, 'ITO 5) 3 ::;a :::;;4. 

OmBembt 

HoMep 3a,n:aHJU:I 1 2 3 4 5 6 7 
HoMep npaBHJibHoro 

3 5 3 5 2 4 1 
OTBeTa 

HoMep 3a,n:aHIUi 8 9 10 11 12 13 14 
HoMep npaBHJihHoro 

2 5 3 1 2 3 1 
OTBeTa 
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API/I CD MET IIlLI ECKAfl 
15 Ill rEOMETPIIILIECKAfl 

nPOrPECCIIIIII 

15.1. Apvu:pMeTIIILfecKafl nporpecclllfl 

ApucjJMemu'tlecKoii npozpeccueii HasLmaroT TaKyro 'LHCJionyro noc

JieaonaTCJibHOCTb, Ka/K!J:blll CJICJJ:YIOIIIHH LIJICH KOTOpOll OTJIHLiaCTC5! OT 

rrpet(IIICCTBYIOIIICfO LIJICHa Ha O!J:HO H TO/Ke LIHCJIO d. LIHCJIO d Ha3hiBa

IOT pa3HOCTbiO apH<pMCTHLICCKOH nporpeCCHH. 

0Tl\1CTHM, LITO CCJIH d > 0, TO apncpMCTI1L!CCKa5! rrporpeCCH5! 5!BJI5!

eTOl nospaCTamurdi rrocJie,nonaTeJibHOCTbiO, ecJirr d < 0, TO - y6Lma

Iow.ei1 llOCJICJJ:OBaTC.TibHOCTbiO. 

EcJin a1 - nepnbrii: LIJieH aporpeccMM, d- pasHOCTh nporpeccrm, To 

cnpaBC!J:JIMBhl C.TieJJ:YIOIIIMC cpopMyJihi: 

an= a!+ d ( n -1) - cpopl\'IYJia n-ro LIJieHa; 

a +a 2a1 + d ( n -1) sn =Tn H sn = 2 n - cpopMyJihl CYMMbi n rrepBbiX 

'fJienon; 

an =1(an-1 +an+!) - CBOHCTBO n-ro LIJieHa. 

15.2. feoMeTplllt.tecKafl nporpeccl/lfl 

leO.MempwteCKOU npozpeccueii HR3LIBaiOT TaKyiO LIIICJIOBYIO llOCJie

t(OBaTCJihHOCTb, Ka/K!J:blll 'IJICH KOTOpOH, Ha'fHHa5! CO BTOporo, paBCH 

rrpeJJ:IIICCTBYIOW,eMy 'fJICHy, YMHOJKCHHOMY na Ot(HO I1 TO /KC LIHCJIO q. 
LfiiCJIO q Ha3biBRIOT 3HaMeHaTCJICM fCOMCTpHLICCKOH rrporpeCCHH. 

EcJirr b1 - nepnbiH 'fJICH nporpeccnii ( b1 :;t 0) , q - sHaMeHaTeJih 

rrporpeCCI1H ( q :;t 1), TO crrpaBCt(JIIIBhl CJICJJ:YIOIIIHC cpopMyJihi: 

bn = b1qn-! - cpopMyJia n-ro LIJieHa; 

b - I b b - cnono CTBO r -ro 'fJieHa. n- \/ n-f n+l ' 
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Ecmi lql < 1, TO IIMeeM 6ecKoneqnyiO y6biBaiOII1YIO reoMeTpiiqec

KYIO nporpeCCHIO, CYMMY KOTOpOH HaXO,Z:(5IT llO cpopMyJie 5 = -
1 

bl . 
-q 

TeeT .QJUJ npoaepKIII TeopeTIIJI.feCKIIIX 3HaHIIIII1 

YlwJICume ece npaewzbJ-Lbte eapuaJ-LmbL omeemoe (1-2): 

1. Apn¢MeTII'!ecKoii nporpeccHeii 5!BJI5!eTc5!: 

1) 'IHCJIOBa5! llOCJiel(OBaTeJibHOCTb, KCDKJ(biH CJieJJ:yiOill,IIH ~IJieH KOTO

poii OTJIII'laeTC5! OT npel(JlleCTBYIOill,ero 'IJieHa Ha OJ(HO II TO)Ke 'IHCJIO; 

2) 'IHCJIOBa5! llOCJiel(OBaTeJibHOCTb, Ka)KJ(biH CJiel(yiOill,IIH '!JieH KO

TOpOH 6oJibllle npeJJ:IlleCTBYIOill,ero 'IJiena na 3; 
3) 'IIICJIOBa5! llOCJiel(OBaTeJihHOCTb, Ka)KJ(biH CJiel(yiOill,IIH qJieH KO

TOpOH MeHbllle npel(JlleCTBYIOill,ero ~IJieHa Ha OJ(HO II TO)Ke 'IIICJIO 5; 
4) 'IIICJIOBa5! llOCJiel(OBaTeJibHOCTb, Ka)KJ(biH CJiel(yiOill,IIH lJJieH KO

TOpOH OTJIII'laeTC5! OT npel(IlleCTBYIOill,ero lJJieria; 

5) 'IHCJIOBa5! llOCJiel(OBaTeJibHOCTb, Ka)J(J(biH CJiel(yiOill,HH 'IJieH KO

Topoii 6oJihllle npeJJ:IllecTBYIOill,ero 'IJieHa. 

2. feoMeTpii'IeCKOH nporpeCCHeH 5!BJI5!eTC5!: 

1) 'IHCJIOBa5! llOCJiel(OBaTeJibHOCTb, Ka)KJ(biH lJJieH KOTOpOH, Ha'IH

Ha5! CO BTOporo, paBeH npel(UieCTBYIOill,eMy ~IJieny, YMHO)J(eHHOMY Ha 

'IIICJIO 1; 
2) 'IHCJIOBa5! llOCJiel(OBaTeJihHOCTb, Ka)J(J(biH lJJieH KOTOpOH, Ha'!H

Ha5! CO BTOporo, paBeH rrpel(UieCTBYIOill,eMy qJieHy, yBeJIH'!eHHOMY Ha 

OJ(HO H TO )J(e 'IHCJIO; 

3) 'IIICJIOBa5! IIOCJiel(OBaTeJibHOCTb, Ka)KJ(biH 'IJieH KOTOpOH, Ha'!H

Ha5! CO BTOporo, paBeH rrpel(JlleCTBYIOill,eMy qJieny, yMeHbiiieHHOMY na 

OJ(HO H TO )J(e 'IHCJIO; 

4) 'IIICJIOBa5! llOCJiel(OBaTeJibHOCTb, Ka)KJ(biH lJJieH KOTOpOH, Ha'III

Ha5! co BToporo, paBeH rrpeJJ:IlleCTBYIOill,eMy qJieny, yMno)J(eHHOMy na 

OJ(HO II TO )J(e 'IIICJIO; 

5) 'IIICJIOBa5! llOCJiel(OBaTeJibHOCTb, qJieHbi KOTOpOH 6eCKOHelJHO 

y6hmaiOT. 

Ycmauoeume coomeemcmeue (3 -4 ): 

3. ApH¢MeTII'lecKa5! rrporpeccu5!: 

HA3BAHI1E 

1) cyMMa n nepBbiX qJienoa; 

<l>OPMYJIA 

) 5
- 2a1 +d(n-1) . a - n, 

2 
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3) CYMMa WITH rrepBbiX '-IJieHOB; 

4) CBOHCTBO IUITOfO 'IJieHa. 

4. feoMeTpHCJeCKa5I rrporpeccme 

HA3BAHI1E 

1) cyMMa n rrepBbiX l.JJieHOB; 

2) n-biH qJieH; 

3) cyMMa IUITH nepBbiX '-IJieHOB; 

4) CBOHCTBO IUITOfO qJieHa; 

5) CYMMa 6eCKOHeqHOH 
y6biBaiOIIIeH rrporpeCCHII. 

OmBemot 
I-loMep sa)'(aHJUJ 1 2 

) S 
= 2a1 +d(n-1). 

B n 2 ' 

) S 
_ 5a1 + 5an . 

r s- 2 ' 

) _a4+a6. 
1'!: as ---2-' 

e) an =a1 +d(n-1). 

<DOPMYJIA 

b b n-1 
a) n = lq ; 

3 4 

BapHaHT rrpaBIIJibHoro 1,2,3 4 
1 - a, 2 - e, 3 - r, 1 - *• 2 - a, 3 - r, 

OTBeTa 4-1'( 4- B, 5- )'( 

np111Mepb1 
TipuMep 1. CyMMa ceMHap:IJaTH rrepBbiX qJieHoB apuq)MeTII'-IeCKOH 

rrporpeccHII paBHa 136. Hal'rp:nTe p:eB5ITbiH qJieH STOH nporpecciiii. 
Peweuue. 3amnneM cyMMy 17 rrepBbiX qJieHoB rrporpeccun: 

517 
= 2a1 + d ( 17-1) 17 . 

2 
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TaKKaK s17 =136,To 136= 2at~16d 17 ,oTKyp:a 136=(a1+8d)·17 

I1 a1 +8d =8. DoCKOJibKY ag =a1 +8d, TO ag =8. 

Omeem:8. 

TipnMep 2. ApH¢MeTHqecKaJI nporpeccH5l cop:epJKHT 25 qJienon. 
nepnbiM qJien nporpeCCHH panen 429, pa3HOCTb ee panna -22. CKOJib
KO qJienon :'nOM nporpeCCHH nyJKHO n35lTb, qT06bi HX cyMMa 6biJia pan
na 3069? 

PeweHue. 3amnneM ¢opMyJiy cyMMbi n nepnbiX qJienon apH¢MeTH-

u 2a +d(n-1) 
qecKOH nporpeCCHH sn = 1 2 n. CorJiacno ycJIOBIUO 3ap:aqH 

a1 = 429, d = -22, sn = 3069. Torp:a qHCJIO qJieHOB nporpeCCHII na:i1:p:eM, 

2·42S-22(n-1) 
peiiiaJI ypannenne 

2 
n = 3069, ( 429-11n+ 11 )n = 3069, 

11n2 -440n+3069=0, n2
- 40n + 279 = 0, OTKyp:a n1 = 9, n2 = 31. noc

KOJibKY nporpecCim cop:epJKHT 25 qJienon, TO n = 9. 

Omeem:9. 

fipHMep 3 . .llnap:r~aTb IT5lTb qHCeJI, nepnoe II3 KOTOpbiX paBHO ep:H
HHQe, a KaJKp:oe cJiep:yiOu~ee na 0,5 6oJibiiie npep:brp:y~ero, B nop5Ip:Ke 
no3pacTamm pacnoJioJKei-Ibi n p:nyx Ta6JIHQax. CyMMa qHceJI nepno:i1: 
Ta6JIHQbi panna 7. CKoJibKO qnceJI cop:epJKnTc5l no BTopo:i1: Ta6JIHQe? 

Pewe1-1ue. CorJiacno ycJionmo 3ap:aqn 3annmeM: a1 = 1, d = 0,5. 
EcJin B nepno:i1: Ta6JinQe n quceJI, TO s n = 7 . Dop:cTaBJI5l5l 3Haqe-
HII5l a1 =1,d =0,5 I1 Sn =7 B Q_lopMyJiy CYMMbl n nepBbiX qJieHOB 

nporpeccHn S =2a1+d(n-1)n 2+0,5(n-1)n=7 n 
2 

, IIOJiyquM: 
2 

, 

( 2 +~n-~)n = 14, ( 4+n-1)n = 28, n2 
+3n-28 =O,oTKyp:a n1= -7, n2= 4. 

DOCKOJibKY n1 =-7 - ITOCTOpOIIHHH KOpeHb ypaBHeHU5l, TO n=4 
H, cJiep:onaTeJibHO, B nepnon Ta6JIHQe 4 qHciia. TaK KaK HMeeTc5l 25 
qnceJI, TO BTOpaJI Ta6JIHQa Cop:epJKHT 21 qiJCJIO. 

Omeem: 21. 

TipnMep 4. Tipn p:eJienn:n Tpnnap:QaToro qJiena apn¢MeTHqecKon 
nporpeccnn na TpeTHM qJieH B qacTHOM noJiyqaeTc5l 3, a npn p:eJienuu 
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BOCCMHaJJ.IJ,aTOfO '-!JICHa Ha CCJJ.hMOH '-IJICH B '-IaCTHOM TIOJiy'-IaeTCH 2 H B 
ocTaTKe 8. Onpej!eJIHTe BTopoti ~IJieH nporpeccHH. 

Pewe11ue. CorJiacHo ycJIOBHIO 3aJJ.a'-III 3amuneM CIICTeMy ypaBne-

{

a13 =3 
0 a3 ' · {a13 =3a3, 

HHM ¢::} . 

ats=2+J:L; ats=2a7+8. 
~ a7 

llpHMCHHH cpopMyJiy a11 =a1+d(n-1), TIOJIY'-IHM a3 =a1+2d, 

a7 =a1+6d, a13 =a1+12d H a18 =a1+17d. 

CMcTeMa ypaBHCHMH npnMeT BHjl: 

{a1 + 12d = 3( a1 + 2d), {a1 =3d, { a1 =3d, {a1 = 12, 
a1+17d=2(a1+6d)+8; a1=5d-8; 3d=5d-8; d=4. 

Haf.'rjleM BTopoti '-IJien nporpeccnu: a2 = a1 +d = 12+4 = 16. 

OmBem: 16. 

llpHMep 5. B apMcj:>MeTM'-IecKoti nporpeccun 10 '-IJieHOB. CyMMa 

'-IJICHOB c 'IeTHhiMH HOMepaMH paBHa A, a cyMMa '-IJienoB c HeY:eTHhiMM 
HOMepaMn paBHa B. qeMy paBHa pa3HOCTh ::noti nporpeccnn? 

Peweuue. PaccMoTpHM crJienhr nporpeccHn c Y:CTHhiMH HOMepa-

. C r~-. S - a1 +an MH. a2, a4, a6, a8, a10 . orJiacno 't'opMyJie 11 - -
2
-n , noJiy'-IHM 

az+ato 5- -0 A 3 - d d 
2 

· -A, a2 +a10 - ,4 . HaH, '-ITO a2 -a1+ H a10 =a1+9 , 

3anniiieM 2a1 + 1 Od = 0, 4A , a1 + Sd == 0, 2A . 

PaccMoTpnM '-IJICHhi nporpeccnn c ne'-IeTHhiMH HOMepaMH: a1 , a3 , 

a5, ~' a9 • BhiTIOJIHHH ananorli'-IHhie JJ.ei1cTBliR, noJiy'-IHM a1 ~ ag · 5=B, 

a1 +a9 =0,4B, 2a1 +8d =0,4B, a1 +4d =0,2B. 

Bhi'-IliTaH H3 ypaBneHnR a1 + 5d = 0, 2A ypaBneHne a1 + 4d = 0, 2B , 

nai1JJ.eM pa3HOCTh rrporpeccnn: d = 0, 2 (A-B) . 

OmBem: 0,2(A-B). 

TipnMep 6. HailJJ.nTe cyMMY BCex qeTHhiX HaTypaJibHhiX j!BY3Ha'-I

HhiX '-IHCCJI, KOTOpbiC rrpn ;'I:CJICHlili Ha 13 JJ.aiOT B OCTaTKe 5. 
Pewntue. Hai1JJ.eM HanMeHhiiiee '-IeTnoe HaTypanbHoe JJ.BY3Ha'-Inoe 

LIHCJIO, KOTOpoe npli JJ.CJICHHH Ha 13 ;']:aeT B OCTaTKe 5: 13+5 = 18. 

222 



Ha:i1,TJ,eM Han6oJihlllee qeTHoe ABY3HaqHoe naTypaJihHoe qncJio, Ko
Topoe npH ,TJ,CJICHMH Ha 13 ,TJ,aeT B OCTaTKe 50 tJ:JI5I 9TOfO pa3,TJ,CJIMM 99 Ha 
130 ITocKOJihKY 99 = 7 °13+8, TO 7 °13+5 = 96 0 

QqeBM,TJ,HO, qTO MHOJKCCTBO paccMaTpHBaCMhiX qnceJI o6pa3yeT 
apn¢MeTnqecKyiO nporpeccniO, y KOTopoi1 a1 = 18, d = 36 n an= 96 0 
Hai1,TJ,eM qncJio qJieHoB 9TOH nporpeccnno CorJiaCHO ¢opMyJie 
an =a1 +d(n-1) noJiyqnM 96=18+26o(n-1) ,OTKy,TJ,a 26o(n-1) =78, 

n-1=3 II n=40 
a1 +ar. 18+96 B TaKOM cJiyqae 54 =2°4, 54 =--

2
- 04=228 0 

Omeem: 2280 

IIpnMep 70 Ha:i1,TJ,nTe 3HaMeHaTeJih reoMeTpnqecKo:tr rrporpeccnn, 
qJieHbi KOTOpOH nooqepe,TJ,HO MeH5IIOT 3IIaK, eCJIII CYMMa rrepBbiX IllCC
TH qJieHOB paBHa 504 I1 b1 + b4 = 24 o 

PeweHueo YcJionmo 3a,TJ,aqH cooTBeTCTByeT cncTeMa ypaBHeHHH 

{
56 = 504, IT .+, b

1 
+ b

4 
= 240 pnMeH5UI ¢opMyJiy cyMMhi n rrepBhiX qJieHoB n '±'op-

MYJIY n-ro qJieHa reoMeTpnqecKoii: nporpeccnH, 3annllleM: 

Pa3,TJ,CJII1M nepBoe ypanHeHne cHcTeMhi nanTopoe n noJiyqnM: 

b1(1-q3)(1+q3) = 504 1+q+q2=21l+q-20=0, 
(1-q)b1(1+q3

) 24' ' 

OTKy,TJ,a q1 = 4, q2 =-50 
Ha:i1,TJ,eM rrepBhtH qJien nporpeccnn, no,TJ,cTaBJI5IH 3HaqennH q B 

ypaBHCHIIC b1 ( 1 + q3
) = 24 : 

4 b 24 
CCJIH q = , TO l = 

65 
; 

6 CCJIH q = -5 , TO b1 = -
31 

o 

TaK r<aK corJiacno ycJIOBMIO 3a,TJ,aqn qJieHhi 3a,TJ,aHHOH reoMeTpw.Iec
Koi1 nporpeccHII nooqepe,TJ,HO MenmoT 3HaK, TO 3HaMeHaTeJih nporpec
cnn P!lBen -50 

Omeem: -50 
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IIpnMep 8. CyMMa 6ecKone~moi1: y6bmaromei1: reoMeTpwrecKoi1: 

nporpeccnH paBHa 16, a cyMMa KBa.n:paToB 'IJieHOB aTm1 JKe nporpec

CHH paBHa 1536. Hm':l:.n:nTe '-ICTBepTbiH '-IJieH nporpeccnH. 

PeweHue. PaccMoTpHM 6ecKOHC'-IHYIO y6hmaromyro reoMeTpn'Iec

KYIO nporpecorro c nepBbiM '-IJICHOM b1 II 3HaMeHaTeJieM q : 

bl, blq, btl, btq3
, ... 

b 
CorJiacHo ¢opMyJie S = -

1 
1 3anniiieM: 

-q 

1
b1 =16, bl =16·(1-q). 
-q 

PaccMoTpHM 6ecKOHC'IHYIO y6hmaiOrl(yiO reoMeTpH'IecKyro npo-

b2 b2 2 b2 4 b2 6 b2 rpeCCHIO l, 1 q , 1 q , l q , ... C nepBbiM ~IJICHOM 1 II 3riaMCHaTC·· 

b 
JieM q2

. CorJiacHo ¢opMyJie S = -
1 

1 3anmnervr: 
-q 

b[2=1536, b[=1536·(1-l). 
1-q 

3Ha5I, '-ITO b1 = 16 · ( 1-q) , DOJiy'mM: 

162 (1-q)2 =1536(1-q)(1+q), 1-q=6(1+q), 7q=-5, q=-~-

Tor.n:a b =16·(1+~)=16- 12 = 192 
1 7 7 7 . 

Hai1:.n:eM 'ICTBepThiH '-IJieH aToi1: nporpecnnr no ¢opMyJie b4 = b1 · q
3

. 

192 ( 5)
3 

24000 
floJiy'InM b4 =7· -7 =- 2401 . 

24 000 Omeem:-
2 401 

. 

IIpnMep 9. Hai1.n:HTe a3, ecJin a= ~m~n~m~n.Jm£ 
PeweHue. flpHMCHHR nocJienoBaTeJihHO ¢opMyJibi 2.9, 2.15, 2.3 

1 1 1 1 1 

(eM. n. 2.2), noJiy'-IHM: a= m2 ·n4 ·mB ·n16 ·m32 · ... , 
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PaccMoTpnM noKa3aTeJIH cTeneHeli: 

1) !+i+~2+... - cyMMa 6ecKOIIe'lHO y6hmaroiiJ,e:i1: reoMeT

PH'lecKoli nporpeccHH, y KOTopo:i1: b1 = 1 H q = 1. Tor.n:a S = .J!L , 
1 2 4 1-q 
2 1 4 1 S=-1 =2·3=3; 

1--
4 

2) ± + /6 + 6
1
4 + ··· - cyMMa 6eCKOHe'lHO y6hiBaiOIIJ,eH reoMeTpH'leC-

1 
Koi1 nporpeccrrn, y KoToporl b1 = ± H q = ±. Tor.n:a s = 4 = 1.. i = 1 

2 1 

1-1 4 3 3 
4 

Ha:H.n:eM 3Ha<JeuHe a: a= m3 · n3, OTKy.n:a a3 = m2n . 
· 3a.MemUM, 'ITO a3 MOJKHO HaihH rma'le. Bo3ae.n:eM o6e 'lacTH Hcxo.n:

Horo paBeHCTBa .ll:B3JK.ll:bl D KBa,n:paT: 

a' = ( ~ m~ n~ m-fn.Jm£ J , a2 = m~ n~m-fn.Jm£-, 
a4 =m2nJma~~. 

YllHTbiBM, '"!TO a=~rn~n~m~n.Jm£ , rroJiy'lnM: 

a4 = m2na , OTKy.n:a a3 = m2n . 

Omeem: a3 = m2n . 

llpnMep 10. Ha:H.n:nTe cyMMY Kopneil ypaBHeHH5l. x-1 +x+ 

+x2 + ... +xn + ... =3,5, ecmi lxl < 1. 
Peweuue. Ilpn:6aBJI515I K o6eHM 'laCT5l.M ypamreHH5I 'IHCJIO 1, 3anH-

1 1 2 3 n 9 
IUeM: x+ +x+x +x + ... +x + ... =2· 

ITocKOJihKY B JieBoli qacTH ypaBneHH5l. 3anHcaHa cyMMa 6ecKo
He'lHO:i1: y6biBaiOIIJ,eH reoMeTpHlJeCKOH nporpeCCIIH C nepBbiM 'lJieHOM 

b1 =..!. II 3HaMeHaTeJieM q = x, TO corJiacHo ¢opMyJie S = 
1 
b1 noJiy-

x . -q 
1191 9 2 1 2 'IHM: -·-

1
_ =-

2
, --2 =-

2
, 9x -9x+2=0, OTKy,n:a Xt=-

3
, x 2 =-

3
. 

X X X-X 
TaK KaK o6a KOpH5l. y.n:oBJieTBopmoT ycJIOBHIO lxl < 1 , TO uaH:.n:eM nx 

. 1 2 cyMMy. 3+3=1. 

Omeem: 1. 
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3aAa"tlll AflSl caMocTos:.TenbHoro peweHIIISl 

1. BocLMOH qJieH apn¢MeTnqecKoJ:i rrporpeccnn paneH 2, a ee 
o,n;ImHa,zu.{aTLIH qJieH paneH 11. HaJ:i):uue cyMMY 15 rrepnLix qJieHon 
::noJ:i rrporpeccrm. 

2. CyMMa ce,li.LMoro n o,li.HHHa,ll.r:{aToro qJieHon apH¢MeTwrecKoH 
rrporpeccHn panHa 10, a cyMMa mnoro n ,ll.eCJnoro -cmeHOB panHa 1. 
CKOJILKO qJieHOB STOll rrporpeccnn Heo6xo,ll.nMo CJIOJKMTL, -cno6bi n 
pe3yJILTaTe rronyqiiTL -cmcno 190? 

3. 2l,en5ITLIH qJieH apn<PMeTnqecKoH rrporpeccnn n 4 pa3a 6oJILIIIe 
rneCToro ee qJieHa, a nx cyMMa panaa 20. HaH,li.HTf' cyMMY lieB5ITH rrep
BLIX qJieHOB <.lTOH rrporpeCCHM. 

4. llepnLIH qJien apn¢MenrqecKOH rrporpeccnn panen 800, a KaJK
,li.LIH cJie,ll.yiOII{HH ee qJien Ha 25 MeHLrne rrpe,li.LI,ll.yll{ero. CKOJILKO -cme
HOB rrporpeCClUf Heo6XO,li.HMO CJIOJKMTh, qT06LI MX CyMMa 6LIJia pan.Ha 
5700, ecJIH rrporpeccn5f co,ll.epiKHT He 6oJiee II5ITHa,li.I:{anr qneHoB? 

5. BnyTpenmre yrJILI BLITIYKJioro ,ll.eB5ITMYfOJILHHKa o6pa3yiOT 
apn¢MeTnqecKyiO rrporpeccniO c pa3nocTLro so. Orrpe,ll.eJIBTe aa
HMeHLrnnJ:i yroJI 3TOfO MHOroyroJILHIIKa. 

6. llpii ,ll.eJieHim ,ll.eBHToro qJiena apii¢MeTJiqecKoJ:i rrporpecciin na 
BTopoJ:i qJien n qacnroM noJiyqaeTc5f 5, a npn ,ll.eJieHIIH Tpi1Ha,li.I:{aToro 
qJleHa na rnecToH qJien n qacTHOM noJiy-craeTC5f 2 11 n ocTaTKe 5. Ha}I
,li.MTe BTopoJ:i qJien sTot'r nporpeccMH. 

7. llpoH3Be,ll.er-me TpeTLero H rneCToro qJienoB apH¢MeTnqecKoH 
nporpecciiH panna 406. llpn ,ll.eJieHIIH ,ll.en5IToro qJreHa 3TOH nporpec
CIIH Ha ee qeTBepTLIH qJieH B qacTIIOM IIOJIY'IaeTC5f 2, a B OCTaTKe 6. 
HaH,li.IITe TpeTnH qJien nporpeccnH. 

8. CyMMa TpeTbero 11 ,ll.eB5IToro qJienon apii¢MeTnqecKoJ:i nporpec
CHB pamra 8. HaJ:i,li.HTe yTpoennyro cyMMY 11 nepnLrx qJienon STOH 
nporpecciii1. 

9. HaTypanLHLre qifcna o6pa3yroT apH<pMen1qecKyiO rrporpeccHIO. 
ilpOH3Be,ll.eHH5f Tpex H qeTbrpex ee nepnLIX qJieHOn panHhi COOTneTC
TBeHUO 6 n 24. HaJ:i,ll.nTe cpe,li.Hee apn¢MeTnqecKoe -creTLrpex rrepnLrx 
qJienon 3TOH nporpeccnn. 

10. Pa3HOCTb apn¢MeTMqecKoJ:i rrporpeccnn panna 3. CyMMa qJie
HOB, CTO.Hll{HX Ha qeTHhiX MeCTaX, panna 50, a cyMMa 1.IJieHOn, CT05fll:{HX 
na neqeniLIX MeCTax, panna 35. Orrpe,ll.eJIHTe, CKOJILKO qJienon co,ll.ep
JKHT nporpeccii5f. 

11. HaJ:i,li.IITe cyMMY ncex IIOJIOJKIITeJILHLrx qeTHLIX ,li.By3naqnLrx 
quceJI, KOTOpLie IIpii ,ll.eJieHHH Ha 3 ,ll.aiOT OCTaTOK 0. 

12. l-IaH,li.HTe CYMMY BCeX Tpex3naqHhiX HaTypaJibHhiX qHceJI, KOTO
pLre ,ll.eJI5ITC5I na 14. 
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13. qeTbrpe 'UICJia o6pa3yiOT reOMeTpH'IeCKYIO nporpeCCHIO, y KO
TOpOM CYMMa Kpai:J.HHX qJieHOB paBIIa -49, a CyMMa cpe,l(HHX ee 'IJieHOB 
paBHa 14. Hai1,l(HTe 3HaMeHaTeJih ::noi1 nporpeccnn. 

14. qeThipe 'IHCJia o6pa3yiOT reoMeTpnqecKyro nporpeccmo, y Ko
Topoi1 nepBhii:J. 'IJieH 6oJihiiie BToporo Ha 35, a TpeTHM 6oJihrne 'IeTBep
Toro na 560. Hai:J.,l(HTe cyMMY ::nail: nporpeccHH. 

15. feoMeTpnqecKa5I nporpeccHR co,l(ep:>KHT rnecTh qJieHoB. ITep
BhiH II BTOpOM ee qJieHhi COOTBeTCTBeHHO paBHbi 3 H 12. Hai:J.,l(HTe IIOC
Jie,l(HHM 'IJieH 3TOM nporpeCCF!H. 

16. YTpoeHHa5I cyMMa 'IJieHOB 6ecKOHe'"IHO y6hmaiOUiei1 reoMeTpH
qecKol'r nporpeccnH paBHa 27, a y,l(BoeHHa5I cyMMa KBa,l(paToB ee '"me
HOB paBira 81. Hail:,l(HTe BTopoi1 'IJieH nporpeccnn. 

17. Hai1,l(HTe cyMMY 6ecKoiie'IHOM reoMeTpnqecKoi1 rrporpeccnn, 
y KOTOpo}i nepBhiM 'IJieH paBeH 6, a CYMMa Tpex ee nepBhiX 'IJieHOB 

paBHa 26 . 
3 

18. CyMMa Tpex nepBhiX 'IJieHoB B03pacTaiOUiei1 apii<pMeTn'!ecKoi1 

nporpecc:nH paBHa 15. Ecmi oT rrepBbiX ,l(Byx qJienoB aTOM nporpecnm 

OTH5ITh IIO 1, a K TpeTheMy npn6aBF!Th 1, TO IIOJiy'IeHHhie TpH 'IF!CJia CO

CTaB5IT reoMeTpwrecKyro nporpeccmo. Hai1,l(HTe cyMMY c '"IeTBepToro 
110 ,l(eC5IThii:J. '"IJieH apHcpMeTWieCKOH rrporpecCHH. 

19. Hai1,l(IITe uaH6oJihrnee npon3Be,l(enne 'IeTbrpex 'IHCeJI, H3 KO
TOphrx nepBhie Tpll cocTaBJIRIOT reoMeTpnqecKyro nporpeccnro, a noc

Jie,l(HHe TPH - apncpMeTH'IecKyro rrporpeccrno. CyMMa Kpai:J.Hnx qnceJI 
paBHa 14, a cyMMa cpe,l(HHX -12. 

PernnTe ypaBneHHR (20-22): 

20. 12x+6x2 -6x3 +6x4 -6x5 + ... =7) r,l(e lxJ<1. 
21. 1, 5 + 3, 5 + 5, 5 + ... + 0, 5x = 68 . 

1 x-3 x-2 x-1 
22. 3x + ... +3x+3x+ 3x =1, r,l(e XE N. 

23. Hai:J.,l(IITe r~eJioe noJIO:>KHTCJibHOe n II3 ypaBnennR 

(6+12+18+ ... +(6n-6))+(8+11 +14+ ... +(8+3n )) = 274. 

24. Bbi'IHCJIHTe 1+32+52+ ... +1992-22-42--62- ... -2002 . 

25. Bbr'IHCJIHTe (2+0,5)2+(4+0,25)2+ ... +(25+0,55)
2

. 

26. Hai:J.,a:nTe 1 +T1 +T2 + ... +Tn + ... , ecJIH nE N. 
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OmBembt: 1. 30. 2. 20. 3. 0. 4. 8. 5. 120°. 6. 7. 7. 14. 8. 132. 9. 2,5. 
2 10. 10. 11. 810. 12. 35392. 13. -2 HJIH -0,5. 14. -357 HJIH -9913. 

15. 3072. 16. 2. 17. 9. 18. 105. 19. 768. 20. X 1 =~;.-r2 =-~. 21. 31. 

- (45 -1)(46
+1) 

22. x-7. 23. 7. 24.-20100.25. 10+ 5 . 26. 2. 
3·4 

KoHTponbHbiLII TeeT 

N!! 3a}J;aHJUI BapnaHThi OTBeToB 

1) 18; 
EcJIII cyMMa 'IeTBepToro If rnecToro 2) 15; 

1 'IJieHOB apHcpMenrqecKOH rrporpeccim 3) 10; 
paBHa 20, TO ee IIHTbiH 'IJieH paBeH 4) 14; 

5) 5. 

EcJIH rrpOH3Be.neHHe ~ecHToro H ~BeHa~-
1) 21; 
2) 11; 

2 
IJ;aTOfO IIOJIO)KIITeJibHbiX 'IJieHOB reoMeT- 3) 60,5; 
pH'IeCKOH rrporpeCCHH paBHO 121, TO ee 4) 36; 
O~HHHa~IJ;aTbiH 'IJieH paBeH 5) 41. 

EcJIH cyMMa n nepBbiX ':lJieHOB apHcpMeTH- 1) 22; 2) 13; 

3 
'IeCKOH rrporpeccuu Bhrpa)KaeTCH cpopMy- 3) 12; 4) 1; 

JIOH sn =5n2 -4n, TO TpeTHH 'IJieH 3TOH 5) 21. 

nporpeccm1 paBeH 

Ec;m 6ecKOHe'IHOH y6biBaiOIIIe:i1 
1) 0,5; 

cyMMa 2) 0,25; 

4 
rebMeTpH'!eCKOH nporpeCCHII paBHa 2, . a 3) -0,3; 
'!eTBepTbiH ee 'IJieH paBeH 0,125, TO 3HaMe- 4) 0,125; 
HaTeJih rrporpeccHH paBeH 5) -0,01. 

EcJIH ':leTbrpe 'IHCJia cocTaBJIHIOT reoMeT- 1) 12; 
pH'IeCKYIO nporpeCCliiO, B KOTOpOH cyMMa 2) 18; 

5 Kpa:i1Hnx 'IJieHOB paBHa 35, a cyMMa cpe.n- 3) 7; 
HHX ':lJieHOB paBHa 30, TO MeHbiiiiiH 'IJieH 4) 8; 
::noli rrporpeccm1 paBeH 5) 5. 
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N!! 3a)J;aHHH BapnaHThlOTBCTOB 

EcJin cyMMa c runoro no BOCbMOH qJieH 1) 1; 2) 3; 

6 
apwpMenr'lecKo:H nporpecCim paBHa 48, a 3) 2; 4) 2,1; 
pa3HOCTb nporpeccnn paBHa 2, TO ee nep- 5) -2. 
BbiH 'IJieH paBeH 

EcJin cyMMa 'leTbrpex 'lnceJI, cocTaBmno- 1) 10; 
mnx reoMeTpnqecKyro nporpeccnro, paBHa 2) 25; 

7 -40, a cyMMa HX KBa)J;paTOB paBHa 3280, 3) 30; 
TO cpe)J;Hee apuqJMeTnqecKoe 3THX qnceJI 4) -10; 
paBHO 5) -40. 
EcJIH 1111¢pb1 Tpex3HaqHoro qncJia o6pa3y- 1) 12; 
roT reoMeTpHqecKyio nporpeccHIO, a 1111¢- 2) 13; 

8 pbi 'IIICJia MeHhrne ,uaHHoro Ha 400 - ap11¢- 3) 10; 
MeTuqecKyro, TO cyMMa 1111¢p ::noro qncJia 4) 9; 
paBHa 5) 15. 

1) 12; 

EcJIH qucJia 51+b +51-b , 0,5a, 5zb +5-zb 2) 10; 
9 o6pa3yroT apn¢MeTuqecKyro nporpeccnro, 3) 11; 

TO HanMeHbrnee 11eJioe 3HaqeHne a paBHO 4) 14; 
5) 13. 

. EcJiu qucJia a, b, c o6pa3yiOT reoMeTpH-
1) 4; 
2) 0,25; 

10 qecKyro nporpeccmo, a qncJia a+b, h+c, 3) 0,5; 
a+c - apn¢MeTw-IecKyro, TO 3HaMeHaTeJib 4) -2; 
reoMeTpnqecKo:H nporpeccHH paBeH 5) 2. 

EcJIH cyMMbi nepBbiX m 11 n 'lJieHOB :1pn¢- 1) -1; 2) 2; 
11 MeTHqecKoi1 nporpeccnH paBHbi, TO 3Haqe- 3) 0; 4) 38; 

HHe Srn+n paBHO 5) 100. 

ECJIH cyMMa qeThrpex nepBbiX qJieHOB 1) 100; 
reoMeTpHqecKo:H nporpeccnn paBHa 100, 2) 1000; 

12 a cyMMa o6paTHbiX K HHM BeJIH'IIIH paBHa 3) 900; 
10, TO npOH3Be)J;eHHe 3THX qJieHOB npo- 4) 20; 
rpeccrm: paBHO 5) 250. 

Hali:)J;HTe npoH3Be,uenHe KOpHei1 (HJIH KO-
1) 15; 
2) 0; 

13 peHb, eCJIH OH ei'J,HHCTBeHHbiH) ypaBHeHIUI 3) 7; 
x-1 + x-2 + x-3 + ... +1.= 7 4) 35; 

X X X X 5) 14. 
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N'l 3a,ZJ;aHHH BapnaHThlOTBeTOB 

1 . 1 1 9 7 

14 
3naqenne CYMMbl 1-2+ 2·3 + ... + 7·8 

1) 7 ; 2) 8 ; 3) 8 ; 
8 17 

paBHO 4) 7; S) 15. 

OmBembt 
HoMep 3a,[(aHIUI 1 2 3 4 5 6 7 

HoMep rrpaBHJihHoro 
3 2 5 1 4 1 4 

OTBeTa 

HoMep 3MaHHJI 8 9 10 11 12 13 14 
HoMep rrpaBHJihHoro 

2 1 4 3 1 1 3 
OTBeTa 
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16 
TP~fOHOMETP~~ECK~E 

nPE06PA308AH~s:l 

~ Bbi~~CfiEH~s:l 

Opeo6pasoBamm n BhPIHCJieHWI TpnroHoMeTpwrecKnx Bbrpa)Ke
mril BhiiiOJIH5IIOTC5f C IIOMOIIJbiO cpOpMyJI 16.1-16.33 H cpopMyJI IIpH
Be)l;eHH5I, yqnTbiBa5I CBOHCTBa TpHrOHOMeTpnqeCKHX H o6paTHbiX TpH
roHOMeTpnqeCKHX cpyHKIJ;HH ( CM. II. 3.2). 

Br,moJIHH5f rrpeo6pasoBaHH5f II BhrqncJieHIIH TpiironoMeTpiiqecKIIX 
Bbipa)Kei-JHH, neo6XO)l;HMO IIOMHIITb, qTo u;eJIOe KOJIIIqecTBO OCHOBHbiX 
rrepiiO)l;OB TpiirOHOMeTpnqeCKOH cpyHKIJ;IIH MO)KHO BbJqnTaTb H3 apry
MeHTa cpyHKIJ;HII HJIH IIpii6aBJI5ITb K ee apryMeHTy: 

sin(a±2nn) =sin a, nE Z; 

cos(a±2nn) =cos a; 

tg(a±nn) = tga; 

ctg( a±nn) = ctga. 

16.1. 0CHOBHble Tp111rOHOMeTp111l.leCKII1e 

TO>K,QeCTBa 

sin2 x+cos2 x=1; (16.1) 

tgx = sinx; (16.2) 
cosx 

ctgx=C?SX; (16.3) 
smx 

16.2. COopMyllbl cno>KeHLIJfl 

sin(x±y) = sinxcosy±cosxsiny; 

cos(x±y) =cosxcosy+sinxsiny; 

t (x ± ) = tg x ± tg y . 
g y 1+tgxtg y 

tgx·ctgx = 1; 

1 +tg2x = _1_. 
cos2 x' 

1+ctg2x=-1-. 
sin2 x 

(16.4) 

(16.5) 

(16.6) 

(16.7) 

(16.8) 

(16.9) 
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16.3. CDopMynbl ABOII1Horo 
111 TpOIIlHoro apryMeHTa 

sin2x == 2sinxcosx; 

cos2x == cos2 x-sin2 x. 
sin3x == sinx(3-4sin2 x); 
cos3x == cosx(4cos2 x-3). 

16.4. CDopMynbl noHitl>KeHIIIH cTeneHIII 

(16.10) 

(16.11) 
(16.12) 
(16.13) 

cos2 x==~(1+cos2x); (16.14) sin2 x==~(1-cos2x). (16.15) 

16.5. CDopMynbl npeo6pa3oBaHIIIH 
cyMMbl B np01113B8A8HIIIe 
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sin x +sin y = 2 sin x; Y cos x; Y ; 

sinx-siny = 2sin x;y cos x;y; 

x+y x-y 
cosx+cosy = 2cos-

2
-cosz 

cos x-cosy = -2 sin x; Y sin x; Y ; 

sin(x+y) 
tgx+tgy= ; 

cosxcosy 

sin(x-y) 
tgx-tgy= . 

cosxcosy 

16.6. CDopMynbl npeo6pa3oBaHIIIH 
np01113B8.Q8HIIIH B CYMMY 

sinxsiny =~(cos(x- y)-cos(x+ y)); 

cosxcosy = ~( cos(x-y)+cos(x+ y)); 

sinxcosy = ~(sin(x- y)+sin(x+ y)). 

(16.16) 

(16.17) 

(16.18) 

(16.19) 

(16.20) 

(16.21) 

(16.22) 

(16.23) 

(16.24) 



16.7. YHIIIBepcanbHafl TplllrOHOMeTpW·tecKafl 
nOACT8HOBK8 

2tg~ 
sinx = 2 ; 

1+tg2~ 
2 

2tg~ 
tgx= 2 

1-tg2 ~ 
2 

(16.25) 

(16.27) 

1-tg2 ~ 
cosx= 2 · 

1+tg2~ 
2 

16.8. npeo6pa30B8HIIIe OTPIIII..\8TeflbHOro 
apryMeHTa 

sin( -a)= -sin a; 
cos( -a) =cos a; 
tg( -a)= -tga; 
ctg( -a)= --ctga; 

( 16.28) 
(16.29) 
(16.30) 
(16.31) 

arcsin( -a)= -arcsin a; 
arccos (-a) = n- arccos a ; 
arctg( -a)= -arctga; 
arcctg( -a)= n-arcctga. 

16.9. COopMynbl npiiiBeAeHIIIfl 

(16.26) 

(16.32) 
(16.33) 
(16.34) 
(16.35) 

Ka)K.n:yio TpiiroHoMeTpiPiecKyio ¢YHKQIIIO HeKoToporo apryMeHTa 
MO)KHO 3aiiiiCaTh KaK <flyHKQIIIO OCTpOrO yrJia a. 

1. EcJIII apryMeHT IIMeeT BII.[( (n±a), TO: 
a) CTaBIIM 3HaK IICXO,[(HOll <flyHK[(IIII; 
6) ¢YHKQII£O rreperriichmaeM; 
B) 1t oT6pachmaeM, a rreperriichmaeM. 

2. Ecm1 apryMeHT II MeeT BH.[( ( i ±a) IIJIII ( 
3; ±a), TO: 

a) CTaBIIM 3HaK HCXO.l(HOH <flyHKQI1II; 
6) <flyHKQIIIO MeH5IeM Ha Ko<flynKQIIIO; 

B) i IIJIII 3
2
7t oT6pachmaeM, a rreperriichmaeM. 

PaccMoTpiiM Koop.n:IIHaTHYIO oKpy)KHOCTh pa.n:Hyca R = 1 c QeHT
poM B TO'!Ke 0 (pHc. 16.1 ). Op.n:IIHaTy Ya TO'!KII Pa, rroJiy'!eHnoii: rrpii 
llOBOpOTe TO'-IKII P0 (1; 0) BOKpyr Ha'IaJia KOOp.l(HHaT Ha a pa.l(IIaH, Ha-
3hiBaiOT nmycoM 'IIICJia a. A6cQHccy xa TOLJKII Pa, noJiy'!eHHoii: rrp11 
llOBOpOTe TOLJKI1 P0 (1; 0) BOKpyr HaLJaJia KOOp.l(viHaT Ha a pa.l(IIaH, Ha-
3hiBaiOT KOCIIHYCOM 'IIICJia a : 

Ya =sin a, Xa =cosa. 
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,ll;UJ: HeKOTOpbiX yrJIOB MOJKHO 3aiiHCaTb TO'!Hhle 3HaT.JeHH5lliX TpH-

roHOl\IeTpHT.JeCKliX BeJIHl.JHH (pH C. 16.1 ). . 

1t 

-1 

7t 

2 -sino: 

.J3 7t 
2 ----- 3 
../2 I 2£ -----r-- 4 
2 I I 7t 

1 -----r-1- -
2 I I I 6 

I I I 

0 

Puc. 16.1 

I I I 
I 

I I I 0 
I 

t coso: 

TeeT AflR npoeepK~ TeopeTW·IeCK~x 3HaH~VI 

Ycmauoeume coomeemcmeue ( 1-8 ): 

1. llepHO,[(lil.JHOCTb TpHrOHOMeTpH'IeCKHX ¢YHKU:l1ll: 

1) sin(177t+a); 

2) cos(1~7t+a); 

3) tg ( 1 ~7t+a); 

4) ctg (7;+a). 
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a) sina; 

6) sin(7t+a); 

B) COS ( S: +a) ; 

r) cos( -~+a); 

.n:) tg (-~+a); 

e) tg (~+a); 

JK) ctg { ~ + a) . 



2. <DopMyJihi nprmeLJ:emur: 

1) 3rt. 
COST, 

2) sin210o; 

3. TpnroHoMeTpH'l.ecKH.e TO)K.n;ecTBa: 

1) 2sin2 3°+2cos2 3°; 

2) tgP· ctgp; 

3) tga; 

4) ctg2a. 

4. <!JopMyJihl CJIO)KeHH51: 

1) tga-tgp . 
1+tga·tgp' 

2 
1-tga·tgp. 

) tga+tgp ' 

3) sinacosP+cosasinp; 

4) sinasinP-cosacosp. 

a)-!; 

6) __ 1 . 
.J3' 

B)-J2. 
2 ' 

1 . 
r) 2' 

.n;) .J3; 
e) -1; 
)K) 1. 

a) 1; 

6) 2; 

B) 3; 

r) sinacos-1a; 

.n;) sin -z a-1 ; 

e) sin-1acosa; 

)K) cos-2 a-1. 

a) sin(a+P); 

6) sin(a-p); 

B) cos( a+P); 

r) ctg (a + p) ; 

LJ:) tg (a+P); 

e) tg (a-P); 

)K) -cos( a+P). 
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5. <DopMJ.IIbi KpaTHbiX apryMeHTOB: 

3) sina; 

4) cos2a; 

5) tga. 

2tgQ 
a) 2 ; 

1+tg2Q 
2 

r) ..!.sin 2<X • 
2 3 , 

.ll:) -cos a; 

e) cosa; 

6. <DopMJ.IIhi npeo6pasoBamui cyMMhi B npOI13Be,l{eHHe: 

1) sina-sinp; 

2) sina+sinp; 

3) cosa-cosp; 

4) cosa+cosp. 
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a) 2sin a-P cos a+P · 
2 2 , 

6) 2sin·a+P cos a-p · 
2 2 , 

B) 2sin a+P cos a+P · 
2 2 , 

r) 2cos a-P cos a+P · 
2 2 , 

) 2 . P-a . a+~ 
.ll: sm-

2
-sm-

2
-; 

) 2 . a-~ . a+~ e sm-
2
-sm-

2
-, 



7. <DopMyiihi rrpeo6pa30Bamur rrpOI13Be,ll,eHI151. B cyMMy: 

1) sin asinp; ) 
cos(P-a)-cos(a+P). 

a 2 , 

2) cosasinp; 6) cos(P-a)+cos(a+P). 
2 ' 

3) cosacosp. ) 
sin(P-a)+sin(a+P). 

B 2 ' 

) sin( a-P)+sin( a+P). 
r 2 , 

) 
sin( a-P)+cos( a+P) 

A 2 . 

8. CVopMyJibl IIOHIDI<eHII51. CTeiieHII: 

1) cos2 ~ · . 2' 

2) 2sin2 3a; 

3) ~cos2 3a. 

HoMep 3a,llaHIUI 

BapnaHT 
rrpaBHJibHOfO 
OTBeTa 

HoMep 3a,llaHHR 

BapHaHT 
rrpaBHJibHOfO 
OTBeTa 

1 2 

1- 6; 2- B; 1- B; 2- a; 
3- .n:; 4- )K 3- e; 4-6 

5 6 
1- r; 2- .n:; 

1- a; 2- 6; 3- a; 4- 6; 
3- .n:; 4- r 5- )K 

a) ~ ( 1 +cos a) ; 

6) 1 +cos6a; 

B) 1-cos6a; 

r) 0,25(1+cos6a); 

A) ~(1+cos6a). 

3 4 

1- 6; 2- a; 1- e; 2- r; 
3- r;4- .n: 3- a;4- JK 

7 8 

1- a; 2- B; 1- a; 2- B; 
3-6 3-r 
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np111Mepb1 
llpnMep 1. Ilpeo6pa3yfne B npoH3Be)l,emie cyMMY 

cos 2cx.- cos 3cx.- cos 4cx. +cos Sex. . 
Peweuue. 3amuneM nhrpameHue B BH)l,e: 

A= (cos 2a-cos4a) +( cos5cx.-cos3cx.). 
ilpHMeWJ:JI cpopMyJiy 16.19, ITOJIYl.JMM: 

A:=-2 in 2a+ 4cx. sin 2a - 4a- 2sin Sex. - 3cx. sin Scx.+ 3cx. = 
s 2 2 2 2 

= -2 sin 3cx.sin (-ex.)- 2 sin ex. sin 4cx. = 2sin 3asin ex.- 2 sin ax 

x sin 4a = 2 sin a( sin 3cx. -sin 4cx.). 
ilpnMeWI51 cpopMyJiy 16.17, ITOJIYl.JMM: 

A= 2sincx.· 2sin 3CX.; 4a cos 3cx.; 4a = 4sin ex. sin(-~ )cos 7~ = 

= -4sinS!:.sinacos 7a 2 2 . 

0 4 . a . 7a 
meem:- sm2 smacos2. 

llpnMep 2. YnpocTI1Te BbrpameHne 

ctg-·1 2cx.cos-1213-ctg-1 2f3cos-12a 
cos-12a+cos-1 213 

Peweuue. llpMMeHHM cpopMyJihi 16.2, 2.8 n rroJiyl.JHM: 

sin 2cx. _ sin 213 sin 2a-sin 213 
cos2cx.cos2@ cos2f3cos2cx. _ cos2cx.cos213 _ 

_ 1_ +-1- - cos 213 +cos 2cx. -
cos2a cos2f3 cos2cx.cos2f3 

_ sin2a-sin2f3 cos2cx.cos2f3 _ sin2a-sin213 
- cos 2cx. cos 213 . cos 2(3 +cos 2cx. - cos 2cx. +cos 213 . 

IlpHMeHHM cpopMyJihi 16.17,16.19: 
. 2cx.- 2(3 2cx. + 213 . 

2sm 2 cos-2- = sin(cx.-13) = t a-

2 
2a+ 213 2cx.- 2p cos ( cx.-13) g ( 13) · 

cos 2 cos 2 

Omeem: tg (ex. -13) . 
IlpnMep 3. )loKamnre rom)l,eCTBO 

sin6 "I-cos6 I= -±coscx.( 4 -sin2 ex.). 

Peweuue. BbiiTOJIHIIM rrpeo6pa3oBaHH5I Jieno:H qacrn TOE.ZJ:eCTBa, 
npHMeHJIJI cpopMyJiy pa3HOCTU Ky6oB II cpOpMyJiy 16.11: 
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sin6 ~-cos6 ~ = (sin2 ~-cos2 ~)(sin4 ~+sin2 ~cos2 ~+ 
2 2 2 2 2 2 2 

+cos4 Q:.) =-cos a(sin4 a +sin2 Q:.cos2 a +cos4 a)= A 2 2 2 2 2 . 
I1peo6pa3yeM Bhrpa:>Kemre, cTmniiee B CKo6Ke. Bhr,D,emm KBa,D,paT 

,D,ByqJieHa ll DpHMeH5UI cPOPMYJibi 16.1 H 16.10, TIOJIYL{HM: 

sin4 % + 2sin2%cos2%+cos4 %-sin
2

%cos2% = 

2 2 

( 
. 2 a 2 a) ( 1 2 . a a) 1 1 . 2 = Sin -+cos - - -· sin-cos- = --sin a 

2 2 2 2 2 4. 

Tor,D,a A =-cosa 4-s!n
2

a =--icosa( 4-sin2a). 

Omeem: To:>K,D,eCTBO ,D,OKa3ano. 

fipHMep 4. }loKa:>KIITe TO:>K,D,eCTBO 
~,_ O,Scos (2a-3n) -1 ( 5n) 

--~--=-.,.--.:...=ctg a--
sin2( a+ 

5:) 4 

Pewe11.ue. 1. BbiTIOJIHIIM rrpeo6pa3oBamr51 neno}r qacTII TO:>K,D,ecTna, 
ITOCJie,D,OBaTeJibHO npHMeH5151 cPOPMYJihl 16.15, 16.11, 16.1 0, cpopMyJihi 
npHBe,D,emm, cpopMyJihl COKpameJUJOfO YMHO:>KeUII51 II Bb!L{JITa51II3 ap
ryMeHTOB cpyHKIIHM CIIHYC H KOCI1HYC HX OCHOBHhie nepHO,ll,bi: 

cos(3n-2a) _ cos(n-2a) = cos2a = 

2 sin 2 ( s; +a) - 2 · ~ ( 1-cos 2 . ( 5: + a)) 1-cos ( 5
2
1t + 2a) 

-cos2a -cos2a -ros2 a+sin2 a 
= =. = 2 2 = 
1-cos(~+2a) 1+sin2a sin a+cos a+2sinacosa 

_ -(cosa-sina)(cosa+sina) sina-cosa 
- (sina+cosa/ sina+cosa 

2. BhmomnrM rrpeo6pa3oBaHH51 npaBoi1 '!aCTH TO:>K,D,eCTBa. BbiL{II
TM II3 apryMeHTa cpyHKIIIIH TaHrenc, ee OCHOBHOM rrepHO,ll,. 11 np11Me
H5151 ¢opMyJihi 16.2, 16.7 II 16.8, nonyqnM: 

. ( 7t) . .J2 .J2 
( 

Sn. ) ( 7t) Sin a-4 sina2 -cosa2 tg a-- =tg a-- = = .J2 = 
4 4 

cos( a-~) cosa-f+sina ~ 
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.J22
2 (sina-cosa) . rv _ _ sma-cosv.. 

- .J2 ( . ) - cos a+ sin a · T cosa+sma 

OmBem: TO%.lJ:CCTBO .lJ:OKa3aHo. 

PeweHue. BhiiiOJIHHM npeo6pa3oBaHH5l .ll:aHHOro Bbipa%eHHH, Bbi

qJ1TaH !13 apryMeUTOB TpHrOHOMCTpH<JeCKHX cpyHKQHll HX OCUOBHblC 

nepHO.lJ:hi, rrpnMeHHH cpopMyJihi npnBe.ll:eHH5I 11 cpopMyiihi 16.6. 16.17, 
16.16, 16.10. floJiyqHM: 

cos
2

%( 1 +tg
2 

( 
3
: -~))sin(~+%) 

----~~--~----~~~----= 

tg2 ( ~-1)-tg2 ( ~- 3:) 

za 1 a 

( )) 
cos -· ·cos-

- cos
2

% 1+ctg2 (~ cos%_ 4 sin
23

: 2 = 

- ctg2~-ctg2 3a+1-1 - _1__ 1 
4 4 sin2Q sin2 3a 

4 4 

cos2 QcosQsin2 Q cos2 QcosQsin2 Q 
= 4 2 4 = 4 2 4= 

(sin 
3
: -sin1)( sin 

3
: +sin%) 4sin%cos%sin%cosJ 
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1 Omaem: 8 . 

= 

a . a cos-sm-
4 4-

4' a sm2 

cosQsinQ 
1 4 4 

=s· 
8 . a a 

Sll14COS4 

IlpnMep 6. Tipeo6pasyi1Te B npousne~erme 1-3 ctg-2 (a+ 270°). 
PeweHue. TipmvreHHH cpopMyJII>I 2.8, 16.4, cpopMyny rrprme~eHHH, 

cpopMyJiy 16.3 ll cpopMyJiy pa3HOCTH KBa~paTOB, ITOJIY'IHM: 

1- 2 
3 =1-3tg2(a+270°)= 

ctg (a+ 270°) 

= 1_ 3 ctg2a= 1 3cos
2
a= sin

2
a-3cos

2
a 

sin2a sin2 a = 

(sin a- J3 cos a) (sin a+ J3 cos a) 

- sin2 a 
Bne~eM BcrroMoraTeJihHbiH apryMeHT a, rrpe~BapuTeJII>HO yMHO-

)KHB 'fHCJIHTeJib H 3HaMeHaTeJib ~po6H Ha i : 
~(sina-J3 cos a)~( sina+J3 cos a)_ 

1 . 2 

4sm a 

4(1 . J3 )(1 . J3 ) 
2sma-2 cosa 2sma+2 cosa 

___:o ______ ....::....::. _____ _____.::. =A . 

sin2 a 

TaK KaK cos60° = ~ , a sin 60° = 1 , 
TO A 4sin( a-60°)sin( a+60°) 

sin2a 

0 · .. 4sin(a-60°)sin(a+60°) 
meem. . 2 . 

sm a 

IlpHMep 7 . .l(oKa)KHTe cnpaBe~JIHBOCTb paBeHCTBa 
cos28°cos56° +cos2°cos4° = J3siri38° . 

sin178° sin152° 4sin2°sin28° 
PeweHue. BI>mOJIHHM npeo6pasonaHHH Jienoi1 'faCTH panencTBa. 

llpHMeH5151 cpopMyJII>I IIpHBe~eHH51 H ¢opMyJihi 16.10, 16.16, IIOJIY'IHM: 
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cos28°cos56° + cos2°COS4° = 2sin28°cos28°cos56° + 
sin2° sin28° 2sin2°sin28° 

+2sin2°cos2°cos4° = 2sin56°cos56°+2sin4°cos4° 
2sin2°sin28° 4sin2°sin28° 

= sin112°+sin8° = 2sin60°cos52° = ¥cos(goo- 38o) = 
4sin2°sin28° 4sin2°sin28° 4sin2°sin28° 

,J3 sin38° 

Omeem: PaBeHCTBO cnpaBe,li,JIHBO. 

IIpnMep 8. BbiqHcJIHTe cos ( 2a+ 
1 ~n), ecJII1 ctg a=~. 

Peweuue. BbiqTeM 113 apryMeHTa ¢yHKU1111 KOCI1Hyc ee ,li,Ba ocHoB
HbiX rrep110,ll,a 11 rrpHMeHHM <):lopMyJiy 16.8. fioJiyqi1M: 

A =cos( 2a+ 
1 ~1t -4n) =cos( 2a-J)=cos2acosJ+ 

+sin2asin~=cos2a·1 +sin2a·-fJ = .J} (cos2a+sin2a). 

TaK KaK tga · ctga = 1 H ctg a= ~ , TO tga = ~ . Cor JiacHo 

.+. 
2 

1-tg2a . 
2 

2tga u 

't'OPMYJiaM cos a= 2 11 sm a= 2 Hal1,ll,eM 3Haqemur: 
1+tg a 1+tg a 

9 5 
-

1-4--4- 5 . - 3 _12 cos 2a---9 - 13--
13 

11 sm 2a- IT-
13 

. 
1+4 4 4 

../2( 5 12) 7../2 Tor.n.aA=T-13+13 =25· 

7../2 
Om6em: w· 
TipnMep 9. BhiqHcJII1Te 1+5sin2a-_L.

2 
, ecJII1 ctg a=--

2
1 . 

cos a 
Peweuue. IlpHMeHJIJI ¢opMyJihi 16.25 11 16.26, Haii.n.eM sin2a 

H .. cos2a, 3HaJI, qTo tga=-2. Tor.n.a sin2a= 
2
·(-

2
) =-1., 

1+(-2)2 5 
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1-(-2)2 3 
cos2a= 2 --

5
. Tio,ZJ;CTaBJIRR 3HaqemiR sin2a 11 cos2a B Bhr-

1 +( -2) 

pa:>KeH11e 1+5sin2a- co;
2
a, rroJiy'I11M 1+5·(-~)+3·~=1-4+5=2. 

Omeem: 2. 

llpHMep 10. Hafi.QHTe ~-a, ecJI11 ctg a=4, ctg ~=% 
1t 0 A 1t 

I1 O<a<2, <1-'<2. 

5 1 3 Peweuue. EcJIH ctg a= 4, ctg ~= 3 , To tg a= 4 , tg ~=s. 

3 1 
Hafi,ZJ;eM: tg(~-a) = tg ~-tg a , tg(~-a) = 5_4 

2
7
3

, OTKy.ll.a 
1+tg a tg~ 1+1..1 

4 5 

~-a=arctg J
3

+nn, nEZ. TaK KaK O<a<~ u 0<~<~, To np11 

n = 0 noJiy'InM ~-a= arctg J
3 

. 

7 Omeem: arctg 
23 

. 

llpnMep 11. Hafi,ZJ;11Te ctg-1a+tg-1a, ecJin tg2a+ctg2a= 7 
If aE (270°; 360°). 

Peweuue. 3anmueM ctg-1a + tg-1a = tga + ctgl3. 

ITycTb tg a+ ctg a= x. Bo3BO,ZJ;5l o6e qacT11 paBeHcTBa B KBa,D;paT, 

noJIY'I11M: tg2a+ 2tgactga +ctg2a=x2
. 3HaR, 'ITo tgactga=1, 

a tg2a+ctg2a = 7, 3arr11IIIeM x 2 = 7 + 2, x 2 = 9, OTKy,ZJ;a x = ±3. Tioc

KOJihKY aE (270°; 360°), TO tg a< 0 11 ctg a< 0. CJie,ZJ;oBaTeJibHO, 

tg a+ ctg a< 0 11 tg a+ ctg a= -3 . 

Omeem: -3. 

llpHMep 12. Haii,ZJ;11Te cos -z a, ecJI11 si~ 3a +cos 3a = 1 . 
sma cosa 

Peweuue. ITp11MCH5!5l ¢opMyJihi TpoiiHoro apryMeHTa, 3aTI11IIIeM: 

sina(3-4sin2 a) cosa(4cos2 a-3) 
. + 1. CoKpanm ,D;po611 11 rrp11-

sma cosa 
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Be,l(51 no.l(o6Hhie cJiaraeMhie, noJiy'-IHM: 3-4sin2 a+4cos2o:-3=1, 

4cos2 o:-4(1-cos2 a)= 1, 8cos2 o: = 5, cos2 o: = ~, cos-2 a=~. 
Omeem: 1,6. 

llpHMep 13. Hati.l(HTe 3Ha'-lem:re Bhip<UKemrn tg (arccos (-
2"(! )- ~). 

Pewe11ue. Tipeo6pa3yeM oTpMQaTeJihHhiM apryMeHT cpyHKI~MM apK-
Kocrmyc M BBe,l(eM llO,l(CTaHOBKY. 3anMIIIeM: 

tg (arccos(-
2"(! }-~} = tg ( n-arccos 

2f -~ )= 

2.J5 _ (1t 2../5 )- arccos-5- = o:, _ 
- tg 2- arccos -

5
- -

2
../5 - ctg o:. 

coso:=-
5
-

Hai1.l(eM ctg o: , 3HM, '-ITO cos a= 2"(! . 
. TaK KaK 1+tg2a=-1-2-, TO 1+tg2a=( 5'"'")

2

, OTKy.l(a tg2o:=-
4
5 -1, 

cos o: 2v5 
2 1 1 

tg 0: = 4 ' tg 0: = 2 ' ctg 0: = 2 . 

Omeem:2. 

llpHMep 14. HaM,l(IITe sHa'-!eHue BhrpmKeHM51 arccos( cos 940°) . 
Pewe~tue. Y'-IMThiBM ocHOBHOM nepiiO.l( cpyHKUIIII y =cos x II o6-

JiaCTh orrpe,l(eJieHM51 cpyHKUMM y =arCCOS X, llOJIY'-IMM: 
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arccos( cos (940° -1 080°)) =arccos( cos ( -140°)) = 

=arccos( cos 140°) = 140°. 

Omeem: 140°. 

3a.Q8'illl .Qfls:l C8MOCTOs:ITeflbHOf0 peweHIIIs:l 

,lJ,oKaJKMTe TOJK,l(eCTBa ( 1-27): 

1. ( 1 +cos-12o:+tg 2o: )( 1-cos-12o:+tg 2o:) = 2 tg 2o:. 

2. sin 9o:+ sin 10a+sin 11o:+ sin 12a =sin Z~a ( 8cos3 ~- 4cos ~). 

3. sin4o:-sin5o:-sin6a+sin 7a= -8sin2 Icosisin 1 ;o:. 



4. cosa+sina+cos3a.+sin3a = 2.J2 cosasin(2a+ 1 ~1t). 

5. tg 2~+ctg 3a. = t 2R·ct 3a. 
ctg 2P+tg 3a. g f.l g 

6. tg-1a.+ctg-ta+tg-13a+ctg-13a= 8c_os22a. 
sm6a. 

7. sin2a-sin3Cl.+sin4a. =ctg-13a. 
cos 2a.- cos 3a. +cos 4a. . 

8. sin- 1 a.+tg-1a.=tg-1~. 

9. (cos~-cosa)2 +(sin~-sina)2 =4sin2 P;a. 
( tg Cl.+cos-1 a.)( cosa-tg-1a.) 

10. ) 1 ):::1. ( cosa+tg-1a ( tg a.-cos- Cl. 

11. (cos a.- cos~)2 -(sin a. -sin ~)2 = 2 cos( a.+~)( cos( Cl.- P) -1). 
12. cos4a.-sin4a. ctg 2a.= -1. 

13. 1-cos4Cl. + 1+cos4a. 2 . 
cos-2 2Cl.-1 sin-2 2Cl.-1 

ctg
2
2a.-1 2 ( 1t ) 14. 2 ctg 2Cl. cos8actg 4a.=2cos 4-4a. -1. 

15. cos4a.+1 = sin2Cl. . 
ctg a.-tg a cos-12a 

16 (
.Jtga+.Jctga)

2 
. -1 -1 . . =sm a.cos a. 

sma+cosa 

17. sin 7a-2sina( cos2a.+cos4a+cos6a.) =sin a. 

18. cos4 x-cos2 y+0,25sin2 2x = sin(x + y )sin(y -x). 

19. sin6 a+cos6 a+3 sin2 a.cos2 Cl.-cos2 Cl. = sin2 a.. 

20. tg a+tg P + tg a-tg ~ = 2 . 
tg ( a.+P) tg ( a-P) 

21. ( cos-12a+ctg( s; +2a )) ::: tg( S41t -a). 

22. 2sin2(13n-2a)cos2 (15n+2a) =%-%sin( 9; -sa.). 
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cos( 5; -6a)+sin(5rr+4a)+sin(33n-a) 
23. ==tga. 

sin( 5; +6a )+cos( 4a.- 20n) +cos( a+ 20n) 

24. 1-tg(90°+a) = tg(360°+a)+1 
1+ctg(720°-a) ctg(270°:-a)-1 · 

25. sin2 e~n -2a. )-cos2 c ~1t -2a) = 1-
2'Jl 2

a. 

26. sin2(9n +Q)-sin2(71t +Q) = sin a 
8 4 8 4 2.flcosQ 

2 

27. sin2 2a+cos(~-2a)sin(~-2a) = 0,25. 

YnpocniTe Bhrpa)l{emm (28-47): 

28. 2(sin2 6a+cos2 6a)-3(sin2 4a+cos2 4a)+tga ctga. 

29 sin2a+ 2cos2 a 
· 1 +sin2a-cos2a · 

30 t (2 4 ) _ cos(11, 1n) 
.cg,n 1 (46)" -cos , 1t 

31. tg2 
( 
3
2
1t +a )-sin( a- 2n)cos{ 3

2
1t +a)-cos2 (a-n). 

32. 1+sin(31n-"I)-cos2¥+sin2 ¥. 

33 
(sina+cosa)2 

2 
. ( 5 ) +cos a. 

cos(2a-2n)ctg a- : 

sin( 4n:+%)ctg~-cos( 4n:+%) 
34

· ( a) a (7n: a)· cos 5n:-4 ctg8 +cos 2 - 4 
35 (a 13n:) . (n a) . a • ~OS 2 - 6 Sill 3 - 2 sm2 . 

36 cos-12x+sin2x tg 2x 1 

· 2cos
2
2x + 4sin 2 {~-x)ctg(~-x). 

37. cos2 ( a+213+ 2n)+sin2 
( a-213- 2n). 

38. (1-cos2a)cos(405°+2a). 
2sin2 2a- sin4a. 

246 



39. ctg( 405°-~)+ctg(315°-~). 

40_ tga ctga+ctg 2a ctga. 
2tg actg a 

41 cos6a-cos7a 
· sin 7a-sin6a · 

42. 1-sin(2a+ 7;). 

43 
tg( ~-a)+tg3 (¥+a) 

. ctg3 e21t -a)+ ctg ( 5; +a) . 

44_ cos2 (a- 630°) + sin2 
( a+630°) . 

sin-2 (a+450°)-1 cos-2 (a-450°)-1 

45. s~n6a+ cos(6a-3n). 
sm2a 1-2sin2 a 

sin( a-41t)sin( I+%) 
46

. cos2 1t~a( 2sin 7t;a+cos( 3; -a)). 

47. 1+cosa+cos2a+cos3a. 

2cos2 a-2sin2 Q: 
2 

II peo6pa3yi1:Te B npoi13Be,nemie ( 48-61 ): 
48. sin4a-2cos2 2a+tgactga. 

49. tg%+ctg%+2cos2 a+2sin2 a. 

50. 2-4 cos-4 a-T4 sin-4 a. 
1 

(tg4a-tg6a)2 
51. 1 . 

( ctg4a- ctg2a)2 

52. 1-3tg2 (a-900°). 

53. tg
2 
(a-

3
;)-ctg2 (a+ 

3
;). 

54. 3sin2 (a-270°)-cos2 (a+270°). 

55. sin2 (p- 1 ~1t)-cos2 (a- 7;) . 
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56. 3-4cos2 e~n-a). 
57. 1 +cos(2a+630°)+sin(2a-990°). 

58. cos5acos4a+cos4acos3a-2cos2 2acosa. 

59 sin13a+sin14a+sin15a+sin16a 
· cos13a+cos14a+cos15a+cos16cx · 

60 . .jtg a+sina-.Jtg cx-sina, 0 <a<~. 

61. 2sin2 a+sin2a-tg 2a. 

)loKa)KHTe cnpaBe.ZJ)II1BOCTb paBeHCTB (62-64): 

62. cos-134°+ctg56° = ctg 388°. 

63. (sin 160° +sin 40°) (sin 140° +sin 20°) + 

+(sin50° -sin 70°)(sin130°-sin110°) = 1. 

64. cos-1160°+4sin50°=2. 

BhPIHCJIHTe (65-72): 

5 . 2 1t 2 37t . 2 57t 2 71t 2 
6 . sm s+cos -s+sm s+cos -s+cos 1t. 

66. tg 435°+tg 375°+tg180°. 

137t 57t 37t 
67. ctg 12-ctg rr-ctg2. 

68. sin(2a- 1!7t),ecJIH tga=~. 
2sin2a+1 13 5 69. . 

2 
cos2a, ecJIH tg a=- . 

sm a 

70. tg( 
5
4
7t +a) -tg( 

5
: -a), ecJIH ctg(i ~n +2a) = ~1 . 

71. sin-1 
( a+~)sin-1 (~-a), ecJIH sin a= -l cos~=-~. 

72. cos20°cos40°cos80°. 

73. Haii.ZJ:HTe sin2 a, ecJIH tg a= 2 11 1t <a< ~7t. 
74 H u 1-sina a -1 . aH.ZJ:HTe , ecJIH tg -

2 
= m . 

COSO'. 

75. HaM.ZJ:HTe tg ( 
3~7t-2a), ecJIH sin ex=~ 11 a>~. 

u ctg a sin( a-~) g_ 
76. HaH.ZJ:HTe --A , ecJIH . ( A) ctg.., sm a+.., p 
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77. Hal'rJ.I,HTe '-IHCJIO a E ( ~; 1t) , ecJIH ctg 2a =-t
2 

. 

78. HaitrJ.I,HTe sin4 a+cos4 a, ecJIH sina=~(1+2cosa). 

79. Ha:HJ.I,wTe tg3a+ctg3a, ecJIH tg-1a+ctg-1a = 3. 

80. Ha:HJ.I,wTe a+~,ecnw tga=~, tg~=7 w O<a<%,0<~<~. 

81. Bbi'UICJIHTe ( 1 +tg-1a )( 1 +tg-1~), ecJIH a+~= 3: . 

Bwmcmue (82-93): 

82. cos
2 (~arccos~). 83. sin -3 

( arcctg ( -JS)) . 

84. sin-1 
( 3arcsin1+arcsin~). 

85. cos( 300n+arccos( -1 )} 
86. sin( 6n-200arccos 1} 
87. sin(arctg-./3 -arcsinO,S-arccos( -0,5-./3)). 

88. sin( arcsin 0, 6 +arccos 0, (3)) . 

89. tg(arcctg 2+arcctg 3+n). 

90. tg( 34n+ 2· arcsin(-~)). 

91. cos(
7
2
7t -arctg( -%)). 

92. arcsin(sin1210°). 

93. arcsin (cos 850°) . 

1 cos2a 
OmBembt: 28. 0. 29. ctg a. 30. (O 

1 
) . 31. -.-z-

cos , n sm a 

32. 2J2sin~sin(~+~). 33. -sin2 a. 34. -tg~. 35. isin 3;. 

36. ; . 37. 1-sin2asin4~. 38. _J2
4
2 tga. 39. 2tga. 

cos 2x 
1 13a 1 4 40. . 2 . 41. tg-

2 
. 42. 2 . 43. ctg a. 44. 1. 45. 2. 

4sm a 2cos a 
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4sin2 (2I+~) 
46. 2 tg~2 . 47. 2cosa. 48 . .J2sin(4a-45°). 49. . . 4 2 . 

sma 

50 
_ cos2a 

51 
4 

52 
4sin(30°-a)sin(30o+a) 

53 
4cos2a 

. . 42 . . tg a. . 2 . . st·n22rv. sm a cos a u. 

54. 4cos(30°+a)cos(30°-a). 55. cos( a+~)cos( a-~). 

56. 4cos(~+a)cos(~-a). 57. 2.J2cosacos(45°-a). 

58. -2cosasin2asin6a. 59. tg Z~a. 60. 2.Jtg a cos(%+~). 

2.J2sin2 acos(~+2a) 17.J2 57 
61. cos

2
a . 65. 3. 66. 4. 67. 2~. 68. - 26 . 69. S. 

22 36 m-1 7 p-q 
70. -g-. 71. 

23
. 72. 0,125. 73. 0,8. 74. m+

1
. 75. -

24
. 76. p+q 

77. n-arctg~. 78. ~~. 79. 18. 80. 3
4
1t. 81. 2. 82. ~. 83. 27. 84. -i . 

.J2 ~ !<> 3+8.J2 r;:: 85. - 2 . 86. 2 . 87. -0,5v3. 88. 
15 

. 89. 1. 90. -4v5. 

91. f! . 92. 50°. 93. -40° . 

KoHTpOilbHbiVI TeeT 

3a.n;aHHH BapnaHTbi OTBeTOB 

1) 1; 
2) 7; 

1 Haii.n;IITe tg a, ecJIH tg ( -J-a) = -~ 3) 3; 
4) ~; 
5) 3./3. 
1) 7,2; 

EcJm tg a:=.;?. n 0 s:; as:; 1!. TO 3Ha'!eHne 2) 36; 
2 4 2' 3) 3,6; 

Bbipa)KeHH5l 2~c~sa paBHO 
sm a 

3 
Pe3y JibTaT Bbi'IHCJieHH5l Bbipa)KeHH5l 
sin855°-sin1155°+sin1095° paBeH 
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4) 50; 
5) 125. 

1)0; 2)-1; 
3) 0,5; 4) 1; 
5) 14. 



Ng 3a.n;aHHH BapuaHThlOTBeToB 
1) 12; 

Pe3yJihTaT Bbl'IMCJiemur BbipaJKemm 2) 3,2; 
4 1 4 3) 7; 

ctg215° 
+ 600 paueu 4) 1; ctg 

5) 4. 
1) 1,5; 

3uaqemre BbipaJKemuJ 2) 17; 
5 . 20° 3) 1; 

COS 20°- ~; 1 oo paBHO 4) 0; 
5) -1. 
1) 0; 

EcJIH sin( 4a.- 3;) = -i, TO 3Hal.:[eHIIe 2) 2,25; 
6 3) 1; 

BbipaJKeHIJ>I 16sin4 
( 2a.- 1 ~1t) paBHO 4) 0,5; 

5) 1,75. 
1) 8; 

3na<JeHIIe BbipaJKemui 2) 1; 
7 

( J2cosC>-2sin(45°-C<) r 3) 2; 

2 sin ( 60° +a.)- J3 cos a. 
paBHO 4) 0,125; 

5) 27. 

1) -~· 2) 3n . 

EcJIII tg a. II tg p - KOPHH ypaBnemm 
4' 4' 

8 6x2 + 5x + 1 = 0 , TO cyMMa l.:[HCeJI 3) 5n. 4) ~; 4' 
a. II p paana 

5) -~+nn, nE Z. 

1) JS-1; 

Ecmi sin18° = 0, 25 ( J5 -1) , TO 3Ha<Je-
2) 25JS; 

9 3) 5(J5+1); 
HIIe BbipaJKeHH5! sin-154° paBHO 4) J5+1; 

5) 0,25(J5+1). 

EcJIH x = bcosp, y = bcosa.sinp, 
1) b; 

10 z = b sin a sin P, TO 3HatJeime 2) 3b; 3) b2
; 

BblpaJKeHII5! x 2 + y 2 + z2 paBHO 
4) bsin( a.+P); 
5) b2 cos(a.-!3). 
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M 3a,ZJ;aHHH BapnaHThiOTBeTOB 

1) 3; 

EcJiu 0 ~ a~ J , To KOJiu:qecTBo QeJihiX 
2) 9; 

11 
3) 8; 

3Ha'JeHHH a, npH KOTOpb!X BbiTIOJIHHeT- 4) 15; 

CH paBeHCTBO tg a= 2a2 + 2a ' paBHO 5) 11. 
a2 -6a+9 

EcJiu ¢YHKUJ'IH 
1) -6; 

y=(a-b)sin2 x+0,5(a+b)cos2 x 
2) 10; 

12 3) 5; 
TO:>K,ZJ;eCTBeHHO paBHa 2 )(JI5:1 BCeX 4) 4; 
3HaiJeHMH X, TO cyMMa a M b paBHa 5) 0. 

1) a=O; 

2)a=}; 

13 
Ecmr 0 ~ a~~ , TO HepaBeHCTBO 3)a=0,aE[}; ~l 
sin a~ sin 2a BhiTIOJIHHeTc5:1 

4) aE["J; ~} Tipii YCJIOBIIII, 'ITO 

1t 5) a= 2 , a=O. 

1) 3; 

Ecmr f ( n) =arcsin sin n, To 3HaiJeHue 
2) 1t; 

14 3) n-1; 
Bbipa:>KeHH5f j(1)+ j(2) paBHO 4)n+1; 

5) n+3. 

OmBembt 
HoMep 3a,ll;aHJUI 1 2 3 4 5 6 7 
HoMep rrpaBIIJihHoro 

2 1 1 3 5 2 4 
OTBeTa 

HoMep 3a,ll;aHII~ 8 9 10 11 12 13 14 
HoMep rrpaBIIJihHoro 

5 1 3 5 4 3 3 
OTBeTa 
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17 TP~rOHOMETP~~ECK~E 

YPABHEH~s:l 

TpuzoHoMemputtecJ<u.lltu Ha3biBaiOT ypaBHemm:, co.n:ep:>KamMe nepe
MeHHyro llO,ll; 3HaKaMM Tpi1rOHOMeTpWieCKMX ¢YHKUMM. 06mMM MeTO,ll; 
pemeHM5I TpMrOHOMeTpWieCKI1X ypaBHelil1M COCTOMT B CBe.n;eHMI1 MX C 
llOMOIJJ:biO npeo6pa30BaHMM K O,li;HOMY MJIM HeCKOJibKMM npOCTeMIJlHM. 

17 .1. npocTeVIWIIle TplllrOHOMeTpllll.leCKIIle 

ypaBHeHI/Ifl 

K npocTei1mMM TpMroHoMeTpw-IeCKMM ypaBHeHM.HM OTHOC.HT ypaB-
HeHM5I BH,ll;a: 

sinx=a, cosx:=a, tgx=a, ctgx=a. 

PaccMoTpHM 11x pemeHH5!. 

1. ECJm ypanHemie HMeeT BH.ll: sinx =a 11 Ia! :S1 , TO 

x=(-1) 11 arcsina+nk,r.n:e kEZ. 

lfacmHbte cJtyttau: 

a) ecJIH sinx=O, TO x=O+nk, kE Z; 

6)ecJIH sinx=1,To x=}+2nk, kEZ; 

n)ecmi sinx=-1,To x=-I+2nk, kEZ. 

2. EcJIM ypaBHeHne HMeeT BH.ll: cos x =a M Ia! :S1 , TO 

x = ±arccosa+27tn, r.n:e nE Z. 

lfacmHbte cJtyttau: 

a) eCJIM COS X = 0 , TO X := } + 1tn , n E Z ; 

6)ecJIM cosx=1,To x=0+2nn, nEZ; 

B) eCJIM COS X = -1 , TO X = 7t + 21tn , n E Z . 

3. EcJIM ypaBHeHHe MMeeT BH.ll: tg x =a 11 a E R , TO 

x = arctg a+ nn , r.n:e n E Z . 

4. EcJIHypasHeHnenMeeTBH.ll: ctgx=a M aER,To 

x = arcctg a +1tn, r.n:e nE Z. 

PaccMoTpHM HeKOTOpbre cnoco6br cne.n;eHM5! TpHroHoMeTpwieCKMX 

ypaBHeHHM K npOCTei1IllMM. 
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17.2. 0.QHOpO.QHble ypaBHeHIIlfl 
OTHOC111TenbHO Sin X 111 COS X 

1. O,n:Hopo,n:HoiM ypamreHHeM nepnoi1: cTeneHH Ha3biBaiOT ypaBHe

HHe nn.ua asinx+bcosx =0. 
Pa3.uemm o6e 'IaCTM ::noro ypaBHeHM5I ua cos x =F 0 , rroJiy'IMM: 

asinx +bcosx =-0- atgx+b=O 
' ' cosx cosx cosx 

OTKy.n:a tg x = - ~ ; x = -arctg ( ~) + nn , n E Z . 

2. O.unopOiJ.HhiM ypaBJieHHeM BTopoi1: cTerreHM Ha3oiBaiOT ypanne-

HHe nrr.n:a asin2 x+bsinxcosx+ccos2 x = 0. 
Pa3.uemm o6e 'IaCTM 3Toro ypamieHII5I Ha cos2 x =F 0 , IIOJIY'JHM: 

asin
2 

x +bsinxcosx +ccos
2 
x __Q__

2 
, atg2x+btgx+c=0. 

cos2 x cos2 x cos2 x cos x 
Peiii3.5I KBa,n:paTHOe ypaBHeHHe OTHOCMTeJibHO tg X , IIOJIY'IHM ~Ba 

rrpocTeHIIIHX ypaaneHH5I nn.ua tg x = a . 

17 .3. PeweHIIle ypasHeHIIlfl B111Aa a sin x + b cos x = c 

YpanHeHHe an.n:a asinx+bcosx=c MOJKHO pernMTn, BBeiJ.5I BCIIO

MoraTeJini-IhiH apryMeHT MJIM rrpHMeHHB ynnBepcaJihHYJO Tpnroi-Io

MeTpH'IeCKYJO IIO,D:CTaHOBKy. 
1. MeTO.ZJ; BBe,zJ,eHIUI ncrroMoraTeJibHoro apryMeHTa. 

Pa3,ll.eJIMM o6e 'IaCTH ypanHeHI15l a sin x + b cos x = c Ha 'IMCJIO 

.Ja2 +b2
. IIoJiy'IMM ~sinx+ ~cosx= h. IIpn-

. a2 +b2 a2 +b2 a +b 
a b . u 

MeHMM IIO.,ll.CTaHOBKy: ~=COS a, ~ = Slll a H Hai1,ll.eM 
va2 +b2 va- +v-

3Ha'IeHHe BcrroMoraTeJibHoro apryMeHTa a. Bo3MOJKHbi ..una napn:an-

a . b 
Ta: a= arccos ~ HJIH a= arcsm ~ .. 

va2 +b2 va2 +b2 

Tor.ua ncxo.uHoe ypaauenne rrpHMeT nn.u: 

. . c . ( ) c cosasmx+smacosx= ~ MJIM sm x+a = ~. 
va2 +b2 va- +b2 
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· PeumM noJiy'IeHHOe npoCTeHIIIee ypaBHemre rrpH ycJIOBHH, 'ITO 

I~~~ 1, H HaH,ll,CM 3Ha'Iemre x: 
a2+b2 

x =(-1)k arcsin~ a+1tk, kE Z. 
a2+b2 

PaccMoTpHM 1facmuote cJtytJau. 
EcJin a = b = 1 , To ypamreHHe a sin x + b cos x = c rrpHMeT BHA: 

sinx+cosx =c. 
Pa3,ll,CJIHM o6e qacTn 3Toro ypaBHeHH51 na J2 II rroJiy'InM: 

1 . 1 c 
J2smx+ J2cosx= J2. 

Y . 1t 1 1t 1 
'IIIThiBa51, 'ITO sm 4 = J2 H cos4 = J2 , 3aiiiiiiieM: 

1t . . 1t c 
cos 4 ·smx+sm4 ·cosx = J2 

·1t· 1t c 
HJIH sm4·smx+cos4·cosx= J2. 

CorJiacHo cpopMyJiaM 16.7 II 16.8, rroJiy'IHM: sin(x+~)= JI HJIH 

cos ( x- ~) = }I . Pema51 rrpocTeiiume TpnroHOMeTpHqecKne ypaBHe

HH51, rrpn ycJIOBHH, 'ITO I JI I~ 1, naH:,~J,eM 3HaqeHH51 rrepeMeHHOH x. 

EcJIII a= 1, b = .J3, TO ypaBnenHe a sin x + b cos x = c npHMeT BH,ll, 

sin x + .J3 cos x = c . Pa3,ll,eJIHM o6e qaCTn 3Toro ypaBHCHH51 Ha 2 H rro-

JIY'IHM: ~sin x + 1 cos x = % . Y'IHThiBa51, 'ITO sin~ = ~ , a cos~ = 1 
HJIH 1t 1 -1t .J3 ·1t·· 1t c cos3 = 2, a sm3 = 

2 
3arrHureM sm6·smx+cos6·cosx= 2 

HJIH coslsinx+sin~·cosx =%. CorJiacno cpopMyJiaM 16.8 H 16.7 

noJiyqHM: cos ( x- ~) = % HJIH sin ( x + ~) = % . Peiiia51 JIIo6oe H3 rrpo

cTeliurHx y~aBHCHHH, IIpH YCJIOBHH, 'ITO ~~~ ~ 1, HaH,l],eM BCe 3HaqeHH51 
rrepeMeHHOH X . 

EcJIH a=J3, b=1, TO ypaBHCHHe asinx+bcosx=c npHMeT BIIA 

J3 sin x +cosx = c . BbiTIOJIH5151 anaJiorHqHbre rrpeo6pa30BaHH51, noJiy-

'IHM: cos(x-})=~ HJIH sin(x+~)=%. 
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2. IIpHMeHeHlle ymmepca71bHOii TJHifOHOMCT{>ll'leCKoii no~craHOBKH: 

2tgE 1-tg2 E 
sin x = 2 , cos x = 2 

1+tg2 E 1+tg2 E 
2 2 

B peayJihTaTe no~CTaHOBKII ypaBHeHHe asinx +bcosx = c npHMeT 

2tgE 1-tg2 E 
BH.ll: a· 2 + b · 2 C . floJiy'IHJIH KBa,n:paTHOe ypaBHeHHe 

1 + tg2 .:!:. 1 +tg2 E 
2 2 

OTHOCHTeJibHO tg~, pelliHB KOTOpoe HaH,n:eM KOpHH HCXO.lJ:HOfO ypaB
HeHI15!. 

TeeT Aflfl nposepKIII TeopeTIII'-IeCKIIIX 3HaHIIIIII 

Ylca.11Cume ece eapumtmbt npaeUJtb1lblX omeemoe ( 1-3): 
1. YpaBHeHHe sinx =a HMeeT pellleHHe npH ycJioBHH, qTo: 

1) a51; 2) a;;:::-1; 

3)-15a51; 

5) a >0. 

4) aE R; 

2. YpaBHeHHe cosx =a nMeeT pemeHne npH ycJIOBHH, qTo: 

1) a=n; 

3) a =tg 30°; 

.J2 S) a= 2 . 

2) a =n-1
; 

4) sinn; 

3. YpaBHeHHn tg x =a II ctg x =a HMeioT pellleHnn npH ycJIOBHH, 
qTo: 

1) a=15· ' , 

3) a=O; 

5) a=~. 
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2) a=-l1+3.J5; 

4) a=n; 



Ycmauoeume coomeemcmeue (4-6): 

4. Pernem1e npoCTei1rnnx TpnroHOMeTpH"'eCKHX ypaBHeHHH (nE Z) 

YPABHEHI1E 

1) sin2x =a; 

2) cos~=a · 2 , 

3) tg (b+x)=a; 

4)sinx=-a; 

5) cosx =-a. 

PElllEHI1E 

) ( 1)n1. rcn a x = - .2arcsma+2; 

6) x = ( -1yz+J arcsin a +rcn; 

B) x=(-1)narcsina+rcn; 

r) x = ±2arccosa+4rcn; 

.n.) x = arctg a-b + nn ; 

e) x = ±( 7t-arccosa )+ 2nn; 

JK) x = b + arcctg a + rcn . 

5. PeiiieHHe rrpocTeHIIIHX TpHroHoMeTpH"'eCKHx ypaBHeHHH (kE Z): 

YPABHEHI1E 

1) sin5x=O; 

2) COS 7 X := 0 ; 

3) sin~=1; 
6 

4) cos7x =1; 

5) sin 2X = -1 · 3 , 

6) cos(7-x)=-1. 

PElllEHI1E 

) rc rck 
a x=14+7; 

3rc 6) x=--+3rck· 4 , 

B) X = 1C + 7 + 21tk ; 

r) x=7rc+14nk; 

2rck 
.n.)x=T; 

e) x=3rc+12rck; · 

rck 
)K) x=s; 

3) x=5rck. 
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6. BBeLJ:emie BCIIOMoraTeJibHoro apryMeHTa: 

YPABHEHME 

1) sinx+cosx = d; 

PABHOCMJibHOE YPABHEHME 

a) sin(x+a)= 6; 
a2 -b 

2) sinx+J3cosx=d; 

3) .J3 sinx+cosx = d; 

4) asinx+bcosx=d. 

HoMep 3a)laH!ui 1 2 3 
BapuaHT 

2, 3, 1, 2, 
npaBllJibHOfO 3 

4,5 3,4,5 
OTBeTa 

npiiiMepbl 

6) sin{x-})=%; 

B) sin{x+~)=%; 

r) cos( x-~) =%; 

LJ:) sin(x+a)= J-h; 
a2+b2 

e) sin(x+~)= ~. 

4 5 
1- a; 2- r; 1- )I(; 2- a; 
3- .u; 4- 6; 3- e; 4- A; 

5-e 5-6; 6- B 

IIpnMep 1. PenniTe ypaBHeHHe sin2 2x +icos 2x = 1. 

6 

1- e; 2- r; 
3- B; 4- .ll 

PemeHue. 3Ha51, 'ITO sin2 2x+cos2 2x = 1, 3arrmueM 

sin2 2x = 1-cos2 2x . IToLJ:cTaBJUI5l 3Ha'Iemre sin 2 2x = 1-cos2 2x 

B HCXOLI,HOe ypaBHeHae, TIOJIY'IIIM 3 ( 1-COS2 2.x) + 7 COS 2x-3 = 0, 

3cos2 2x-7 cos2.x = 0, cos2.x(3cos2.x-7) = 0 
fioJiyqeHHOe ypaBHemre paBHOCIIJihHO COBOKYTIHOCTII Ll.BYX rrpo

CTeihiiHX ypaBHeHIIH: 

1) cos2.x = 0, oTKyLI.a 2.x = ~+1tn, rLI,e nE Z n x::: ~+ n;; 
2) cos2.x::: i, OTKy.ll:a .XE 0, IIOCKOJibKY o6JiaCTbiO 3Ha'leHIIH ¢yH

KUIII1 y ::: COS 2X HBJI5leTC5l 0Tpe30K ( -1; 1) , a 'IIICJIO i He IIpi1HaLI,Jie
:IKHT aToMy oTpe3Ky. 

Omeem: .x = ~ + ~n, n E Z . 

258 



IIpnMep 2. PeiiiHTe ypaBHeH:ne 

( v'3 -ctg-1x t -( v'3 +ctg-1x t = sin2x. 

Pewe11ue. 3arr:niiieM ypaBHeH:ne B BHile: 

1 1 . 2 ---,.,=---- = Slll X . 
v'§" -tg X v'§" +tg X 

0)],3: tgx-:f:.-J3, 
{

tgx -:;t. v'3, 
flpHBeJJ,eM B JieBoi1: qacr:n ypaBI-re-

cosx -:;t.O. 
HH5I ilpo6u K o6meMy 

CBOHCTBO nporropu::n:n. 

3HaMeHaTeJIIO H rrpiiMeHHM OCUOBHOe 

v'3+tgx-v'3+tgx . 
2 floJiy'IHM 2 = sm x, 

3-tg X 

2 . 2. (3 2 ) 3 . sinx . 2 2 . tgx=sm x -tg x. amnneM tgx=--, a sm x= smxcosx. 
cosx 

fiOilCTaBJI5I5I 3TH Bblpa:>KeHH5I B llOCJieilHee ypaBHeHHe, 3amiiiieM: 

2sinx . 3cos2 x-sin2 x . ---=2smxcosx 2 . ITocKOJihKY cosx-:;t.O, TO smx= 
COSX COS X 

=sinx(3cos2 x-sin2 x). 

BhliiOJIH5I5I o'!eBIIJI,Hhre npeo6pa30Bamm, noJiy'I:nM: 

sinx(1-3cos2 x+sin2 x)=O, 

sinx( sin2 x+cos2 x-3cos2 x+sin2 x) = 0, sinx( 2sin2 x- 2cos2 x) = 0, 

sinx( sinx-cosx) ( sinx+cosx) = 0. 
floJiy'IeHHoe ypaBHeH:ne paBnoCIIJibHO coBoKynnocr:n rpex ypaB

nenHii: rrpocreilmero ypaBnemm sin x = 0 :n JJ,Byx OJJ,HOpOilHbiX ypaB
neH:ni1: OTHOCHTeJibHO sin X H COSX. PaCCMOTpHM HX peiiieHII5I: 

1) sinx = 0, orKyila x = nn, me nE Z; 

. 0 sinx cosx · 
2) smx-cosx= , -----=0, tgx-1=0, tgx=1, oTKYila 

cosx cosx 
x =~+nm1 , file m1 E Z; 

3) sinx+cosx = 0, tgx = -1, OTKyila x = -~+nm2 , file m2 E Z. 

06neilHHI1M peiiieHH5I BTOpOfO H TpeTbefO ypaBHeH:ni1. C 3TOU 
[(eJibiO OT6epeM HeCKOJibKO IIOCJieilOBaTeJiblihiX KOpHeH 3TIIX ypaBHe
HIIU: 
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• 1t 

4 

ecJin m = 0 TO x = E · 
1 ' 4 ' 

ecJIM m = 1 TO x = 51t · 
1 ' 4 ' 

• • 1t 3n 
4 4 

Puc. 17.1 

. .. 
5n x 

4 

1t 
eCJIH m2 = 0 , TO X = -

4 
; 

31t 
eCJIM m2 = 1 , TO X = 

4 
. 

HaHeceM noJiy'-IeHHhie '-IMCJia Ha KO
op.uaHaTHyiO npJIMYIO (pH C. 17.1 ). 3aMe-

1t n 3n n 5n 3n n 
'-IaJI, 'ITO 4+4=4-4=4-4=2, 

3amuneM x = ~+~m, r.ue mE Z. 

Omeem: x 1 =nn, x 2 =~+ n;; nE Z, mE Z. 

llpHMep 3. Hai;'r.unTe KOJIWieCTBo KopHeH: ypaBnemm 

4,5sinx-4,5cosx+sin2x = ctg 
9
; na oTpe3Ke [~; 3; J. 

PeweHue. IlocKOJihKY ctg 
9
4
1t = ctg ( 2n + ~) = ctg ~ = 1, TO Hcxo.u

noe ypaBHeHHe 3aTIHIIIeM B BH.Ue 4, 5 sin X- 4, 5 COS X+ sin 2x = 1 HJIH 
9sinx-9cosx+2sin2x-2 =0. 

IloJiaraJI sin x- cos x =a n B03BO.UJI o6e '-!acTn noro paBeHc

TBa B KBa.upaT, noJiy'-InM sin2 x-2sinxcosx+cos2 x = a2
, Tor.n;a 

1-sin2x = a2 II sin2x = 1-a2
. B pe3yJihTaTe no.n;cTaHOBKII ypaBne

HHe 9sinx-9cosx+2sin2x-2 = 0 npnMeT BH.U 9a+2( 1-a2 )-2 = 0, 

2a2 -9a = 0, a(2a-9) = 0, OTKy.ua a= 0 HJIH a= 4,5. 

Y'-IHThiBaJI no.n;cTaHOBKy, peiiiHM .UBa ypaBHeHH51: 

1) sinx-cosx=O, tgx=1,oTKy.n;a x=~+nn,r.ue nEZ; 

2) sinx-cosx=4,5,oTKy.n;a xE0,TaKKaK JsinxJ::;;1HJcosxJ::;;1. 

0 o [n 3n] npe.n;eJIHM KOJIII'-IeCTBO KOpHeH ypaBHeHHJI Ha 0Tpe3Ke 2; 2 , 

peiiiaJI .UBOHHOe HepaBeHCTBO % ::;; ~ + nn ::;; 3; , ~ ::;; nn ::;; 5; , OTKy.n;a 

i::;; n::;; ~. CJie.n;oBaTeJihHO, n = 1 n ypaBHenne Ha 3a.uaHHOM oTpe3Ke 

IIMeeT O.UHH KOpeHb. 

Omeem: 1. 
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llpHMep 4. Hail,~J;HTe cyMMY Bcex KopHe:ll ypaBHeHH.H 

sin 2 
( s; -X)+~ sin 2x = 1, npriHa,~J;JJeJKamHX 0Tpe3KY [ -1t; 0] . 

Peweuue. IlpuMeH.H.H ¢opMyJJhi 16.1, 16.10 H ¢opMyJJy npuBe,~J;e
HH.H, TIOJJY'IHM: 

cos2 x+~2sinxcosx = sin2 x+cos2 x, sinxcosx-sin2 x =0, 

sinx(cosx-sinx) =0. 

TaK KaK JJeBM qacTb ypaBHeH:vui co,~J;epJKHT ,~J;Ba MHOJKHTeJI.H, a npa
BM 'laCTb TOJK,ll;€CTB€HHO paBHa HyJJIO, TO pacCMOTpHM ABa CJJy'la.H: 

1) sinx = 0, oTKy,~J;a x = O+nn, ne Z; 

) . 0 cos x sin x 0 2 cosx-smx= , -----=--, 1-tgx=O, tgx=1, oT
cosx cosx cosx 

Ky,~J;a x=J+nm, meZ. 

IlpOH3Be,~J;eM OT6op KOpHeH ypaB- -~ 

H€HH5! Ha 0Tpe3K€ [-1t; 0] (puc. 17.2). 

EcJIH x=O+nn, To: npn n=O x1 =0; 

npH n = -1 x2 = -n . 

• 

Puc. 17.2 

• 0 

EcJJH x = J + nm , TO npH m = -1 x3 =- 3: . Hail)]; eM cyMMY noJJy-

u 3n 0 7n '1€HHhiX KOpHeH ypaBH€HI151: -1t- 4 + = - 4 . 

Omeem: - 7
4
1t . 

llpHMep 5. YKaJKHTe KOJJH'leCTBO KopHc:ll ypaBHeHH.H 

3sin2 x+O, 75sin2x- 2,5cos2 x = cos0 3x, npHHa,~J;JJeJKaru:Hx OTpe3-
KY [0; 1t]. 

Peweuue. 3anHIIIeM ypaBHeHHe B BH,~J;e 
3sin2 x+1,5sinxcosx-2,5cos2 x =1, 
6sin2 x+3sinxcosx-5cos2 x-2 =0. 

IlpHM€HJ1B TOJK,ll;€CTBO 16.1, 3aTIHIIIeM 'IHCJJO 2 KaK: 
2 = 2sin2 x+2cos2 x. 

Toma HCXO,~J;Hoe ypaBHeHHe npuMeT BH,~J;: 
6sin2 x+3sinxcosx-Scos2 x-2sin2 x-2cos2 x = 0, 

4sin2 x+3sinxcosx-7 cos2 x =0. 
IlOJJY'IHJJH O,ll;HOpO,ll;HOe ypaBH€HHe BTOpOrO TIOp.H,ll;Ka OTHOCHTeJJb-
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y 

1t X 

HO sinx u cosx. Pa3~eJIHM o6e ero <JaCTu Ha 

cos2 
X H peillHM KBa~paTHOe ypaBHeHHe OT

HOCHTeJibHO tg X : 4tg2x +3tg X- 7 = 0, OTKy-

7 
~a tgx=-4 H tgx=1. 

Ha oTpe3Ke [0; n] rroCTpOHM rpacpHKH 

--1--~--e----=:....__.- cpyHKU,HH y = tg X , y = 1, y = -± (pH C. 17.3). 

Puc. 17.3 

Omeem:2. 

TiocKOJibKY rpacpHK cpyHKU,HH y = tg X rrepe-

ceKaeT np.HMbie y = 1 u y = -± B ~Byx TO<JKax, 

TO HCXO~HOe ypaBHeHHe HMeeT ~Ba KOpH5I. 

IIpnMep 6. PeillHTe ypaBnenHe 3sin5x- 2cos5x = 3. 

Pewenue. TipHMeHHM MeTo~ BBe~enH.H BCIIOMorareJibHoro apry
MeHTa, npe~BapHTeJibHO pa3~emm o6e qacnr ypaBnenH.H na <J:IICJIO 

.J32 + 22 = .Jf3. TioJiy'IIIM: 

3 . 2 3 .Jf3 sm 5x- .Jf3 cos 5x = .Jf3 . 

{

cosa= b, 2 TI pHMeHHM IIO~CTaHOBKY . vi 3 OTKy~a a= arcsin {i7) . 

sina=-- v13 
.Jf3' 

Y .5 . 3 paBHemie npHMeT BH~ cosasm x-smacosx= .Jf3 .HJIH 

sin ( 5x- a)= b , pellla.H Koropoe, noJiy<IHM: 
v13 

5x-a=(-1/arcsin b+nk; 5x=(-1)karcsin b+a+nk; 
v13 v13 

x = (-1)k .!arcsin 3M +.!arcsin 2M +.!nk kE Z 
5 13 5 13 5 ' . 

IIpnMep 7. Ha:H:~ure cpe~Hee apHcpMeTH<JecKoe Kopne.H ypaBnenn.H 

. arccos( 2x2 +3x-8) = 0. 
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PeweHue. 3Ha.H, 'ITO o6JJaCTbiO orrpeAeJJemur ¢YHKQHH apKKOCHHyc 
JIBJJJieTCJI oTpe3oK [ -1; 1), 3amnneM O,U3 ypaBHCHHJI: 

-1 ::;; 2x2 + 3x-8 ::;; 1. 
3aMCHI1M ypaBHCHHC arCCOS ( 2x2 + 3x-8) = 0 paBHOCHJibHbiM CMY 

Ha 0,U3 ypaBHCHHCM 2x2 +3x-8 =cosO HJIH 2x2 +3x-9 =0, OTKyL(a 
3 

X1 = -3 II x2 = 2 . 
ITocKoJJhKY o6a rroJJy'IeHHbiX KOpHH rrpnHaL(JJe:>KaT o6JJaCTH L(Orryc

THMhiX 3Ha'ICHHH ypaBHCHII5I, TO HaHL(CM HX cpeL(HCC apiicpMCTII'ICCKOC: 

( -3+1,5): 2=-0,75. 

Omeem: -0,75. 

llpHMep 8. PeiiiHTe ypaBHeHne cos15 x+sin18 x = 1. 
PeweHue. 3anHIIIeM ypaBHCHIIe B BHL(e 

cos15 x+sin18 x=sin2 x+cos2 x, 

cos2 x(cos13 x-1)+sin2 x(sin16 x-1)=0. 

TaKKaK cos2x(cos
13

x-1):s;;O II sin2x(sin16 x-1):s;;o rrpHJJI06nrx 

L(CHCTBHTCJibHbiX 3Ha'ICHH5IX rrepeMCI-IHOH X, TO L(aHHOC ypaBHCHHe 

{

cos2 x( cos
13 x-1) =0, 

paBHOCHJJbHO CHCTCMC ypaBHCHHH . 2 ( . 16 ) 
Sill X Sill . X -1 = 0. 

PaccMOTpHM Ka:>KL(oe ypaBHCHHe cncTeMni: 

1) coi x (cost3 x -1) = 0 ¢::> [ cos2 x = 0, ¢::> [cos x = 0, ¢::> 
cost3 x = 1; cosx = 1; 

¢::> [ x 1 = ~ + 1tm1, m1 E Z, 
x2 = 21tm2, m2 E Z; 

2) sin2 x(sint6 x-1) =O ¢::> [sin
2 

x=O, ¢::>[sinx=O, ~ 
sin2 x=1; cos2x=-1; 

[

x3 = 1tn1, n1 E Z, 
¢::> 1t 

x4 ="2+1tn2, n2 e Z. 

ITocKOJJhKY KOPHH x 1 n x4 paccMaTpnBaeMniX ypaBHeHIIH coB
naL(aiOT, a MHO:>KCCTBO KOpHCH x 3 BKJIIO'IaCT B ce65I MHO:>KCCTBO KOp
HCH x2 , TO pei11CHHCM CHCTCMbi ypaBHCHVIH, a 3Ha'IHT H ypaBHCHH5I 

cos15 
X+ sin IS X = 1 , 5IBJI5ICTC5I COBOKYIIHOCTb peiiiCHHH: 
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[ 
x=~+nk, kE Z, 

X = 2nf, f E Z. 

Omeem: x 1 = ~ + nk; x2 = 2nl, k E Z, l E Z. 

IlpHMep 9. HaH,ll.HTe 'HICJIO peruemi:H. ypasHeHH5I 

cos3x+sin2y = 2, ecJIH x,yE [ -~; n J. 
Pewe11ue. TaK KaK Ieos 3xl ~ 1 H I sin 2yl ~ 1 , TO ,n:aHHoe ypasHeHHe 

pa•{;;~~;; c{~=i~~=e't:;~~n; m, nE Z · 

llpose.n;eM oT6op KOpHe:H. ypaBHeHH5I Ha OTpesKe [ -"i; n]: 
eCJIH m = 0 , TO x 1 = 0 ; 

1 2rt eCJIH m = , TO Xz = 3 ; 
ecJIH n = 0 , TO y1 = ~ .. 
ilOJI)"'HJIH ,ll.Be rrapb! perueHHH ypaBHeHH5I: ( 0; ~) H ( 2

3
1t; ~) . 

Omeem: 2. 

3aAa'-1111 Aflfl caMOCTOfiTenbHoro peweHIIIfl 
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PeruHTe ypasHeHH5I ( 1-34 ): 

1. 0,5cos2 x+1,25sinx =1. 

2. cos2x-Ssinx =3tg~. 
3. sin( 5

2
1t +2x )ctg3x+sin(Srt+2x)-.J2cos5x =0. 

4. sinxcos2x+cosxcos4x = -sin(-~-2x )sin(~-3x). 
5. sin2x=cos4 T 1x-sin4 T 1x. 

6. sin2 2x+sin2 3x+sin2 4x+sin2 Sx-2sin2 6x = 2cos2 6x. 

7. cos~cos 3{ =sinxsin3x+sin2xsin3x. 
2 

8. 1-sin3x =( cos~-cos(~-~)) . 



9. sin 7x+sin9x = 2( cos2 
(
9
: -x )-cos2 

(
9; +2x )) . 

10. 0,5sin6x = sin2x. 

11. 1-2sinxcosx = 4cos2 x. 

12. 7 sin2 x+sinxcosx = 3. 

13. 2sin3 x+2sin2 xcosx-0,5sinx(1 +cos2x) =cos3 x. 
1 

14. 23 sin3 xcosx-23 sinxcos3 x = 22. 

15. 2sin3 x-cos2x =sin( n-x). 

16. 3sin2x+2cos2x =3tg 3x ctg 3x. 

17. sin 3x-cos 3x = tg ~sin~ . 

18. cos3x-cos( ~-x) = .J3( sin( ~-x )-sin3x). 

19. 14+4sin2x+3(tg x+ctgx) = 0 . 
. 22 4 . 2 

20. sm x- sm x ==2tg2x-tgxctgx. 
sin2 2x+4sin2 x-4 

2cos(3n+x)-5cos(x-~) 
3 2

1. ( 3 ) = 2. cos -
2
1t -x -cos(3n-x) 

22. 8cosxcos(420°-x)cos(420°+x)+1 =0. 

23. s( 1 +sin( ~+X))= 2+sin4 x-cos4 X. 
24. 1,6sin4 x+1,6cos4 x = 1. 

25. ( sin-1 x+cos-1 x )(sinx +cosx) = 2tg2x-2cos-2 x. 

sin2 .:!". 
26.--2 =1. 

sinE 
2 

1t 1t 16n 27. + = 
1 +cos2 

( n+x) 1 +sin2 
( n+x) 11 

cosx ctg~ tg ~tgx+1 
28. =2J3. 

2cos2 E tg E+tg-1x 
2 2 

29. 3tg (x-195°)ctg (x-165°)=1. 

30. tgx+tg 410°+tg 430°=tgx tg 230°tg 250°. 
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31. tg X tg 200°+tg 200°tg 220°+tg 220°tgx = 1. 

32. tg(x-110°)+tg(380°-X)=2. 

33. acos2 
( n+~) -(a+ 2b )sin2 

{ 1t+~) = acosx-bsinx. 

34. sin( n- x) +sin n-1 =sin( x+n-1
). 

35. Hai1:,ZJ;I1Te npoii3Be~eHIIe Kopneii ypaBHeHII5l cos2 
1tX = cos2 n, 

IlpiiHMJie%a~IIX 0Tpe3KY (n; 37t). 2 

36. Haii~nTe KOJIWieCTBO Kopneii ypanneHII5l 
cos2 2x+cos2 6x = tg. ( -315°), rrpiiHa~Jie%am:nx rrpoMe%yTKY 
[-22,5°; 90°]. 

37. Haii~IITe KOJIH'!ecTBo Kopneii ypaBHeHH5l 5 sin x + 5 cos x = 6 
na oTpe3Ke [ -n; 2n] . 

38. Haii~HTe KOJIII'IeCTBO Kopneii ypaBHeHII5l 

1 + ctg2 
{ 
3; + x) = cos4 

( ~ + x) +sin 4 (~ + x) , y~oBJieTBOp5IIO~HX yc

JIOBHIO lxl ~ 1t . 

39. HaH,ZIIITe Ha HHTepBaJie (0°; 360°) cyMMY KOpHeH ypaBHeHII5l 

2sin2(x+270°)=7sin(x+90°)+4. 
u u cos(x+3n)-1 

40. Haiili:IITe KOJIH'IeCTBO KopHeii ypaBHeHII5l ( x ) = 0 
Ha oTpe3Ke [ 0; 9n] . tg 3 + 31t 

41. HaiilJ:HTe HaiiMeHbiiiHH rroJIO%IITeJibHbiH KopeHb ypaBHeHII5l 
cos2(270°+X)+3,5sin(270°-X) = 2,5. 

42. HaHlJ:HTe KOJIWieCTBO KOpHeii ypaBHeHH5l 
2-sin2x+4sinx = 4cosx, npHHa,ZIJJe%a:W:HX oTpe3KY [ -n; 2n]. 

43. Haii~HTe cpe21:Hee apH<pMeTH'IecKoe KOpHeii ypaBHeHII5l 

sin 12 
X+ cos3 

X = 1 , rrpHHali:Jie%a~IIX IIHTepBaJIY ( -7t; ~) . 
44. Haii~IITe cyMMY KOpHeii ypaBHeHII5l sin8 x+cos16 x = 1, rrpii

HMJie%a:W:IIX OTpe3KY [ 0; 3; J . 
3x-1 45. Peumre ypaBHeHIIe arctg--

3
- = arcctg 1. 

x+ 
46. HaHlJ:HTe 'IIICJIO perneHIIH ypaBHeHII5l 

2( arcsin xi + n2 = 3n arcsin x . 
47. Haii~HTe cyMMY 3Ha'IeHIIH k (IIJIH 3Ha'IeHne 'IHcJia k, ecJin oHo 

elJ:HHCTBeHHOe ), rrpii KOTOpbiX rrpii JII060M 3HaqeHIIH X BepHO paBeHC-

TBO 2siQ4x( cos4(n- 2x) -sin4(n+ 2x)) = sin(k.x + 2n) . 
1; 
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48. Hai1:,ZJ;I1Te cpe~J:Hee apHcpMeniqecKoe Bcex perneHHH (HJIH perne
HHe, eCJU1 OHO ei(HHCTBeHHOe) CHCTeMhi ypaBHemiH 

{
cos 1tX = -1, 
x 3 -5x2 -14x =0. 

49. HaHIJ:HTe perneHHe cHcTeMhi ypaBHeHHH 

{

sin(x- y) = 2sinx· siny, 
3n: 

x+y=T· 

50. HaHIJ:HTe qncJio perneHHH ypaBHeHH5I 

2cos3x+cos-2 3y +sin -2 3y = 2, ecJIH x, y E [0; n:]. 

51. HaHJJ;HTe 'IHCJIO perneHHH ypaBHeHH5I sinxcos2y = 1, ec.nH 
X, YE [0; 1,5n:]. 

OmBembt: 1. x=(-1/~+n:k, kEZ. 2. x=(-1)k+i~+n:k, kEZ. 

3. Xi= 1~(2k+1); X2=(-1r~+1t;; kEZ, nEZ.4. X=~(4k-1); 

kEZ.5. xi=~(2k+1); x2 =(-1t~+n:n; kE Z; nE.Z.6. x1 =~(2k+1); 
x2 = 1~(2n+1); kEZ; nEZ. 7. X=~(2k+1), kEZ. 8. Xi=n:k; 

x2 =~(2n+1), kEZ; nEZ. 9. x1 =~(2k+1); x2 = 2~n; 
x3 =;

1
(2m+1), kEZ; nEZ; mEZ. 10. x1 =1t;; x2 = 1~(6n±1), 

kEZ; nEZ. 11. xi =-~+n:k; x2 =arctg3+n:n, kEZ; nEZ. 

12. x1 =-~+n:k; X2 =arctgt+n:n, kEZ; nEZ.13. x1 =~(4k-1); 
- + . .J2 k z. z 14 - (-1)k+1 ~ 1tk x 2 - _ arctg 

2 
+n:n , E , nE . . x-

16 
+ 

4 
, 

k E Z .15. x1=~(2k+1); x2=~( 4n-1), k E Z; nE Z .16. x1 = ~( 4k+1); 

x 2 =arctg 5+n:n, k E Z; n E Z .17. xi= 35°+120°· k; x2 = 55°+120°·n, 

kEZ; nEZ. 18. x1 =~(4k+1); x2 = 1~(12n+1), kEZ; nEZ. 

19. x=(-1)k+\~+1t;, hE Z.2(kx=~(2h+1), hEZ.21. x=~(4k+1), 
hE Z. 22. X =±40°+120°·h, hE Z. 23. X=±~ +21th, hE Z. 

24. x=~(3h±1), kE Z.25. x=(-1)k+\~+~, hE Z.26. x=n:(4k+1), 

kEZ. 27. x= 1~(6k±1), kEZ. 28. x= 1~(6k+1), kEZ. 
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29. x=45°( 4k+1), k E Z. 30. x=60°+180°·k, ke Z. 31. x=30°+180°·k, 

keZ. 32. x=-25°+180°·k, keZ. 33. x1 =2nk; x2 =i(4n+1), 
1 keZ; neZ.34. x1 =2nk; x 2 =--+2nn, keZ; neZ.35.192.36.8. 1t 

37. 2. 38. 3. 39. 360°. 40. 3. 41. 120°. 42. 2. 43. -45°. 44. 3n. 45. 2. 

46. 1. 47. 8. 48. 7. 49. X=-~+~; y= S; _1t;, nE Z. 50. 12. 51. 4. 

KoHTpOilbHbiVI TeeT 

.Ni! 3a.n:aHH.H BapnaHT&lOTBeTOB 

EcJIH x0 rrpHHa,ll;Jie%HT HHTepsaJiy 
1) 3../3; 
2) 2../3; 

1 
(0°; 90°) II JIBJI.HeTCJI KOpHeM ypaBHe-

3) ../3; 
HHJI cos2(360°-x) =1,5sin(x+360°), 

4)3..f?; 
TO 3Haqemre Bbipa%emm 9tg x0 pas no 

5) Jf7f. 
1) 6; 

KoJill'IecTBo KOpHeH ypaBHeHHJI . 2) 4; 
2 sin(3x+4rt) = cos(3x-4rr) na OTpe3Ke 3) 2; 

(0; rt] paBHO 4) 3; 
5) 1. 

Komrqecrso KopneH: ypaBHeHHJI 
1) 8; 
2) 10; 

3 cos2 2x+cos26x = 1, rrpHna.n:Jie%arn;Hx 3) 6; 

I1pOMe%yTKY [ -~;~], paBHO 4) 3; 
5) 1. 

qHCJIO KOpHeH ypaBHeHHJI 1) 2; 

sin-2
(
7; +x) =cos4 x-sin4

:, He rrpe-
2) 4; 

4 3) 3; 
BOCXO,ll;JIII(HX ITO a6COJIIOTHOH BeJIHqiiHe 4) 1; 
1t, paBHO 5) 7. 

HaH60JibiiiHH orpm~aTeJib- 1) -~· 2) -1~; 
5 

HbiM KOpeHb ypaBHeHHJI 3' 
2cos~sinx-tg x+tgxsinx = 2sin~ 3) -3rt. 4) -~· 

8 ' 4' 
paseH 5) -1t. 
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N!! 3a;:~;aHmi BapHaHTbi orseros 

1) 1~; 2) 7n . 
HaHMeHhlllHH noJIO%HTeJibHhiH KopeHb 8' 

6 ypaBHeHIUI sin ~2 x- cos -2 x = 16 cos3 2x 3) ;4; 4) IE.. 
4' 

paBeH 
5) l 
1) 4; 

HaHMeHhlllHH HaTypaJibHhiH KopeHb 2) 0; 
7 

ypaBHeHHR cos ( n.Ji) =cos 2n paBeH 
3) 16; 
4) 2; 
5) 1. 
1) 0; 
2) 0,25; 

HaHMeHhlllHH HeorpuuaTeJihHhiH 3) 1; 

8 KOpeHb ypaBHeHH51 
4) ~; 

-cos ( -nx2
) = cos2 

( 
3:) paBeH 

5) J%. 
9 

KoJIRY:eCTBO KOpHeu ypaBHeHH51 1) 12; 2) 7; 3) 1; 
sin(n-3x)-x3 =0 paBHo 4) 3; 5) 2. 

YpaBHeHne 
1)a=0; 2) a< 0; sin2 a +sin2 ax= cosx -cos2 a HMeeT 10 3) aE R; 4) a:<::O; e;:J;HHCTBeHHOe pellieHne npn ycJioBnH, 
5) a> n. qTO 

1) n-arcsin"J-; 

HaHMeHhlllnii noJIO%HTeJibHhiH KopeHh 
2) .J2. 3) arcsin"J-; 

11 2 ' 
ypaBHemm ctg sin x = ctg J paBeH 4) arcsin~; 

5) 1~. 

KoJIHqecmo pa3JIHqHhrx KopHeu ypaB- 1) 4; 

HeHn51 sin2x+ 2cos(g~o_ 2x) =-3,5 
2) 0; 

12 3) 1; 

Ha OTpe3Ke [0°; 360°] paBHO 
4) 5; 
5) 7. 
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N9 3a)l,aHIUI BapuaHTbiOTBeToB 

CyMMa KOpHe:H ypaBHeHI15I 
1) 240°; 
2) 360°; 

13 cos2 (x+630°) = 1, 5sin(x+630°) 3) 120°; 

Ha OTpe3Ke [ 0; 2n] paBHa 4) 60°; 
5) 480°. 

Ha:H,a:HTe cyMMY KOpHei1: (I1JII1 KopeHb, 
1) 1,25; 
2) 3; 

14 eCJII1 OR e,a:HHCTBeHHbiH) ypaBHeHI15I 3) 3,5; 

~ ( arcsinx )
2 
+ ~ =arccos ( -1) arcsinx 4) 1; 

5) 2. 

OmBemot 
HoMep 3aL(aHiui 1 2 3 4 5 6 7 
HoMep rrpaBHJibHOro 1 4 1 3 1 5 1 
OTBeTa 

HoMep 3aL(aHIUI 8 9 10 11 12 13 14 
HoMep rrpaBHJibHoro 
OTBeTa 

5 4 3 3 1 2 4 
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18 nPOIII3BO.QHAs:l 
COYHKUIIIIII 

18.1. npaBIIIJ18 A111cpcpepeHI...\111pOB8HIIIH 

IIpouJeoaHou ¢yww,uu y = f(x)B .n.mmoi\. TO'-!Ke x0 Ha3hiBaiOT npe.n.eJI 
OTHOIIIemui rrpnpaiQemra <iJyHKQHH K COOTBeTCTBYIOIQeMy rrpnpaiQe
HHIO ee apryMeHTa rrpn ycJIOBHH, '-ITO rrocJie,ll,Hee cTpeMnTca K HYJIIo: 

J'( ) - r b.j(xo) 
Xo - ~!~o b.x . 

,lln<iJ<iJepeHQHpOBaHHeM Ha3hiBaiOT OIIepaQHIO HaXOJK,ll,eHH5I rrpo
H3BO,ll,HOM. 

fipamma ,lJ,H$$epeHU,HpOBaHHH: , 
(k·f(x)) =k·f'(x),r.n.e k -'-IHCJio; , 
(u+v) =u'+v',r.n.e u=Ji(x), v=f2(x); , 
(u·v) =u'v+uv'; 

(!:!..)= u'v-uv'; 
v v2 , 

(f(g(x))) = J'(g(x))· g'(x). 

(18.1) 

(18.2) 

(18.3) 

(18.4) 

(18.5) 

18.2. Ta6Jlllll...\a npo1113BOAHbiX 3JleMeHTapHbiX 

Ill CJlO>KHbiX cpyHKI...\IIItll 

«l>yHKIJ,HH fipOH3BO,lJ,HaH «l>yHKI1liH fipOH3BO,lJ,HaH 

f(x) f'(x) f(g(x)) j'(g(x)) 

a 0 
X 1 
xn n·xn-1 gn(x) ngn-1 (X) · g' (X) 

1 1 1 1 - - x2 g(x) 
--·g'(x) 

X g2(x) 

.JX 1 ..)g(x) 2.../:(x) ·g'(x) 2-IX 

ex ex eg(x) eg(x).g'(x) 
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<l>yHic:U:mi llpOH3BOAHa.H <J:>yHK:U:H.H flpOH3BOJJ:Ha.H 
f(x) f'(x) f(g(x)) j'(g(x)) 

ax axlna ag(x) ag(x) lna · g'(x) 

logax 1 logag(x) g(x~lna · g'(x) 
xlna 

lnx 1 lng(x) 
_1_.g'(x) 

- g(x) 
X 

sinx cosx sing(x) cosg(x)· g'(x) 

cosx -sinx cosg(x) -sing(x)· g'(x) 

1 1 ·g'(x) tgx cos2 x tgg(x) cos2 g(x) 

1 - 1 ·g'(x) ctgx - sin2 x ctgg(x) sin2 g(x) 

1 1 ·l(x) arcsinx .J1-: x 2 arcsing(x) ~1-g2 (x) 

1 - 1 ·g'(x) arccosx -
.J1- x 2 arccosg(x) ~1-g2 (x) 

1 
1 + g\ (X) . g' (X) arctgx 1+x2 arctgg(x) 

1 
1 + g\ (X) . g' (X) arcctgx -1+x2 arcctgg(x) -

18.3. reoMeTp111'-18CKIII171111 ciJ1113111'-18CKIII171 CMbiCfl 

np01113BO.QH0171 

feoMeTpH<JeCKHii CMbiCJI npoH3BOAHOii. EcJIM np5IMaR y = kx +b 
51BJI.HCTC5l KacaTCJlbHOH K rpacpMKY cpyHK:U:Ml1 y = j (X) l1 npOBC,li;CHa B 
TOqKe C KOOp,li;MHaTaMM ( x0; j ( Xo)) (pH C. 18.1 ), TO YlJl060U KO::Jq)(jJU
~UeHm k KacaTCJihHOH HaXO,li;5IT no cpopMyJie: 

ko:;f'(x0 ) mm k=tga, 
r,n:e 0: - yroJI MC:tK,n:y KaCaTeJibHOH M ITOJIO:IKMTCJlhHblM HanpaBJICHMCM 
ocn Ox. 
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PaBeHCTBo f'(x0) = tga Bhi

pa:>KaeT reOMCTpWICCKHM CMh!CJI 

rrpOH3B02J:HOM. 

YpaBnenue KacamellbHoii K 

rpa<!JuKy <!JyHKU.HH y = j (X) B 

TOqKe ( x0;j ( Xo)) HMCCT BH2J: 

y = f(x0 )+ f'(x0 )(x-x0 ). 

<l>H3H'IeCKHM CMhiCJI npo-

li3B02J:HOM. EcJIH s ( t) - 3a-

KOH npHMOJIHHCHIIOrO 2J:BH:>Ke

HH5I TOqKH, TO CKOpOCmb 

y 

Puc. 18.1 

9TOrO 2J:BH:>KCHH5I B MOMCHT t HaX02]:5IT ITO 

a ycKopenue - no ¢opMy Jie a ( t) = V1 
( t) . 

¢opMyJie v(t)=s
1 (t), 

TeCTAn~nposepK~TeopeT~YecK~X3HaH~~ 

YcmmwBume coomBemcmBue ( 1-3 ): 
1. I1paBI1Jla 2l:H<!J<!JepeHU.HpOBaHH5I ( U = h (X), V = h (X)): 

' 
1) (k·g(x)); 

I 

2) (u+v) ; 
' 3) (u·v) ; 

' 
4) (~) . 

) 

f I a u +v; 

6) k'·g'(x); 

B) k'·g1 (x); 

r) v'u-VU
1

• 

112 , 

21:) u'v~uv'; 
v 

) 
I f e uv-uv; 

:>K) u'v+uv'. 

2. l1pOH3B02J:HbiC 9JICMCHTapHhiX <!JyHKU.MH: 

<l>YHKUI15l 
1) xa; 

2) ax; 

3) ex; 

4) logax; 

TIPOI13BO,l(HA5l 
a) cosx; 

6) -cosx; 

B) axlna; 

r) a·xa-l; 
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ct>YHKUH5I 
5) ln.x; 

6) sinx; 

7) tgx; 

8) arccosx. 

ITPOH3BOL(HA5I 
JJ:) ex; 

1 e)---· 
sin2 .x' 

1 
JK) - r:---2 ; 

"1-x-
1 3) -?-; 

cos- x 

1 K)-
xlna · 

3. fipOH3BO)J;Hhie CJIOJKHhlX ¢YHK:U.HH: 

ct>YHKUH5I 
1 . 

1) g(x)' 

2) .jg(x); 

3) cosg(x); 

4) arcsing(x); 

5) ctgg(x); 

6) arctg g ( x) ; 

8) lng(x). 
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ITPOH3BOL(HA5I 

a) --1-·g'(x); 
g2(x) 

6) ngn-l (x )· g'(x); 

B) g'(x) . 
2.jg(x)' 

r) COS g (X) · g' (X) ; 

JJ:) g~(x) ; 
g2(x) 

e) g'(x) . 
g(x) ' 

JK) g'(x) . 
1+g2 (x)' 

3) -sing ( x) · g' ( x) ; 

u) g'(x) . 
sin2 g(x)' 

K) g'(x) 
~1- g2 (x) . 



YlcaJICume ece npaewtbHbte eapuaHmbt omeemoe: 

4. YpaBHeHHe KacaTeJibHOH K rpa¢wKy ¢yHKI(HH y = f ( x) B ToqKe 

( x0;j ( Xo)) HMeeT BH,[(: 

1) y = kx + f ( x0) , k = f' ( Xo) ; 
2) y = f (xo) + f'(x0 )(x0 -x); 
3) y = f(x0 )- f'(x0 )(x-x0 ); 

4) y = f(x0 )+ f'(x0 )(x-x0 ); 

5) y = f ( x0 ) +tg a· ( x- x0 ), r.~~:e a - yroJI MeJK.ll:Y KacaTeJibHOli H 

OCbiO Oy; 

6) y = f ( x0 ) +tg a· ( x- x0 ), me a - yroJI MeJK.~~:y KacaTeJibHoil H 

rroJIOJKHTeJihHhiM HarrpaBJieHHeM ocH Ox . 

HoMep 3a.L(aHII.51 1 2 3 
BapnaHT 

1- B; 2- a; 
1 - r; 2 - B; 3 - A; 1 - a; 2 - B; 3 - 3; 

rrpaBHJihHOro 3- )!(; 4- r. 
4 - K; 5 - n; 6 - a; 4 - K; 5 - n; 6 - )!(; 

OTBeTa 7- 3; 8- )!(. 7- 6; 8- e. 

npiiiMepbl 

IIpHMep 1. HaH,[(HTe rrpOH3BO.ll:HYIO ¢YHKI(HH 

y=3¥.fx2 +2x3JX + Jx+3x+3. 

4 

4,6. 

PeuteHue. Ha ocHoBaHHH CBOHCTB cTerreHeil rrpeo6pa3yeM wcxo.~~:
HYIO ¢YHKI(HIO: 

2 1 1 2 7 1 

y=3x3 +2x3x2 +x -3 +3x+3, y =3x3 +2x2 +x -3 +3x+3. 

llpHMeH5UI rrpaBHJia ,[(H¢¢epeHI(HpOB<iHI151 18.2 I1 18.1 I1 IIpaBHJIO 
I 

HaXOJK,[(eHH51 IIpOH3BO,[(HOH CTeiieHHOH ¢YHKI(HH ( Xn) = n · Xn-
1 

, IIO-

JiyqHM: . 

1 5 4 
y' =2x -3 + 7x2 _.!_x-3 +3=_1_+7x2JX--1-+3. 

3 VX 3xVX 

Omeem: y'= 3~+7x2JX- ~,--+3. 
vx 3xvx 
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llpnMep 2. Hali.n.HTe npoi13BO.ll.HYIO ¢YHK~I1H 

l 2x2 sin4 1t 
y= n(cos4x)+--;t+-

4
- BTOGKe x0 =4· 

PeweHue. I1pi1MeHHM nocJie.ll.OBaTeJibHO ¢opMyJihi 18.2, 
18.5, 18.1 H Ta6JIH~Y rrpOH3B01J:HbiX 3JieMeHTapHblX cpyHK~HH. I1o-

' ' ' 
, ' ( 2x2 

) ( sin 4 ) (cos 4x) 2 ( 2 ), JiyGnM: y =(ln(cos4x)) + 1t + - 4- = cos4x +7r· x +0= 

= 4sin4x + 4x =-4 tg4x+ 4x. 
cos4x n n 

Hali.n.eM 3HaGeHHe npon3BO.ll.HOH B TOGKe x0 = J : 

!'(~) =4 tg 1t+~·J =0+1 = 1. 

Omeem: 1. 

llpHMep 3. Pennne ypaBHemre x · f' ( x) = 2 f ( x) , ecJIH 

f(x) = x3 lnx. 
PeweHue. OJ1.3: x > 0. f1pHMeH5I5I cpopMyJiy 18.3 H Ta6JIH~Y npoH3-

BO.ll.HbiX cpyHK~HH, HaH.UeM llpOH3BO.ll.HYIO cpyHK~HH j (X) = x 3 Jn X : 
' ' 3 

f'(x)=(x 3
) ·lnx+x3 ·(lnx) =3x2lnx+: =3x2 lnx+x2

. 

f1o.n.cTaBJI5I5I f ( x) = x3 ln x H f' ( x) = 3x2 ln x + x 2 
B ypaBHeHne 

x· J'(x)= 2f(x) ,noJiyqnM: 3x3 lnx+x3 -2x3 1nx =0, x 3 1nx+x3 =0, 

x3 (lnx+1)=0. IlocKOJibKY x>O, TO lnx+1=0, lnx=-1 n 

-1 1 x=e =-. 
e 

0 m. 1 \ mee . -. \ 
e 

llpuMep 4. Hali.urne Hai160Jibiiiee ueJioe peiiieHHe HepaBeHCTBa 

j' (X) < g' (X) , e CJIH j (X) = X
3 
+ 1 , g (X) = 5x + 1. . 

X X 
PeweHue. 1. Haii:.ueM npoi13BO.ll.HYIO cpyHK~I1I1 f ( x) , npnMeHJIH 

npaBHJIO 18.4: 
' 

, ( x 3 + 1) · X - ( x 3 + 1 r x' 3x2 
· X - ( x 3 + 1) ·1 

f (x)= ? = = 
x- x2 
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= 
x2 ~ 

2. Hail,a:eM rrpOH3BO,a:nyro ¢YHKI(MH g(x), rrpHMewur rrpaBMJIO 18.2: 

, ' ( 1 ), 1 Sx2 -1 g (x)=(Sx) +- =5-2 =-2-. 
X X X 

3. CocTaBMM M peiiiMM nepaBeHCTBO f' ( x) < g' ( x) : 

23 -1 Sx2 -1 2x3 -1-Sx2 +i 0 x 2 (2x-S) 0 -2-<--2-, 2 < ' 2 < . 
X X X X 

TipHMCHMM MCTO,r:( MHTCpBaJIOB 
- 0 - + 

(pHc. 18.2) M na:H,a:eM peiiieHMe Hepa

BeHCTBa: xE(-oo; O)u(O; 2,5). Ha

M60JihiiiHM l(CJibiM peiiiCHHCM Hepa-

-----o----o----
0 2,5 X 

Puc. 18.2 
BeHCTBa >lBJI5IeTC>l qHCJIO 2. 

Omeem. 2. 

IlpHMep 5. CocTaBhTe ypaBHeHMe KacaTeJihHOH K rpa¢MKY ¢ynK

l\HM y = x2e-x B TQqKe C a6cl(HCCOH Xo = 2. 

PeweHue. YpaBHeHMe KacaTeJihHOH K rpa¢nKy ¢YHKL(MH y = f ( x) 
B TQqKe C KOOpl(HHaTaMM ( x0;j ( Xo)) HaXO,r:(>lT B BM,r:(e 

Y = f(xo)+ f'(x0 )(x-x0 ). 

1. Hai1,a:eM 3Haqemre ¢YHKL(HH B ToqKe x 0 = 2 : 

f(x0 )=f(2)=4·e-2 = ~. 
e 

2. Hail,a:eM: rrpoM3BO,a:nyro ¢yHKl(HH y '= x 2e-x, rrpnMeH>I>I ¢opMy

JIY 18.3 M rrpaBHJIO HaXo:>K,r:(eHH>l IIpOH3BO,r:(HOH CJIOJKHOH ¢YHKI(MH 

' 
(eg(x)) =eg(x)·g'(x). TioJiyqmvr: 

I f f 

y'=(x2) ·e-x+x2 -(e-x), y'=2xe-x+x2e-x(-x), 

, 2x x 2 2x-x2 
y =---=.:::..:...___;.;._ 

ex ex ex 
3. Hail,a:eM 3naqenne rrpoM3Bo,a:no:H ¢ynKI(MH B TO'-IKe x0 = 2 : 

j'(2)=4-;4 =0. 
e 4 

4. Tio,a:CTaBMM 3HaqeJIH>l Xo =2, j(2)= 2 H j'(2)=0 B ypaBHe
e 

HHe KaCaTeJibHOH y = j ( x0 ) + j' ( Xo) (X- Xo) II IIOJiyqnM: 
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. 4 
Omeem: y= 2 . 

e 

llpnM~p 6. CoCTaBhTe ypaBI-reHIUI KacaTeJihHhiX K Kprmofi 

y == x 2 -4x+3, npoxOJJ:5IIUMX '!epe3 TO'IKY M (2; -5), ecJIH a6crrMCCbi 

TO'IeK KacaHM5I TIOJIOJ:KMTeJihHbL 

Pewe1tue. YpanHeHMe KacaTeJihHOH K rpa¢MKY ¢YHKUMM y = f ( x) 
B TO 'IKe C KOOpL(IIHaTaMM ( x0;j ( Xo)) HaXOL(5IT B BML(e 

y= f(x0)+ j'(x0 )(x-x0 ). 

1. HafiL(eM 3Haqemre ¢YHKUMM y = x 2 -4x+3 B TO'IKe x0 : 

f(x0 ) = x5 -4x0 +3. 

2. Hai1:L(eM npmr3BOJJ:HYIO cpyHKUMM y = x 2 -4x+3: 

y' = ( x 2 )' - ( 4x )' + 3' = 2x - 4 . 

3. HafiJJ:eM 3Ha'leHire npOH3BOJJ:HOH ¢YHKUMM n TO'IKe x0 : 

j'(x0 ) = 2x0 -4. 

4. IJOL(CTaBHM HaHL(eHHhie 3Ha'leHM5I j(x0 ) H j'(x0 ) B ypaBHeHHe 

KacaTeJihHOM y = f(x0 )+ f'(x0 )(x-x0 ) H no.Jy'IHM 

y=x5-4x0 +3+(2x0 -4)(x-x0 ). 

5. 3Ha5I, 'ITO KacaTeJibHbie K rpa¢HKY ¢YHKUHH npOXOL(5IT qepe3 

TO'IKY M (2; -5), TIOJJ:CTaBHM B ypanHeHHe KacaTeJihHOH KoopJJ:H

HaThi TO'IKH M x=2 H y=-5: -5=x5+4x0 +3+(2x0 -4)(2-x0). 

Perna5I noJiy'leHHoe ypanHeHMe, HaHL(eM a6cuHCChi ToqeK Kaca

HH5I 3aJJ:aHHOH KpHBOH H np5IMhiX, npoxoJJ:5IIIIHX qepe3 TO'IKY M: 
x5 -4x0 -2x5 +8x0 -8+3+5 =0, x5 -4x0 =0, x 0 (x0 -12) =0, OTKyJJ:a 

Xo =0 H Xo =4. 
6. ITocKOJihKY 'IHCJIO HYJih He noJIOJ:KMTeJihHoe, TO 3anmneM ypan

HeHHe KaCaTeJihHOH K 3aL(aHHOH KpHBOH B TO'IKe C a6CUHCCOH Xo = 4 , 
IIOL(CTaBJI5I5I 3Ha'leHHe Xo = 4 B ypaBHeHMe 

y =x5 -4x0 +3+(2x0 -4)(x-x0). 

I1oJiy'IMM: y = 16-16+3+4(x-4), y = 4x-13. 

Omeem: y =4x-13. 
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llpuMep 7. Ha.H,n:nTe To~rKH, B KOTOpbiX yrJioBoi1 Km¢¢H.UHCHT Ka

caTCJihHOM K rpa¢:rmy <J:>yrrK.UHH y = 2x3 + 2x2 + x +3 paBeu 3. 
Pewe11ue. YmoBoi1 Ko9¢c}m.uiieriT KacaTCJihHOM K rpa¢viKy <J:>ynK

.UHII y = f (X) HaXO,n:JIT llO <J:>opMy JlC k = / 1 

( Xo) . IlOCKOJibKY COrJiaCHO 

ycJJOBmo k = 3, TO noJiyqiiM ypaBneniie AJIR onpe,n:eJieHIIR a6c.uiicc 

ToqeK KaCaHH5I: /
1 

( Xo) = 3 . 
1. Ha.H,n:eM npOII3BOAHyro 3a,n:amwi1 ¢YHK.UIIII: 

I I 

/

1 

( x) = ( 2x3
) + ( 2x2

) + X 1 + 31 

= 6x2 + 4x + 1 · 
2. Hai1,n:eM 3Haqemre nporBBo,n:no.H ¢YHK.UIIH B ToqKe x0: 

f'(x0 ) = 6x5 +4x0 +1. 
3. PellliiM ypaBHCHIIe f'(x0 )=3. 3ammreM: 6x5+4x0 +1=3, 

6x~+4x0 -2=0, 3x5+2x0 -1=0,oTKy,n:a x0 =-1II x 0 =1· 

4. Hair,n:eM op,n:IInaThr ToqeK KacaHIIR: 

f( -1) = -2+2-1+3 = 2; 

!(1)=2·(1)
3 

+2·(1)
2 

+1+3=_1_+~+10::::: 98 
3 3 3 3 27 9 3 27 . 

5. 3aUH!llCM TQqKI1 KaCa!IH5I: ( -1; 2), (1; ~~). 
Omaem: (-1; 2), (1; ~~)· 
llpnMep 8. Hai1AHTe cyMMY opt(HHaT ToqeK, B KOTOphrx KacaTeJJh

Hhre K rpa<J:>m(y ¢YHK.UIIH y = x ( x- 4 )3 
napairJJeJibHhi ocH a6cr~ncc. 

Peweuue. I1ocKOJJhKyypaBHenneKacaTeJibHOIIHMeeTBHJl. y ·= kx + b , 
a ypamremre ocn a6c.uncc BliA y = 0 11 KacaTeJibHaR napaJJJICJihna ocii 

a6c.uncc, TO yrJJOBhie Ko9¢¢:u.uneHThi ::nnx npRMhrx pamrhi. Tor,n:a 

k = 0 nm1 /
1 

( x 0) = 0 . 
1. Ha.i1,n:eM npon3BO,n:nyro 3a,n:mqroi1 <J:>ynK.unn y = x ( x- 4 )3 

f'(x) = X 1

·(x-4)3 +x·( (x-4)3
) = (x-4)3 +3x(x-4)2 (x-4)

1 

= 

= (x-4)3 +3x(x-4)2 ·1 = (x-4)2 (x-4 +3x) = 4(x-4)2 (x-1). 

2. Hai1,n:eM 3Haqemre npoii3BOJl.HOH <J:>ynK.unn B ToqKe x0 : 

/

1 

( x0 ) = 4 ( x0 -4 i ( x0 -1) . 

3. PemnMypamrerme 4(x0 -4)2(x0-1)=0 unoJiyqnM x0 =4 IIJIH 
x0 =1. 

4. Hai1,n:eM op,n:rmaTbi ToqeK KacamrR: 

/(4)=4·(4-4)3 =0, /(1)=1·(1-4/ =-27; 
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5. HaJ:i:,neM cyMMy op,nimaT TO'IeK Kacamur: 0-27 = -27. 

OmBem: -27. 

IIpnMep 9. Onpe,nemne yroJI HaKJIOHa K ocn a6cu;ricc KacaTeJib
non, npoBe,neHHOH K KpiiBOH y = 2x3

- 2x B TO 'IKe ee nepece'IeHII.H C 
OCbiO Op,ZJ:IIHaT. 

Peweuue. KpHBa.H y = 2x3 - x nepeceKaeT ocb op,nimaT B TO'IKe 
c a6cuiiccoJ:i: x0 = 0. YroJI a (naKJrona KacaTeJibHoli, npoBe,nennoJ:i: 
K 3a,naHI-IOM KpiiBOH B TO'!Ke Xo = 0, K OCH a6CUIICC) HalJ,ZJ:eM, perua.H 
ypaBnemie f' ( x0 ) = tga . LI,JI.H ::noro: 

1) :HaH,ZJ:eM npmt3BO.ll:IIYIO cpyHKUIIH y = 2x3
- 2x: 

y' =6x2 -2; 
2) HaH,ZJ:eM 3Ha'!eHIIe npoii3BO.ll:HOH cpyHKUIIH B TO'!Ke Xo = 0: 

j'(O) = -2. 
PeruiiM ypaBneniie tga = -2, OTKy,na 

a= -arctg 2 + nn, n E Z . 
Y'!HTbiBaJI, '!TO 0 <a< 1t, npH n = 1 uoJiy'IHM a= 1t-arctg 2 . 

OmBem: rr-arctg 2. 

IIpnMep 10. KacaTeJibHa.H, rrpoBe,neHI-Ia.H K rpacpiiKY cpyHKU:HH 

y = e2x-2 B TO'!Ke c a6cunccoi1 x 1 , rrapaJIJieJibHa KacaTeJihHOH, npo-

Be,netmoli K rpacpHKY cpyHKU:IUI y = 
1 

2 B TO'!Ke c-a6cunccoi1: x2 . 
(x-3) 

Hali,niiTe 3Ha'IeHHe x2 , ecJIH x1 = 1. 
Pewenue. llocKoJihKY KacaTeJibHa.H, rrpoBe,nei-IHa.H K rpacpiiKY cpyn-

?x-2 6 v 1 KU:IUI y = e- B TO'!Ke C a CU:HCCOH X 1 = , rrapaJIJieJibHa KaCaTeJib-

HOH, rrpoBe,nermoi1 K rpa<jJIIKY cpyHKUIIII y = 1 
2 B TO'!Ke c a6c

(x-3) 
UIIccoJ:i: x2 , TO yrJIOBbJe Koacpcpnu:neHThi CJTIIX KacaTeJibHhiX paBI-Ihi. 

CJie,noBaTeJibHO k1 = kz . 
1. PaccMOTpiiM cpyHKUHIO iJ ( x) = e2

x-
2 II HaJ:i:,neM ee rrpOII3BO.ll:-

HyiO: l ( x) = { e2x-2 )' = e2x-2 · ( 2x- 2), = 2e2x-2 . Hafi,neM kt : 
kt = l ( x 1) = i ( 1) = 2e2 

-
2 = 2e0 = 2. 

2. PaccMOTpiiM cpyHKU:IIIO 12 (x) = (x-3r
2 

n naJ:i:,neM ee rrpon3Bo,n-
' -3 I 2 v 

ny10: 12 (x)=-2(x-3) (x-3) = 3 . Haii,neM kz: 
(x-3) 

280 



I 2 
k2 = h (x2)= 3 · 

(x2 -3) 

3. Hai:I_n:eM 3Ha'-Iemre x 2 , pernaH ypamre1me k1 = k2 : 

2 3 
--....,..3 =2, (x2 -3) =-1, x2 -3=-1, x2 =2. 
(x2 -3) 

Omeem: 2. 

IlpHMep 11. Hai:fn:riTe crmyc ynra Me:>Kn:y KacaTCJibHhiMH, rrpoBe
.n,emihiMH K rpacpHKaM cpynKU:HH y = x 3 

- x + 6 II y = x 2 
- Sx B TO '-IKe 

Hx rrepcce'!eHH51. 
Peweuue. 1. HaH:n:eM TO'-IKY rrepece'-IeHH51 rpa¢HKOB cpym<r.J;IIH, pe-

u {y=x
3 
-x+6 maR CIICTeMy ypaBneunn · 2 ' 

y=x -5x. 
qT06bi H3HTII 3H3'-ICHIIC rrepeMCHHOH X, HC06XO,ll,IIMO I1piipaB

H5ITh rrpaBbiC '-I3CTH ypaBHCtJTIH CHCTCMhl. TioJiy'-IIIM ypaBHCHHC 
x 3

- X+ 6::::: x 2
- 5x HJIII x 3

- x 2 + 4X + 6::::: 0 , JICB351 '13CTb KOTOporo 
I1pC2J:CT3BJICH3 MHOrO~IJICHOM TpCTbCH CTCIICUH. 3aiTIIUICM 2J:CJIIITC
JIII '-IHCJI3 6 : ±1, ± 2, ± 3, ± 6. 3aMCTIIM, '-ITO X= -1 51BJI5ICTC5! KOpHCM 
ypaBneHH.H. HaH:.n,eM ocTaJihHhrc Kop:mr ypamieHHR. C :-non u:eJJhiO 
pa3.n,eJIB M o6e ~IacTII ypamrenn51 na x + 1 : 

_x
3 
-x

2 
+4x+61 x+1 

x 3 +x2 x2 -2x+6 

-2.x2 + 4.x + 6 
-2.x2 -2x 

6.x+6 
6.x+6 

0 
Tioiiy'-IHM X

2 -2x+6 = 0, OTKY21:3 XE 0. Torn:a ypaBHCHilC IIMCCT 

en:IIHCTBennoe pernemre x = -1. B TaKoM cJiyqae .x0 = -1 - a6cu:ncca 

TO~IKH rrepece'ICHil51 rpacpHKOB cpyiiKU:IIH. 
2. Ha~r.n,eM yrJIOBbie Koa¢¢nu:IIeHTbi KacaTeJibHhiX. 3naJI, 

'-ITO f? = /
1 

( Xo), 33IIIIYJCM kt = i ( .Xo) II k2 = j 2
1 

( Xo) . TIOCKOJih

KY ftl(x)=(x3 -x+6) =3x2 -1, To k1 =3(-1)
2
-1=2. TiocKOJihKY 

• I ( 2 )I 
} 2 (x)= x -5.x =2x-5,To k2 =2(-1)-5=-7. 
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3. TaHreHc yrJia MC:>KtJ:y KacaTCJibHhiMH HaHACM no ¢opMyJie 

-l'?z -kt I _,-7-2,_,-9,_ 9 tga- 1+ktk2 M rroJiyqMM tga- 1-7·2 - -13 -13. 

4. HantJ:CM cmryc yrJia MCJKAY KacmeJibHbiMH. CorJiacao TO:>KACCT-

1 
2 1 1 169 . 2 81 

ny +ctg a=-.-2-, 3arrMmeM -.-2-= 1+-
81 

, s1n a= 
250

, OTKyAa 
sill a Sill a 

. g.JIO 
silla=Si_)· 

9M Omaem: 5i.). 

IIpMMep 12. 3a351 3aKOH rrp5IMOJIMHCHHoro ABMJKCHM5I 

S ( t) = 0, 5t4
- 5t3 + 12t2 -1,5 , orrpCACJIIITC B KaKHC MOMCHTbi ycKope

HHC TCJia paBHO HYJIIO (s H t H3MCp5IIOTC5I COOTBCTCTBCHHO B MCTpax H 
ceKyHAax). 

Peweuue. 1. HaiiACM cKopocTb ABHJKCHH5I TCJia B MOMCHT t. CorJiac
no ¢opMyJie v(t) = s'( t), noJiyqHM v(t) = 2t3 -15t2 + 24t. 

2. HaiiACM ycKopcnne JJ:BHJKCHH5I TCJia B MOMenT t. CorJiacHo ¢op-

MyJie a( t) = v'(t), rroJiyqHM a( t) = 6t2 -30t +24. 

3. Pem351 ypanHeHHC a ( t) = 0 , HaHACM B KaKHe MOMCHThi ycKope

IIHC TCJia paBHO uymo. 3aiU!IllCM t2 -5t +4 = 0, OTKyJ(a t1 = 1, t2 = 4. 

Omaem: 1 c, 4 c. 

3a,Qat..tlll ,QilH C8MOCTOHTeilbHOrO peweHIIIH 

Bwmcm1Te rrpoH3BOJJ:Hhie ¢yaKl~HH ( 1-26): 

1. Y = x
3 
-3x; +1 +3xo. 

. X-

( 
3 )s x 2 1 2. y= X -1 +2-2· 

3 
3. y=(x4 -x2 +1) . 

4. y = '?J4x3 -7x2 +1 +¥2. 

5. y~3(x'-~(x'-tJ')-~x. 
6. y= 1-x3 -x.fX+Je. 
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8. y=~ -2x. 
X 

9. y= .[;2;4 +4x. 
4x 

10. y=x3 + J(1+x2)3 
x3 

3 5 2 11. y =eX +eX - X . 

12. y =ln.lx2 -1-lnx. 

1 10-x 1 3. y=lg--2 + g2. 
x+ 

1 1-cos2x 
4. y = 1 2 cos 1 . +cos x 

15. y = tg 2x-ctg 2x. 

16. y=(sin2x+1)ex. 

17. y = X+ sin X COS X . 

18. y=cos23x+sin2 3. 

19. y = x 2 cos1.+1.. 
X X 

20 · 2 X X . y=sm 2+2. 

21. y=tg sinx+tg sin2. 

22. y = 2+sin2x tgx. 

1 3 3 23. y =3tg x+x. 

24. y = sin 1-In l. 
1t X 

25. f(x) = 2+.Jt. 
2-"x 

26. f(x) =In( cos x;i). 

BbPHICJIHTe 3HaqeHWI npmi3BO.ll,HbiX 3a.ll,aHHbiX cpyHKQHH npH yKa-

3aBHbiX 3naqeHI15IX He3aBHCI1MOH nepeMeBHOH (27 -38): 

27. f ( x) = .J x 2 + 3 + 2
X

1 
+ .J3 , f' ( 1) = ? 

X+ 

28. f(x)=~-~+3;/'(3)=? 
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2 . 2 1 ' 29. f(x) =-
3 
+x--2 --3 ;f ( -1) =? 

x 3x 
30. f(x)=arctg.JX; j'(4)=? 

31. f (x) = sin2 x2 +tg2x 2 
· ctg2x 2

; f'(O) =? 

32. f (x) = sin\n+x)-cos4(n-x);J'( 1~) =? 

33. f(x)=.,rx=-~; 30j'(2)=? 
x-1 

34. f(x)=~x2 -1+Vx; 6j'(1)=? 
22x , 

35. f(x)= ~;j (0)=? 
3 2-22x 

36. J (x) = 2x-2x2-1 +X 1;2; j'(O) =? 

37. f(x)= ~~2 +cosx; !'(~2 )=? sm·x 
38. f(x)=O,Ssinx ctg-1 2x+2,5cosx+cos2,5; f'(~) =? 

39. Haii.n.u:re ,ll.JIHHY npoMeJKyTKa, KoropbiH o6pasyroT Bee pe
meHH5I HepaBeHCTBa j' ( x) + cp' ( x) s; 0 , ecmi f ( x) = 2x3 + 12x2 

·- 24, 

<p(x) = 9x2 + 72x+24. 

40. Haii.n.u:Te f ( x0 ), ecJIH x0 - QeJibiH KopeHb ypamreHH5I 

j (X) _1_ j ( _ ( 2 )~ 
2 j' (X) - 3 H X) - X - 3x + 1 . 

41. Haii.n.HTe cpe.n.Hee apmpMeru:qecKoe KOpHeii ypaBHeHH5I 

f(x)+1,2f'(x) = -0,2, ecJiu: f (x) =(1-xr
1

. 

42. Hai1.n.u:-fe op.n.u:HaTy roqKu: rrepeceqeHH5I KacaTeJibHOH, rrpoBe.n.eH
Hoi:i K KpHBOH y = ln ( 2e- X) B TO'!Ke C a6CI.UICCOH Xo = e , H OCll Oy. 

43. Haii.n.H1:e cyMMY yrJIOBbiX KOacpcjmu;MeHTOB KacaTeJibHbiX K 
KpMBbiM y = 2x2 -5 I1 y = x 2 

- 3X + 5 , IIpOBe,ll,eHHbiX qepe3 TO'!KM rre
peceqeHM5I 3THX KpMBbiX. 

44. HaH,ll.HTe cyMMY Op,ll.HHaT TO'!eK, B KOTOpb!X KaCaTeJibHbie K 
3 

KpMBOH y = ~ - x 2 -X+ 1 rrapaJIJieJibHbi rrp5IMOH y = 2x -In 2 . 

45. Hai1:,ll,MTe rrpoM3Be,ll,eHMe a6cu:ncc ToqeK, B KOTOpbiX KacaTeJI.b-
3 5x2 28 

Hbie K rpacpHKY cpyHKQHH j (X) = ~ - 2 + 7 X- 3 o6pa3yiOT C OCbiO 
Ox yroJI 45° . 

46. Hai1:.n.nTe KOCHHyc yrJia, rro.n. KOTOpbiM KpiiBa5I y = ~ sin(6n+3x) 
. v3 

rrepeceKaeT OCb a6CQHCC B Ha'!aJie KOOp,ll.HHaT. 
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47. Haii.n.nTe cyMMY Bcex TO'leK rrpoMeJKyTKa [0; rc], B KOTOphrx 

KacaTeJibHaH K rpacpriKy f(x)=~sin(4x-~) cocTaBJIHeT c ocbiO a6-
CIIHCC yroJI 60° . 

48. Haii.n.nTe pa.n.nyc OKPYIKHOCTH, orrncannoi-i OKOJIO TpeyroJibHH-

Ka, o6pa30BaHHOf0 KaCaTeJihHOI1 K rpacpHKY cpyHI<I!HH y = .J X 2 + 2X + 4 
B TO 'IKe C a6CI!HCCOH Xo = -2 , I1 OC5IMH KOOp,ll,HHaT. 

49. KacaTeJibHM, rrpoBell:eHHa51 K rrapa60Jre y = x 2 -Sx + 10, o6pa-
3yeT c ocbro a6CI!HCC yroJI 45°. Har1.n.riTe paccTOHrme OT TO'IKII Kaca
HHH ,ll,O Hat.IaJia KOOp,ll,HHaT. 

50. ,ll,ana KpHBaH y = arcsinx. Haii.n.nTe rrpoH3Be.n.enne a6ciiHCC 
TO'leK ee rpacpiiKa, B KOTOpbiX KaCaTeJibHbie rrapaJIJieJibHhi IIp5IMOH 

_ 2x + .J3 
Y- .J3 2 . 

51. Haii.n.nTe KacaTeJibHhre K rpacpnKy cpyHKI!HII y = 2x2 + 2, rrpo
xo.n.HIIIIIe qepe3 TO'IKY (0; 1 ). 

52. Haii.n.IITe cyMMY Koop.n.nnaT TOt.IeK KacaHHH rrpHMhiX, rrpoxo.n.H
IIIIIX qepe3 TO'IKY M ( 1; 1), II Kpnsoii y = x 2 - Sx + 6 . 

53. Hai~i.n.nTe nanMeHhUiee IIeJioe 3Hat.Ieniie rrocToHnnoa a, rrpii Ko-
ax3+3x2+x 

TOpOM rrpOH3BO,ll,Ha5I cpyHKI!IIII, 3a,ll,aHHOH cpopMyJIOH y = e , 
I1pHHIIMaeT TOJibKO IIOJIOJKHTeJihHbie 3Hat.IeHII51 Ha BCeH o6JiaCTII OI1-
pe,ll,eJieHII5I ,ll,aHHOH cpyHKlJIIH. 

54. ,ll,aHa cpynKIIIIH f (x) = x lnx -In ex+ lne. KaK II3MenHeTc5I ee 
rrpOII3BO,ll,Ha5I C B03pacTaHIIeM X OT 1 ,ll,O 9? 

55. Haii.n.rne KOJIMt.IecTBO IIeJihiX qnceJI H3 o6JiaCTII orrpe,TJ,eJieHI15I cpyn

KI!HH j (X) = .J 4 + 3X- X
2 

li o6JiaCTH orrpe,ll,eJieHH5I ee npOI13BO,ll,HOH. 
56. Haa.n.nTe 5% IIJIOIIIa,TJ,H TpeyroJibHHKa, o6pa3onannoro 6ncceK

TpncaMII KOOp,ll,IIHaTHbiX yrJIOB li KaCaTt'IThHOH K KpiiBOH y = .J x 2 -5 
B TOt.IKe M (3; 2) . 

57. K riirrep6oJie y = 4x-1 rrpone.n.enhr KacaTeJihHhre: o.n.na- B TO'l
Ke M (2; 2), a .n.pyrne - rrapaJIJieJihHO rrp51MOH y = -4x +4 . Haii.n.nTe 
CYMMY ITJIOIIIa,ll,eH TpeyrOJihi-IIIKOB, o6pa30BaHHhiX KaJK,ll,OH H3 vTllX Ka
CaTeJibHhiX C OC51MH KOOp,ll,HHaT. 

B 3a,ll,at.Iax 58-61 yKa3aH 3aKon npHMOJIIIHeaHo .n.snJKeHHH s ( t); 
S I1 t H3Mep5IIOTC51 COOTBeTCTBeHHO B MeTpax H CeKyH,ll,aX. 

4t+3 3 u 58. s(t)= t+
4 

+4.HaH,ll,HTeCKOpOCTbBMOMeHT t=9. 

59. s ( t) = 2t3
- 3t +4 . Haii.n.HTe ycKopenne B MOMeHT t = 2. 

60. 3aKOHhi ,ll,BHJKeHH5I .ll.BYX MaTepHaJibHbJX TO'leK B,ll,OJih O,ll,HOH 

rrpHMoii 3a,ll,aHhi ypasneHH51MH s1 = 4t2 + 2 , s2 = 3t2 + 4t -1. Haii,TJ,HTe 
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MO.l(YJib pa3HOCTH CKOpOCTeH TO'ICK B Te MOMCHTbi, KOr,l(a IIpOH,l(CHHbie 
HMH paCCT05!HH5! paBHbi. 

61. ll p5!MOJIHHCHHbiC ,l(BIDKCHH5! .l(BYX MaTepHaJibHbiX TO'ICK 3a,l(aHbi 
ypaBHCHH5!MH s1 = 2t3 

- 5t2 
- 3t-3 , s2 = 2t3 

- 3t2 -11t + 7 0 . HaH:,n;nTe 
CYMMY ycKopeHHH TO'ICK B Te MOMCHTbi, KOr,n;a CKOpOCTH HX paBHbi. 

Omeembt: 1. y' = 2x
3 

-
6x

2 +~x-i. 2. y' = 15x2 ( x 3 -1)4 
+x. 

(x-1) . 

3. y'=6x(x4 -x2+1)
2
(2x2-1).4. y'= 2x(6x-7) . 

3~ ( 4x3 -7 x 2 + 1) 
2 

5. y'=2x2-2x.Jx2-1-W. 6. y'=-~( b+JX} 
7. y'= ~ 2 

. 8. y'= b 2. 9. y'=4- ~-
( x2 -2 f x2 2- x2 x2 x2 + 4 

10. y'=3x2 3~ .11. y'=ex+ex
3
-Sx

2
(3x2-10x).12. y'=-[---1. 

X4 X -1 X 

13. y' = ( 12 1 . 14. y' = 4sin2x 2 . 15. y' = ~ . 
x-10)(x+2) n10 (1+cos2x) sin 4x 

16. y'=ex(sin2x+sin2 x+1). 17. y'=1+cos2x. 18. y'=-3sin6x. 

19. y' = 2xcos1+sin1-~. 20. y' = 0,5(1 +sinx). 21. y' = c~s:r 
x x x coo~x 

, _ tg2x 3 , 1 
5 

2 
22. y'=2sin2x. 23. y --2--2· 24. y =-. 2 . r( 2). 

COS X X X '1/X 2-x 
1 x-1 2 · 

26. -2tg-. 27. 1. 28. -3. 29. -2. 30. 0,05. 31. 1. 32. 1. 
X X 

33. 1. 34. 7. 35. ln2. 36. ln2. 37. 0. 38. -1,5. 39. 1. 40. 1. 41. 3,5. 

42. 2. 43. -24. 44. -~. 45. 6. 46. 0,5. 47. ~. 48. 0,5-JS. 49. 5. 

50. ~0,25. 51. y=±2J2x+1. 52. 8. 53. 4. 54. B03pacTaeT oT 0 

.n;o ln9+~. 55. 10. 56. 0,25. 57. 24. 58. 1~ M/c. 59.24 Mjc2. 60. 2 Mjc. 

61.32 Mjc2• 
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KoHTponbHbiVI TeeT 

.N!! 3a,ll;aHHJI BapHaHTbiOTBeTOB 

IlpOII3BO,li;Ha5l <l,lyHKUIIH 1) 3lfi.; 2) lfi; 

y = 3 +X~ 3x2 + 1 B TO "'IKe C a6CUHCCOH 3)3W; 3 . 
1 4) lfi' 

1 x0 =1 paBHa 5) m· 
1) 2x; 2) 4lgex; 

2 IlpOII3BO,n:Ha5I <l,lyHKUI1II 3) 2x+2lge; 
y = 2lge x 2 + 2lge IIMeeT BI1.D: 

4) Xlg10e; 

5) x 2Ig10e. 

,QaHa <l,lyHKUII5I f (X)=~-~. 
1 1) 3; 2) 2; 

3 EcJIII x B03paCTaeT OT - 11:0 81, 3) 1; 4) 0; 
18 

5) -1. TO Haii6oJiblllee uenoe 3Ha"'feHIIe 
rrpOI13BO,li;HOHpaBHO 

Ecn11 f ( x) =sin 4x cos 4x+tg 4x ctg 4x, 1) -2; 2) 2; 
4 

TO 3Ha"'feHI1e Bbipa:>KeHI15l j' ( ~) paBHO 
3) 1; 4) 0,5; 
5) 0,25. 

1) 3J2; 2) 3J2. 

ECJII1 j (X) = 23 sin 3 ~ , TO 3Ha"'feHIIe 
8 ' 

5 3) J2. 4) J2. 
Bbrpa:>KeHII5I f'( I) paBHO 8 ' 2 ' 

5) 8J2. 

<l>yHKUII5I 3a,n:aHa <l,lopMyJIOH 1) 16; 2) 4; 
6 y = eax

2
+br+t. EcJIII f (1) = f (0) = f'(O), 3) 2; 4) 1; 

TO 3Ha'IeHIIe ab paBHO 5) -1. 

1) 0; 2) -7; 
EcJIH f ( x) = e-x ( x 2 + 3x + 1) , TO 3) 21; 4) 49. 

7 3 ' 
yTpOeHHbiH KBa,n:paT MeHblllero KOpH5I 7 
ypaBHeHI15I j' (X) = 2 j (X) paBeH 5) 3" 
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N!! 3a~aHIUI BapHaHThlOTBeToB 

YpaBnemie KacaTeJlbHOH K rpaqmKy 
1) y =3X-1t; 
2) y = 3x+37t; 

8 <j}yHKUIIII y = tg 3x B TO'!Ke C 3) y=3x; 
6 v 1t 4) y = x-31t; a CIJ.IICCOII X = 3 IIMeeT Bil~ 

5) y =X-1t. 

1) y=x+2e; 
YpaBnemie KacaTeJlbHOM K rpaqmKy 2) y=x+e; 

9 <j}yHKIJ,HH y =X (ln X -1) B TO'IKe 3) y=x-e 
C a6cu,HCCOH X= e HMeeT Bill( 4) y=ex-e; 

5) y =-Sex. 

EcJln KacaTeJihHa51 K rpa<j)HKY 

x 2 +2 1) -0,5; 2) 5; <j}yHKIJ.HH j (X) = --
2
- npoBel(eHa 

10 x- 3) 1,5; 4) 1; 
B TO'IKe ero nepece'IeHH51 c ocbiO 

5) 2. 
Opll;I1HaT, TO yrJIOBOH K03<j}<j}HIJ,HeHT . 
KaCaTeJibHOH paBeH 

EcJIH KacaTeJihHa51, npoBel(eHHa51 K 1) 5; 2) -1; 
11 rpa<j)nKy <j)ynKu,Hn g ( x) = x 2 ln x , 3) 1; 4) 0,1; 

o6pa3yeT c ochiO a6cu,Hcc yroJI 45° , 5) 1,5. 
TO a6CIJ.HCCa TO'IKH KaCaHH51 paBHa 

1) I; 
KacaTeJ1bHa51, npoBel(eHHa51 K KpiiBoii 2) arctg 3; 

12 y = ~ x5 - ~ x 3 
B TO 'IKe c a6cu,uccoii 3) I-arctg 3; 

x0 = 1 , o6pa3yeT c ochiO opll:HHaT yroJl 4) I+arcctg 3; 

5) I+arctg 3. 

EcJIH KacaTeJihHa51 K rpaqmKy 1) 4; 

<j}yHKIJ,liii y = ~ ~ ~ o6pa3yeT C OChiO 
2) 2; 

13 3) -4; 
a6cuncc yroJI 135°, TO cyMMa opll;HnaT 4) 6; 
TO'IeK KaCaHH51 paBHa 5) 8. 

Mtw:>KecTBO 3naqenn:ii npon3BOlJ:HOii 
1) 1; 

<j}yni<u,Hn f(x) = 2cos2 
( 4x-1) 

2) 8; 
14 3) 6; 

o6pa3yiOT npoMe:>KyTOK, l(JIHHa 4) 16; 
KOToporo paBna 5) 18. 
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Omeembt 

HoMep 3a.ZJ:aHmi 1 2 3 4 5 6 7 
HoMep rrpaBHJibHOro 

4 5 3 1 1 5 4 
OTBeTa 

HoMep 3a.ZJ:aHn~ 8 9 10 11 12 13 14 
HoMep rrpaBHJibHOro 

1 3 1 3 5 2 4 
OTBeTa 
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19 ~CCnEAOBAH~E~YHKU~~ C nOMOI..UbiO nPOIII3BO.QHOIII 

19.1. OnpeAeneHIIIe npoMe>KyrKoB 
MOHOTOHHOCTIII c:IJYHKL\111111 

<DyHKIJ.H51 y = f(x) 6D3pacmaem Ha rrpoMe:>KyTKe (a; b), ecnn 1J;JI51 

JII06h!X X 1 l1 X 2, IIpHHa1J;Jie:>KaiiJ,HX 3TOMY npOMe:>KVTKy, H3 HepaBeHCTBa 

x1 < x2 CIIe1];yeT HepaBeHCTBO f(x1) < f(x2). 

<DyHKIJ.M51 y = f(x) y6bwaem Ha rrpoMe:>KyTKe (a; b), ecJin 1J:II51 JII0-

6hiX X 1 11 X 2, IIpHHa1];Jie:>KaiiJ,IIX 3TOMY IIpOMe:>KyTKy, H3 HepaBeHCTBa 

x1 < x2 ciie.ll,yeT HepaBeHCTBO f(x1) > f(x2). 

,ilocTaTO<JHoe ycJioBne B03pacTaHH5I (y6hmamm) cpyriKIJ.nn: 

a) eCJIH Ha 3a1];aHliOM rrpoMe:>KyTKe j' (X)> 0 , TO cpyHKli,J151 B03pac

TaeT Ha 3TOM IIpOMe:>KyTKe; 

6) eCJIH j' (X)< 0 , TO cpy1IK111151 y6hiBaeT Ha uTOM IIpOMe:>KyTKe. 

19.2. 3KCTpeMyM cpyHKL\111111 

MaKCHMYMOM (MHHHMYMOM) cpynKIJ.MM y = f(x) na3hiBaioT TaKoe 

ee 3Ha<JCHIIe, KOTOpoe 6oJihillC ( MeHhille) BCCX ee ll:PYfHX 3Ha<JeHliH B 

OKpeCTHOCTI1 paccMaTpimaeMOH TO<JKH. 

MaKcnMyM 11 MI1HHMYM cpyHKIJ.MII HMeJOT JIOKaJihHhiH xapaKTep, 

IIOCKOJihKY OT1];CJihHhie MHHHMYMhl HCKOTOpOH cpyHKli,HH MOfYT OKa-

3aThC51 6oJihme MaKCHMYMOB TOH :>Ke cpyHKIJ.MH (pHc. 19.1 ). 

y 

0 

Puc. 19.1 

X 

MaKCHMYM 11 MHHHMYM cpyHKl(HI1 

Ha3hiBaJOTC5I 3KCmpeMyMOM cpyHK

IJ;HI1. 3Ha<JeHHe apryMCHTa, IIpH KO

TOpOM 1J;OCTHfaeTC51 3KCTpeMyM, Ha-

3hiBaeTC51 TO<JKOH 3KCTpeMyMa. Ha 

pHCYHKe 19.1 3Ha<JeHH5I X 1 , x 2 , x3 
H X 4 51BJI51JOTC51 TO<JKaMH 3KCTpeMy

Ma paCCMaTpHBaeMOH cpyHKli,HH. 

Kpumu'l/,eCKUMU mo'l/,KaAtu cpyHKIJ.MI1 na3biBaiOT Te 3HaLieHH51 apry

MeHTa, IIpH KOTOpb!X IIpOI13801];Ha51 cpyHKli,HH paBHa nyJIIO HJII1 He cy-
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IJJ;eCTByeT. KpHTMqecKMe ToqKH <PYHKI(HM Haxo~HT, pernaJI ypaBHeHMe 

f' ( x) = 0 . EcnM <PYHKI(HH HMeeT aKCTpeMyM, TO OH MO%eT 6hiTh TOJih- · 

KO B KpHTHqecKMX TOqKaX. 

AJ:rropHTM onpe~eJieHHH TOqeK 3KCTpeMyMa Q>yHKI(llll: 
1) Haxo~HM f' (x) ; 
2) HaXO~HM KpHTHqeCKHe TOqKH <!JyHKI(HH, peiiiaJI ypaBI-IeHHe 

f'(x)=O; 
3) nanocHM KpHTnqecKHe TOqKH Ha D (f) <PYHKI(HH; 

4) onpe~eJIHeM 3HaK npOH3BO~HOll <!JyHKI(Hll Ha IIOJiyqeHI-IhiX rrpo

Me%yTKax; 

5) orrpe~eJIHeM ToqKn aKCTpeMyMa no rrpaBHJiy: 

• ecJIH rrpH rrepexo~e qepe3 KpHTHqecKyro ToqKy rrpoH3BO~Ha)'I Me

HHeT 3HaK C <1:+~ Ha <1:-~, TO HMeeM TOqKy MaKCHMyMa; 

• eCJIM C <<-~ Ha <1:+~- TOqKy MHHMMyMa. 

19.3. Haxa>K.QeHYJe Halll6onbwero 111 HaiiiMeHbwero 

3H8'-18HIIIs:l cpyHKU,IIIIII Ha 38,Q8HHOM 0Tp83K8 

PaccMOTpHM ¢ynKQmo y = f(x) na oTpe3Ke [a; b]. CBoe HaM60Jih

rnee M HaMMeHhrnee 3HaqenMe ona MO%eT rrpHHHMaTh JIH6o na KOI-Il(ax 

0Tpe3Ka, JIH60 B TOqKaX :3KCTpeMyMa. 

ArrropnTM pemeHH.H 3a~aq: 
1) naxo~MM f'(x); 
2) HaXO~HM KpHTHqecKMe TOqKH <!JyHKI(llll, peiiiaJI ypaBHeHHe 

f'(x) =0; 
3) HaXO~HM 3HaqenHe <!JyHKI(HH Ha KOI-Il(aX 0Tpe3Ka ll B KpHTHqec

KHX TOqKaX, rrpHHMJie%all(HX ~aHHOMY 0Tpe3Ky; 

4) orrpe~eJIHeM nan6oJrhrnee H HaHl\:enhrnee .3naqeHne H3 rrony

qenHhiX. 

TeeT .Qlls:l nposepKIII TeopeTIII'-IeCKIIIX 3HaHIII171 

Yl<aJICUme ece npaBWlbHbte eapuaumbt omeemoe ( 1-2 ): 
1. <DyHKI(HH y = f(x) B03pacTaeT na 3a~aHHOM rrpoMe%yTKe, 

ecnn: 

1) H3 HepaBeHCTBa X 1 < X 2 CJie~yeT HepaBeHCTBO j(x1) < j(x2); 

2) M3 nepaBeHCTBa x 1 < x 2 cne~yeT nepaBencTBO f(x1) > f(x2); 

3) rrpOM3BO~IIaJI <!JyHKI(llll IIOJIO)KHTeJihHa; 

4) rrpOH3BO~HaJI <!JyHKI(llll OTpHI(aTeJihHa; 

5) rrpoH3BO~HaJI <PYHKI(MM paBHa Hymo. 
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2. cDyHKQIUI y = 1(x) y6hmaeT Ha 3a)J:aHHOM npoMeJKyTKe, ec;m: 

1) xi> x2 ¢::> 1(xi) > 1(x2); 

2) xi> x2 ¢::> 1(xi) < 1(x2); 

3) j'(x)=FO; 
4) 1'(x) =0; 
5)j'(x)>O; 
6)1'(x)<0. 
YKa:JICume ece Heo6xodUJ111Jle aeucmewt: 
3. q T06bi HaHTM npOMeJKyTKM B03pacTaHIUI II y6hiBaHM5I cpyHKIJ,HM 

He06XOAIIMO: 

1) HaHTII o6JiaCTb onpe)J:eJieHII5I tPYHKIJ,IIII; 

2) HaHTH HYJIII tPYHKU:MH; 

3) HaHTII npOII3BOAHYIO tPYHKU:HH; 

4) HaHTri KpHTH'IeCKIIe TO'IKII tPYHKQHII; 

5) HaHeCTII KpiiTII'IeCKHe TO'IKH Ha KOOpAHHaTHYIO I1p5IMYIO; 

6) Hanecm KpiiTH'IeCKIIe TO'IKH na D (f) ¢YHKU:IIH; 

7) orrpe)J:eJIIITb 3HaK tPYHKQHII Ha ITOJiy'IeHHhiX npoMeJKyTKax; 

8) orrpe)J:eJIHTb 3HaK rrpOI13BOAHOii tPYHKQHH J-Ia ITOJiy'IeHJ-IblX npo-

MeJKyTKaX. 

YKa:JICume ece npaBUJLbHbte eapuaHmbt omeemoe: 
4. KpHTH'IeCKHMII To'!KaMII ¢YHKU:IIII 5IBJI5IIOTC5I TO'IKII, B KOTOpbiX: 

1) IIpOII3BO)J:I-Ia5I cpyi-IKQII!I paBJ-Ia HY JIIO; 

2) npOI13BO)J:Ha5I tPYHKU:Hli He cym:eCTByeT; 

3) IIpO!I3BO)J:Ha5I tPYHKQII!I paBHa HYJIIO IIJIII He cyiQeCTByeT; 

4) tPYHKU:II5I paBHa uymo; 

5) ¢YHKU:II5I 6oJihme HYJI5I. 

Yxa:JICume ece ueo6xodUJ11bte aeucmBUJl." 
5. qT06bi naHTII KpiiTWieCKIJe TO'IKII tPYHKQIIII y = 1(x), neo6xo-

1J:IIMO: 

1) pemHTh ypaBnenne 1' ( x) = 0 ; 
2) peiiiiJTb ypaBHeHHe 1 (X)= 0 ; 
3) peiiiHTb ypaBHeiUI5I j' (X)= 0 H 1 (X)= 0 ; 
4) peiiiiJTb CIICTeMy nepaBeHCTB 1' (X) > 0 H 1 (X) > 0 ; 
5) peiiiiJTb COBOKYIIHOCTh HepaBeHCTB 1' (X) < 0 II 1 (X) < 0 . 
Yxa:JICume ece npaBUJLblibte eapuaumbt omeemoe: 
6. To'!KaMn 3KCTpeMyMa cpyHKU:HH JIBJI5IIOTca: 

1) KpHTH'IeCKHe TO'IKH tPYHKQHH; 

3) KpHTH'IeCKHe TO'IKI1 cpyHKQIIH; IIp11 rrepeXO)J:e 'Iepe3 KOTOpbie 

cpyHKQII5I MeH5IeT 3HaK; 

4) KpHTH'IeCKHe TO'IKI1 cpyHKQim; rrpH nepeXO)J:e 'Iepe3 KOTOpbie 

I1pOH3BO)J:Ha5I tPYHKQIIH He Meii5IeT 3HaK; 
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5) KpHTH'IeCKIIe TO'IKH <PYHKU:HH; npH nepeXOi'(e 'Iepe3 KOTOpbie 

npOH3BOi'(Ha5I <PYHKU:HH MemieT 3HaK. 

YKaJICume ece Heo6xoaUMbte aeucmeu.H (7 -8 ): 
7. LJ T06bi HaHTH TO'IKII 3KCTpeMyMa <PYHKU:HH He06XOi'(HMO: 

1) HaHTII o6JiaCTh onpei'(eJieHII5I <PYHKU:IIH; 

2) HaHTII HyJIH <i>YHKUIIH; 

3) HaHTH npOII3BOi'(HYIO <PYHKU:IIII; 

4) HaHTII KpHTIFieCKIIe TO'IKII <PYHKUIIII; 

5) HaHeCTH KpHTH'IeCKHe TO'IKH Ha KOOpi'(HHaTHYIO npRMYIO; 

6) HaHeCTH KpHTII'IeCKHe TO'IKH Ha D (f) <PYHKU:HH; 

7) onpei'(eJIIITb 3HaK <PYHKUHH Ha ITOJiy'IeHHbiX npoMe:>KyTKax; 

8) onpei'(eJIHTb 3HaK npOII3BOi'(HOH <PYHKUIIII Ha ITOJiy'IeHHbiX npo

Me:>KyTKaX. 

8. LJ T06bi Haihii Haii60Jiblliee II HaiiMeHblliee 3Ha'IeHIIe <PYHKU:IIII 

Ha 3ai'(aHHOM 0Tpe3Ke, Heo6XOi'(IIMO: . 

1) nai1Tu HYJIII <PYHKU:HII; 

2) HaHTII npOII3BOIJ:HYIO <PYHKU:IIH; 

3) HaHTII KpHTII'IeCKHe TO'IKII <PYHKU:IIII; 

4) HaHTII 3Ha'IeHIIe <PYHKU:IIII Ha KOHn;ax 0Tpe3Ka; 

5) Hai1nr sna'Ierme <PYHKU:IIII B KPHTII'IecKHX TO'IKax; 

6) HaHTII 3Ha'IeHIIe <PYHKUHH B KpiiTH'IeCKIIX TO'IKaX, npHHai'(Jie

:>Karn:HX 3ai'(aHHOMY OTpesKy. 

HoMep 3aAaHIUI 1 2 3 4 5 6 7 8 
BapnaHT rrpaBHJibHOro 1;3 2;6 1; 3; 4; 3 1 5 1; 3; 4; 2;3;4;6 
OTBeTa 6;8 6;8 

np111Mepbl 

llpiiMep 1. HaHi'(HTe BCe HHTepBaJibi, Ha KOTOpbiX B03paCTaeT <PYH

KUH5I y = 6"' X -1-3X + 18 . 
Pewenue. 1. 3annnreM o6JiaCTb onpei'(eJieHIIR <PYHKU:IIH: 

X -12: 0 , OTKyi'(a X 2: 1 . 
2. HaH:l(eM npoH3BOIJ:HYIO <PYHKUIIH: 

f'(x)=(6'-"x-1), -(3x)' +18' = h 3=-3--3. 
2 x-1 '-"x-1 

3. Hai1:i'(eM npoMe:>KyTKH BospacTaHIIR ¢YHKUHII, penraR Hepa-

BeHcTBO j'(x)>O. IlOJIY'IIIM: ~-3>0, )-..>1, 1>.Jx-1, 
-vx-1 -vx-1 

X -1 < 1 , OTKyi'(a X < 2 H X :;t: 1. 
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Y'-IHTbiBM o6nacTb onpe,neneHHR cpyHKU:HH, sanurneM: XE (1; 2). 

OmBem: (1; 2). 

llpHMep 2. Hail,nHTe npoMeJKyTKH BospacTaHH5l H y6bmaHHR cpyn-
2 

KQHH j (X) = ( 2x -1) ( 4- 2x) . 

Peweuue. 1. Haii:,n:eM npomBo,n:HyiO sa,n:aHHpil cpyHKU:HH: 
, 2 ( ?) 2 j'(x)=(2x-1) (4-2x) +(2'--1) (4-2'} =2x·ln2·(4-2x)-

- ( 2x -1) · 2 · ( 4 - 2x ) · zx ·1 n 2 = zx ln 2 ( 2x - 4) ( zx - 4 + 2 · 2x - 2) = 

=2xln2(2x -4)(3·2x -6)=3·2xln2(2x -4)(zx -2). 

2. Hail,n:eM KpHTH'-!eCKHe TO'IKH cpyHKU:MH, pernM ypaBHe
mre j'(x)=O. 3anurneM: 3·2xln2(2x-4)(2x-2)=0. ITocKOJihKY 

3·2xln2:;t:0, TO 2x -4=0 HJIII 2x -2=0, OTKy,n:a x=2 HJIH x=1. 

3. HaHeceM KpHTI1'.JecKne TO'-IKH 
f'(x) + + Ha o6nacTb onpe,neJieHHR cpyHKU:IUI 

----~·~----~·.---~·~ 
j(x) ;f i ~ 2 ;f x II yCTaHOBHM 3HaK npOH3BO,z:J:HOH 

cpyHKU:liH Ha KaJK,z:J:OM ll3 IIOJiy'-!eH
Puc. 19.2 HblX npOMeJKyTKOB (puc. 19.2). 

4. I1spncyHKa 19.2 BH,z:J:HM, 'ITOHanpOMeJKyTKaX ( -cc; 1) H (2; +oo) 
npOII3BO,z:J:Ha5I cpyHKI_J:Hli TIOJJOJKHTeJibHa, CJie,z:J:OBaTeJibHO, cpyHKU:liR 
BospacTaeT na 3TIIX npoMeJKyTKax. Ha npoMeJKyTKe (1; 2) npoHsBo,n:
HM cpynKQHII OTPIIU:aTeJihHa, cne,n:oBaTeJibHO, cpynKU:IIR y6hmaeT na 
3TOM npoMeJKyTKe. 

OmBem: BospaCTaeT na ( -oo; 1) n na (2; +oo), y6hiBaeT na (1; 2). 

llpiiMep 3. Hail,n:IITe '-IHCJJo TOLieK 3KCTpeMyMa cpyHKU:HII 
y=(1-x)3 (3-x)3. 

Peweuue. 1. 3annrneM cpyHKU:HIO B Bn,n:e y = ( ( 1- x )( 3- x ))
3 HJJH 

y =:: ( x2 -4x+3 )
3 

H nail,n:eM ee npon_sBo,n:nyiO. IIony'HIM: 

y' =3(x2 -4x+3)
2 
(x2 -4x+3) = 3(2x-4)((x-1)(x-3))

2 
= 

" 2 2 =6(x-2)(x-1) (x-3) . 
2. Hail,n:eM KpnTH'-!eCKHe TO'lKH cpyHKU:HH, pernall ypaBHeHne 

6(x-2)(x-1)2 (·x-3)2 =0.11ony'lHM x1 =2, x2,3 =1, x3.4 =3. 
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3. HaneceM KpHTWieCKHe 
1 + 3 + f '(x) TO'IKH cpyHKQHH Ha ee 06JiaCTh 

orrpe,ll;eJieHIUIIIorrpe,ll;eJIHM3HaK f(x) '-:t... • • • )I 

1 '""'- 2 / 3 /X 
rrpOH3BO.lJ:HOH Ha IIOJiyYCHHbiX 

rrpoMeJKyTKax (pnc. 19.3). Puc. 19.3 

113 pHcynKa 19.3 BII.lJ:IIM, '-ITO rrpn rrepexo,ll;e qepe3 KpnTH'-IecKIIe 

TO'-IKH 1 I1 3 IIpOH3BO,li;Ha5I cpyHKQHH He MCHJICT 3HaK, a IIpH rrepeXO,ll;e 

qepe3 TO'-IKY 2 - MCHJ!eT. CJie,li;OBaTeJibHO, HMeeM O.ll:HY TO'-IKY 3Kcrpe

MyMa cpyHKQHH: X= 2. 

Omeem: 1. 

2 
IIpHMep 4. HaH,li;IITe 3Hal.JeHHe cpyHKQHH y = -xe1-2x B TO'-IKe MH-

HHMyMa. 

PeweHue. 1. Hafi,ll;eM npoH3BO.lJ:HYIO cpyHKQnn. IIoJiyYHM: 

' ' f' (X)= ( -x )' e1-2xz + ( -x) ( e1-2xz) = -e1-2xz - xe1-2xz ( 1-2x2) = 

= -e1-2xz- xe1-2xz ( -4x) = -e1-2xz ( 1-4x2) . 

2. Haii,ll;eM KpMTHl.JeCKHe TO'-IKH cpyHKQHH, perna51 ypaBHeime 

2 1 2 2 1 
1-4x =0, TaK KaK -e-x '#0. IIoJiy'IHM x=±2. 

3. IIocKOJibKY D(f) = R, TO nane- /'(x) + 
----4·~----~·~--~-~ CeM KpHTHl.JCCKHC TO'IKH Ha KOOp,li;H- j(x) / -1 ........ 1 / X 

+ 

HaTHYIO IIp51MYIO H orrpe,li;CJIIIM 3HaKH 

rrpOH3BO,li;HOH cpyHKQHH Ha IIOJiyYCH

HbiX rrpoMeJKyTKax (pnc. 19.4). 

2 2 
Puc.19.4 

4.113 pncynKa 19.4 BH,li;IIM, 'ITO Xmin =~, TOf,ll;a 

1 1 

( 
1 ) 1 1-2·- 1 -

f - =--e 4 =--e2 =-0 5-Je 
2 2 2 ' . 

Orne em: -0, 5-Je . 

IIpHMep 5. Haii,ll;nTe cyMMY naH60Jihrnero n nanMeHhrnero 3Ha

'Iennii cpyHKQHH y =X-b , KOTOpbiC OHa IIpHHIIMaeT Ha 0Tpe3Ke 

[-27; -0,125]. 
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PeweHue. 1. Hail:AeM rrpOH3BOAHYIO cpyHKL(MH 
I 

y'=x'- 3x3 =1-3·-x 3 =1---( 
1.) 1 -~ 1 

3 rxz· 
2. HaliAeM KpHTH':IeCKHe TO':IKH cpyHKL(HH, pern<UI ypaBHeHHe 

1-b = 0. Ilony':lnM: b = 1, R = 1 , x 2 = 1 , x = ±1. 

3. HaliAeM 3Ha':leHne ¢YHKUHH Ha KoHuax 3aAaHHoro OTpe3Ka, TO 

CCTb B TO':IKaX X= -27 I1 X=: -0,125, H B KpHTH':ICCKOH TO':IKC X= -1 
(KpHTH':ICCK<UI TO':IKa X= 1 He IIpHHaAJIC)KllT 3aAaHHOMY 0TpC3Ky): 

/(-27)=-27+9==-18; /(-1)=-1+3==2; !(-~)=-~+~=1~. 
4. HanMeHbrnee 3Ha':leHne cpyHKUHH Ha 3aAaHHOM OTpe3Ke m = -18, 

a Harr6onbrnee 3HaqeHne ¢YHKUHH M = 2 . 
TorAa m+M=-18+2=-16. 

Omeem: -16. 

IIpnMep 6. LJncJio 20 pa36ei1Te Ha TaKne ABa cJiaraeMhiX, ':IT06bi 

cyMMa HX KBaApaTOB 6hiJia HaHMCUbilieH. 

PeweHue. IlycTh rrepBoe cJiaraeMoe paBHO x, TOrAa BTopoe cJiarae

Moe, COrJiaCHO yCJIOBHIO 3aAaLJH, paBUO 20- X . 3amnueM CYMMY KBaA-

paTOBLJHCCJIXH 20-x: x2 +(20-x)2
. 

PaccMOTpi1M ¢YHKU11IO f ( x) = x2 + ( 20- x )2 = 2x2
- 40x + 202 

II 

naHACM ee HaH60JihiliCC l1 naHMCHhWee 3HaLJCHHC Ha OTpC3KC [0; 20). 
1. HaliAeM rrpoH3BOAHYIO cpyHKUHH: f' ( x) = 4x-40 . 
2. HaliAeM KpHTH':ICCKHe ToqKH ¢YHKUHH, pern<UI ypaBHeHne 

4x-40 =0. IloJiyqnM x = 10. 
3. HaHACM 3Ha':ICHHC cpyHKUHH Ha KOHUaX OTpe3Ka [0; 20) H B KpH

THLJCCKOH TOLJKC X = 10 : 
/(0)=400, /(20)=400,/(10)=200. 

QqeBHAHO, qTQ CBOC HaHMCHhiliCC 3HaqeHHC Ha 3aAaUHOM OTpC3KC 

¢YHKUH.H rrpnHnMaeT B TO':IKe x = 10. CJieAoBaTeJibHO, HCKOMbre LJHC

Jia 10 II 10. 

Omeem: 10 n 10. 

IIpnMep 7. OnpeAeJIHTe 3Ha':lenae a, rrpii KoTopoM ypaBneniie 

x 3 
- 3x2 

- 9x-0, 5a = 0 IIMCCT TpH Kopm:I. 

PeweHue. 3arriirneM ypaBHenae B BIIAe 2x3 -6x2 -18x =a H pac

CMOTpHM cpyHKUlili j (X) = 2x3- 6x2 -18x H j (X)= a. YpaBHCHIIe 
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HMeeT TPH Kopmr, ecJIH rpaqmKH yKa3aHHbiX ¢YHKUHH MMeiOT TPM 
ToqKn nepeceqeHM51. 

,l(JI5I TOfO, qTo6bi llOCTpOHTb CXeMaTuqecKM rpa<}JHK <}JyHKUMM 

f ( x) = 2x3
- 6x2 -18x, npoBe,neM ee nccJie,nonaHue c noMo~biO npo

ll3BO,n:Ho}r: 
1. HatmeM npoM3BO.ZJ.HYIO ¢YHKUI1H: f'(x) =6x2 -12x-18. 
2. Hail,neM KpuTuqecKne ToqKu ¢YHKUUM, peillM ypaBHeHne 

6x2 -12x-18=0 UJIH x 2 -2x-3=0,oTKy,na x1 =-1, x2 =3. 
3. Hail,neM ToqKu aKcTpeMyMa cpyHKI~UM (puc. 19.5): 

Xmax = -1 ' X min = 3 · 

j'(x) + + 
----~·~----~·.---~-~ f(x) / -1 ""'- 3 / x 

Puc. 19.5 

4. Hail,neM 3HaqeHU51 cpyHK~HH B TO<IKax aKcTpeMyMa: 

/(-1) =-2 -6+18 = 10, 

f ( 3) =54- 54 -54 =-54. 

Y f(x) = 2x'- 6x'- 18x 

X 

Puc. 19.6 

5. lJoCTpOHM CXeMaTIIqecKH rpacpHKU cpyHK~HH j (X)= 2.x3
-

-6x2 -18x H j (X)= a ( CeMeHCTBO np51MbiX, napaJIJieJibHbiX OCH a6-
CUHCC) (puc. 19.6). tf3 pncyHKa 19.6 BHAHM, qTQ rpacpHKH cpyHK~Hll 
6y,nyT HMeTb TPH ToqKH nepeceqeHH51, npH ycJIOBHH, qyo -54 <a < 10. 

OmBem: (-54; 10). 
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3a,Q8'-1111 .Qflfl C8MOCTOfiTenbHOf0 peweHJIIfl 

Ha:Mtvne npoMe:IKyTKM B03pacTaH11.H 11 y6umaHM.H ¢YHKU11M ( 1-4 ): 

1. y=.J3sinx-cosx. 2. f(x)=-x(x-3) 2
. 

1 1 2 4 
3. y= 2 4. f(x)=-+2-3· 

X +x+1 X X X 

Ha:i1.n;11Te TO'-IKM 3KCTpeMyMa ¢YHKU11M (5-9): 

5. f(x)=xlnx. 6. y=-
1
x . 
nx 

7. y = lnx+2. S. y =xze-x. 
X 

9. y = x 2 -In ( 1 + 2x) . · 3 
10. Ha:i1.n;11Te '-IMCJIO TO'-leK 3KCTpeMyMa cpyHKU:HM y = ( x 2 -1) . 

6 
xs-1 

11. Hail.n;nTe 3Ha'IeHHe ¢YHKU:HH y = 4 2 +0,4x+1 B TO'lKe 

MaKCHMyMa. 
xs +xs +1 

12. Hail.n;tiTe 3Ha'IeH11e m +2M, ecJIH m 11M- 3Ha'IeH1151 cpynKU:HH 

Y = ~ + X: S B TO'lKaX MIIH11MyMa 11 MaKCHMyMa COOTBeTCTBeHHO. 

Hail.n;aTe naii6oJibiiiee H HanMenuruee 3Ha'-lenne cpyHKUMM na 3a

.n;aHHbiX npoMe:IKyTKax (13-23): 
13. y=x3 -3x2 +3x+2; [-2; 2]. 

14. y=~+~; [1; 6]. 

15. /(x)=cos2 ~sinx; [0; 1t]. 

16~ f(x) = x+cos2 
x; [ 0; ~J. 

17. f(x)=tgx+ctg2x; [~; ~J. 

18. f(x)=~ ;~1 ; [0,75; 2]. 

19. f(x)=x+-;; [-2; 1]. 
X 

20. f(x)=(S-x)Tx; [-1; 0]. 

21. f(x)=2V; (-8; -1]. 

22. /(x)=3~(x-1)2 +x; [-7; 0]. 
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23. f(x) =2x2 -lnx; [1; e]. 

24. Hai1JJ:HTe H3Hlv!CHblllee 3H31ICmJe cpyHKQHH f (x) = Y + 22
-x Ha 

OTpe3Ke [0; 2]. 
25. I-Iai1JJ:HTe cyMMY KBaApaTOB HaH60Jihlllero 11 HaHMCHblllero 3Ha

'Iemri1q)yHI<U,HH f(x)=x 3 -3x2 +3x+2 naOTpe3Ke [-1; 2]. 
26. qHCJIO 26 p33JIO:>KHTC Ha J(B3 CJiaraeMbiX T3K, 'IT06bt CYMM3 HX 

KBaJ(p3TOB 6hiJI3 U311MCllbWCfr. 

27. Hai:iJJ:IITe TaKoe rroJIO:>KHTCJIDI-IOe 'IHCJIO, cyJVnvra KOToporo u o6-

paTHoro eMy 'IHeJia 6yJJ:CT H3HMCHblliCH 113 n03MO:>KHhiX. 

28. Hai1wne 'IHeJio, KOTopoe rrpenhrlliaJio 6ur cnoi1 KnaJ(paT Ha 
MaKeiiMaJibiiOC 3IIa'ICHHC. 

29. qHcJio 180 pa36eHTe Ha TPH rroJIO:>KIITeJihHhiX cJiaraeMhiX TaK, 
'IT06bi J(Ba !13 HHX OTHOe!1JIHeb KaK 1:2, a 11p0!13BCJ(CHI1C TpeX eJiarae
MhiX 6hiJIO Ha!160JiblliiiM. 

30. Hai1J(IITe r<paT'Iaihnee paceT05IHI1e OT TO'IKH M(3; 4) JJ:O rrp5I
MOH y=-2x. 

31. Hai:iAHTe sureoTy KOHII'Iecr<m~i sopmlKII naH6oJiumero o6beMa, 

eeJin ee o6pa3yrom:M panna 3J3 . 
32. I-Iai1JJ:HTe nee 3Ha'IeJIH5I a, np11 Ka:>KJJ:OM H3 KOTopi>rx uaHMCHh

mee 3Ha'ICHIIC cpyHKIJHII f(x)=4x 2 -4ax+(a2 -2a+2) Ha OTpC3KC 
[0; 2] panno 3. 

33. Ha:HtJ:l1Te Mno:>KecTno 3naqenl11i a, TaKnx, 'ITO cpyHKQH5I 
f(x) = 8(2a+1)eosx-sin2x+(16a2 + 16a-26)x no3paCTaeT na sce}i 

'-IHCJIOnOli rrpHMOHH npn 3TOM He HMCCT KpHTH'!CeKHX TO'ICK. 

34. cDynKIJH5I 3aJ(aHa q)opMyJroi1 y = .J ax3 -6x2 +3x . Hal'!lJ)1Te 
nee 3Ha1ICHIUI a, IIpi1 KOTOpbiX J(aiilia5I q)yJIKqiJH orrpeJ(eJiena H MOHO
TOHHO B03pacTaeT J(JI5I neex X> 0. 

35. HaHJJ:HTe HaHMCHbmee n:eJioe 3Ha'IeHHe p, npH KOTopoM cpyHK
QII5I f ( x) =cos x- px + q y6LrnaeT ua nee}i 'IHCJionoi1 rrp5IMOH. 

36. HaHJ(HTe KOJIII'ICCTBO r<opHeH ypanHeHH5I x 9 -12x6 =a , ecm1 

aE(-137; -1). { + _ 1 
37. )lei1eTBHTCJlhlibiC 'HieJia X, y, a TaKOnbi, 'ITO X y -;a -

7 
' i , 

xy=a - a+ fl. 

Hai1JJ:l1Te nee 3Ha'-IeHH5I a, npu KOTopbrx eyMMa x 2 
+ y 2 

npunuMaeT 
Haii60JiblllCC 3Ha'ICHHC. 

OmBemot: 1. B03pacTaeT Ha (-~ + 2nn; 2
3
1t + 2nn) , y6LmaeT Ha 

( 2; +2nn; 5; +2nn ), nE z. 2. Bo3pacTaeT Ha (1; 3), y6nmaeT Ha ( -oo; 1) 

299 



M Ha (3; +co). 3. BospacTaeT Ha (-co; -0,5), y6bmaeT Ha ( -0,5; +C<l). 

4. BospacTaeT Ha (-6; 0) M Ha (0; 2), y6hmaeT Ha (-oo; -6) M 

Ha (2; +co). 5. Xmin ::~. 6. Xmin =e. 7. Xmax = ~- 8. Xmin =0, Xmax =2. 

9. xmin =0,5. 10. 1. 11. 0,6. 12. 5,5. 13. YuaHM =-24' Ynan6 =4. 

14. YllaHM = 1' YnaH6 = 2,125. 15. YnanM = 0' Ynan6 = 0,375J3. 

16. YnaHM=1, YnaH6=~. 17. YnanM=1, Yaa116=
2f · 18. Ynal1M=1, 

Yua116 = 1f · 19. YuaHM == -1,5 • Yna116 = 7 · 20. YnaiiM = 5' Yna116 = 12 · 

21. YnaHM = 2' YnaH6 = 16 · 22. YnaHM = 3' Yna116 = 5 · 23. YnaHM = 2' 

Y11a116 = 2e2 -1. 24. 4. 25. 41. 26. 13 li 13. 27. 1. 28. 0,5. 

29. 40; 60; 80. 30. 2JS. 31. 3. 32. {1-.J2; 5+M}. 

33. aE(-oo;-1-.J2)u(.J2;+oo).34. a>4.35.2.36.3.37. a=6. 

KoHTponbHbllll TeeT 

N!! 3a,l];aHHH BapuaHThi oTBeToB 

1) [ 1; 4); 

<DyHKU:M5I y = x3 +4x + 14 BospacTaeT 
2) ( -oo; 0); 

1 3) (-oo; +co); 
Ha rrpoMeJKyTKe 4) [-1; 4); 

5)(0; +oo). 

16 2) 26. 
,llJIMHa rrpoMeJKyTKa y6biBaHM5! 

1) 25; 25' 
2 

cPYHKU:lili j (X) == -x2 
( 1-JX) paBHa 3) 33. 4) 25. 

25' 16' 
5) 32. 

1) 2; 

,llJIMHa IIpOMeJKyTKa B03pacTaHM5I 
2) 13,4; 

3 
cPYHKU:Mli j (X)= x2.J1- 2x paBHa 

3) 12; 
4) 0,56; 
5) 0,4. 
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N!! 3a~J;aHH.H BapnaHTbiOTBeTOB 

<DyHKUH5I 
1) -15; 

( a2 -1)x3 

I ( x) = 
3 

+ (a -1) x 2 + 2x + 5 2) -4; 
4 3) -5; 

B03pacTaeT na R np11 nan6oJibiiieM 4) -0,7; 
IJ.CJIOM OTpHIJ.aTCJibHOM 3Ha'ICHHI1 a, 5) -25. 
paBHOM 

c u¢ X 
1) 0; 2) 1,5; 

5 YMMa 3Ha'ICHHH YHKUHH y = - 2- 3) 0,25; 4) 2; 
B TO'!KaX 8KCTpeMyMa paBHa X + 1 5) -1. 

EcJIH x0 - TO'lKa 3KCTpeMyMa ¢yn-
1) 8; 
2) 3; 

6 KUMH y = x 2 + x-1 + 6-1 
, TO 3Ha'lemre 3) 1,5; 

3x5 pamro 
4) 27; 
5) 169. 

To'IKOH 3KcTpeMyMa ¢YHKUHH 1) ln12; 2) ln2; 
7 I (X) = -1 - + 5IBJI51:CTC51: 3) -ln2; 4) ln-12; 

ex ex 5)1+ln2. 

1) 3; 
KpnTH'lCCKliMli TO'lKaMH ¢ynKunn 2) 1; 

8 x 2 +3 3)-1H3; 
y = --

1
- 51:BJI51:IOTC5I TO'IKH 4)-1,1113; x-

5) 1 I1 3. 
LJHCJIO TO'ICK 3KCTpeMyMa ¢YHKIJ,llll, 1) 5; 2) 6; 

9 IIpOI13BO,[I,Ha51: KOTOpOH HMCCT Bll,ll, 3) 4; 4) 1; 
l'(x) = (x-e_i x 3 {_x+e l,paBHO 5) 2. 

1) 51.· 2 2) -15-. 
CyMMa Hali60Jibiiiero li naliMCHbiiiero 3' 3' 

10 v ¢ X 5 3Ha'leHHH ynKIJ.liH y = S + x 3)11.. 
3' 

4) _.4_. 
3' 

na OTpe3Ke [--5; - 2) paBna 49 
5)-10. 

EcJIH m - naliMCHbiiiee, a M- 1) 3; 

naH6oJihiiiee 3Ha'lCHlle ¢ynKIJ.Hll 2) 4; 
11 y = x 5 

- x 3 +X+ 2 Ha 0Tpe3KC [ -1; 1) , 3) 25; 

TO 3Ha'leHHe Mm paBno 
4) 27; 
5) 36. 
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.N2 3a,naHH.H BapnaHThiOTBeToB 

MaKCHMa.JihHOe 3Ha'IeHHe cpyHK~HH 1) 12n-1; 2) 121t; 
12 f(x) = 2x+ 18n2x-1 +cosx Ha HHTep- 3) 2n+1; 4) -121t; 

Ba.Jie ( 0; 10) paBHO 5) 211t . 

KpaT'Ialiruee paccT05IHHe OT TO'I-
1) 7 . 2)~· KH M ( 0; 1) .no rpacfniKa cpyHK:UHM 2J3' 49) 

13 j(x)= 1.;_r: paBHO 3) Jf5. 4) 7 . 
12 ) Jf2' 

5) J3. 
PerueHHeM HepaBeHcTBa 1) R; 2) 0; 
cos x ~ 1-0, 5x2 

Ha npoMe:>KyTKe 3) 1; 4) (o; ~); 
14 ( 0; ~) 5IBJI5IeTC5I 

5) [ 0; 1l 

HoMep 3a;a:aHIUI 1 2 3 4 5 6 7 
HoMep npaBIVIhHoro 

3 1 5 2 1 3 2 
orBera 

HoMep 3a;a:aHIUI 8 9 10 11 12 13 14 
HoMep npaBHJihHoro 

4 5 5 1 1 2 4 
OTBeTa 
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20 BEKTOPbl 

20.1. 0CHOBHble nOH51TII151 111 onpeAeneHI/151 

BeKmopoM Ha3hiBaiOT HanpaBJieHHhiM oTpe3oK. 

1. qro6bJ HaMTHKoopiJunambt BeKmopa, neo6XOJJ:HMO H3 KOOPJJ:H

HaT KOHUa BeKTOpa BhrqecTb COOTBeTCTBeHHbJe KOOpJJ:riHaTbl ero Haqa

Jia. EcJIH ro~rKa A(x1;y1;zd - HaiiaJIO BeKropa, a roqKa B(x2;y2;z2 ) -

KOHeu BeKTopa, To AB(x2 -x1;_tf2- y1;z2 -z1). 

2. KoopiJunambt cepeiJuHbt ompe3Ka. 

EcJIH TOIIKH A(a1,a2,a3) II B(b1,b2,b3) KOHUhi orpe3Ka, a TOIIKa M 

(
a1 +b1 a2 +h2 a3 +b3 ) 

ero cepeJJ:IIHa (AM= MB ). TO M -
2
-;-

2
-;-

2
- · 

2.lf.JlU11Y 6eKmopa (li:JIHHY 0Tpe3Ka) HaXOJ1:5IT no cpopMyJie: 

1
-, I 2 2 2 a) AB =v(x2 -x1) +(y2 -y1) +(z2 -z1) , ecJIII H3BeCTHhi Koop-

JJ:HHaThr roqeK A(x1;y1;z1) - Haqa.7Ja II B(x2;y2;z2) - KOHUa BeKTopa; 

6) lal = ~af +ai +aj , eCJIH H3BeCTHbl KOOpJJ:HHaThi BeKTOpa 

a(a1;a2;a3). 
3. HyJih-BeKTopoM Ha3hJBaerca BeKTop AA. HaqaJio H KoHeu ::noro 

BeKTOpa COBTiaJJ:aiOT. 

4. EJJ:IIHIIqHhiM BeKropoM Ha3hiBaeTca BeKTop, JJ:JIIIHa KOToporo 

paBHa eJJ:HHHUe. 

5. KoJIJIHHeapHhiMII Ha3hiBaroTC5I BeKrophi, Jie)Karune Ha napaJI-

JieJihHhiX np.HMbiX (IIJII1 Ha OJI:HOM np5IMOt'r). _ 

_ Yc;zoeue 'KOJIJZUHeapuocmu eeKmopoe: BeKrophr a( a1;a2;a3 ) II 

b(b1;b2;b3 ) KOJIJIIIHeapHhi, eCJIH IIX COOTBeTCTBYIOJUIIe KOOpJJ:IIHaTbl 

nponopuiioHaJibHhi, TO eCTh ab1 = ~2 = ab3 = k. Tipn 3TOM, ecJin: 
1 2 3 

a) k > 0, TO BeKrophr cmranpanJieHhr (a ii b); 
6) k < 0, TO BeKTOpbi npOTHBOTIOJIO)KHO HanpaBJieHhi (a j J_ b). 
6. BeKrophr AB n BA npoTIIBOTIOJIO)KHbi, ecJIII jABI = jBAj II 

ABi-1-BA. 
7. BeKTOpbi, Jie)Karune B napaJIJieJihHhrx TIJIOCKOCTRX (IIJIII B OJJ:HOM 

TIJIOCKOCT11), Ha3biBaiOTC5I KOMTIJiaHapHbiMI1. 
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20.2. niiiHSIIIHble AeiiiCTBIIU1 Ha.Q B8KTOp8MIII 

1. CJtoJICeHue BeKmopoB Ha TIJIOCKOCTH. 

BeKTopbi CKJiazi.biBaiOT no opaBHJIY TpeyroJihHHKa HJIH no npaBHJIY 

napaJIJieJiorpaMMa: _ _ _ 

a) npaBHJIO'rpeyroJihHHKa: AB+BC=AC (pHc. 20.1); 

B D 

A 

Puc. 20.1 Puc. 20.2 

6) npaBHJIO oapaJIJieJiorpaMMa: AB + AC =AD (pHc. 20.2). 

2. Bbtttuma~tue BeKmopo6 Ha n.nocKoCTH. q T06hi BbrqecTb M3 BeK-

Topa ~ BeKTOp b , He06XO.[(MMO 3aMeHMTb BbJqHTaHMe BeKTOpOB CJIO

JKeHMeMBeKTOpa ~ HBeKTopa -b: ~-b=~+(-b) (pMc.20.3). 

/_b 
-b 

Puc.203 

3. CJloJICeHue 6eKmopo6 c 3aiJaH1lbtMU KoopiJuHamaMu. 
qT06hi CJIOJKMTb (BbiqecTb) BeKTOpbi C 3a,[(aHHblMM KOOp.[(I1HaTaMH, 

Heo6XO,[(MMO CJIOJKMTb ( BbJqeCTh) HX COOTBeTCTBYIOlll,Me KOOp.[(HHaThl: 

~( a1,a2,a3 ) +b( bvb2,b3 ) = ( a1 + b1;a2 +b2;a3 + b3 ). 

4. YMHOJICeHue BeKmopa Ha <tUCJlO. 
qT06hr yMHOJKMTb BeKTOp Ha '-IHCJIO, He06XO.[(HMO KaJK.[(YIO KOOp.[(H-

HaTy BeKTopa YMHOJKHTb Ha 3TO '-IHcJio: k· (a1,a2,a3 ) = (ka1;ka2;ka3 ) 
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20.3. CKanHpHoe npo1113Be.QeHIIIe BeKTopos 

<DopMyJihi J.(JIJI BbPUICJICHIIJI C1CaJtRp1lOlO npOU38ede1llffl BCKTOpOB: 

a) CCJlllll3BCCTHhl J.(JIUHhi BCKTOpOB ~, b ll BCJill'IMHa a yrJia MC)KJJ:Y 

HMMH, TO CKaJI5IpHOC IIpOII3BCJ.(CHHC BCKTOpOB HaXOJ.(JIT ITO cJlOpMyJie 

~ · b = l~l·lhl· cos a; 

6) CCJlllll3BCCTHhl KOOp,I.I.I1HaTbi BCKTOpOB ~(a1,a2,a3 ) H b( b1,b2,b3 ), 

TO CKaJI5IpHOC npOII3BCJ.(CHHC BCKTOpOB HaXOJ.(JIT no ¢opMyJie 

a· b = a1 · b1 + a2 ·}!2 + a3 · b3 . 

CKaJIJipHhiM KBaJJ:paToM BCKTopa a Ha3biBaiOT CKaJIJipHoe npoi13-

BCJJ:CHHe BCKTOpa ~ Ha.cc6JI: (~)2 

= ~~~ 2 

YzoJZ MeJICdy Be~emopa:;uu ~ 11 b Haxol.(m no ¢opMyJie 

~-b 
cos a= ~~~-I~. 

Yc.llo8ue nepneHaU1cyMp1wcmu BeKTopoB: BCKTOphr an b nepneH

,nHKYJIHpHhi, ecJIH nx CKaJIJipHoe npoM3BCJJ:CHMe paBHO HYJIIO. 

TeeT .QIIH nposepKIII TeopeTW·teCKIIIX 3HaHIIIVI 

YKaJJCume ece eapumtmbt npaewtb1fbLr: omeemoe ( 1-5): 

1. l.JT06bi HaMTII KOOpJ.(HHaTbi BCKTOpa HC06XOJ.(11MO: 

1) ll3 KOOpJ.(HHaT Ha'IaJia 'BCKTOpa Bhl'ICCTb COOTBCTCTBCHHhiC KOOp

J.(I1HaTbl ero Komra; 

2) 113 KOOpJ.(MHaT KOHIJ:a BCKTOpa Bhi'ICCfb COOTBCTCTBCHHbiC KOOp

J.(IIUaTbl ero naqaJia; 

3) CJIO)KHTh COOTBCTCTBCHHbiC KOOpJ.(HHaTbl Ha'IaJia 11 KOHIJ:a BCKTOpa; 

4) HaMTH CYMMY npOI13BC,ll,CHHM COOTBCTCTBC.flHhiX KOOp,ll,HHaT ua

'IaJia H KOHUa BCKTOpa; 

5) HaMni pa3HOCTh npOI13BC,ll,CHIIM COOTBCTCTBCHHhiX KOOp,ll,IIHaT 

Ha'IaJia 11 KOHIJ:a BCKTOpa. 

2. EcJIM II3BCCTHhi Koop,ll,nHaThi TO'ICK A(x1;y1;z1) - Ha'IaJia 11 

B(x2;y2;z2 ) - KOHUa BCKTopa, ro ,nJinny BeKTopa AB HaXOAJIT no 

¢opMyJie: 

1-~ I 2 2 2. 1) AB =\l(x2+xt) +(y2+Y1) +(z2+z1) ' 
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3. Ecm1 H3BeCTHbi KOOp!l,HHaThi BeKTOpa a(x;y;z), TO !l.JJHHY BeK

Topa a Haxo,rviT no ¢opMyJJe: 

1) ~~~ = ~ x2 + y2 + z2 ; 

3) ~~~ =x+y+z; 

1)a1=a2o 
b1 bz , 

3) at= a3 0 

b1 b3 , 

5) a1 = az = a3 
b1 b2 b30 

2) ~~~ = x2 + y2 + z2; 

4) ~~~2 = x2 + y2 + z2 ; 

5. EcJJH H3BecTHhi BeKTOphr ~(a1 ;a2 ;a3 ), b(b1;b2;b3) H BeJIIF-IHHa 

a YrJia MeJK)l,y HHMH, TO CKaJI5IpHOe npOH3Be)l,eiiHe BeKTOpOB HaXO)l,5IT 

no ¢opMyJJe: 

1) ~ 0 b =l~lol"hlocosa; 
2) ~ob=~obocosa; 

3) ~ob =a1ob1oa2ob2 oa3 °~; 

4) ~ob=a1 oa2 oa3 +b1 ob2 ob3 ; 

5) ~ 0 b = ~ 0 bf+ a2 ° b2 + a3 ° b3 0 

YcmaHoBume coomBemcmBue: 
6. JhmeHHbie )l,eikTBI15I C BeKTOpaMH ~( a1;a2;a3 ) I1 b( b1;b2;b3 ): 
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,llEMCTBYIE 

1) a+b; 

2) b-a; 

3) -k·a. 

OmBembt 
HoMep 33,llaHJ1JI 1 2 

BapnaHT 

3 

PE3YJibTAT 

a) (a1 +h1;a2 +h2;a3 +b3); 

6) (a1 -b1;a2 -b2;a3 -b3 ); 

B) (b1 -a1;b2 -a2;b3 -a3); 

r) -(ka1;ka2;ka3 ); 

.n) (ka1;ka2;ka3 ); 

e) ( a1 - k; a2 - k; a3 - k) . 

4 5 6 

rrpaBHJIHJibHOfO 2 2,5 1,4 4,5 1, 5 1 - a; 2 - s; 3 - r. 

OTBe"fa 

np111Mepbl 

llpuMep 1. Haii.nHTe TaKoe 3Ha'leHHe m, npH KOTopoM ,li,JIHHa BeK

Topa ~ ( -2; .J'im; 3) npeBOCXO,llHT ,li,JIHHY BeKTOpa b (-m; -5; 6). 

PemeHue. Haii.neM ,li,JIHHhi BeKTopoB ~ H b : 

~~~=~(-2/+(.J2m)2 
+32 =·hm2 +13, 

l"hl=~(-mi+(-5)2 +62 =.Jm2 +61. 
-

ilOCKOJibKY )J,JIHHa BeKTOpa a npeBOCXO)J,HT ,ll.JIHHY BeKTOpa b , 

TO 3annrneM HepaBeHCTBO .J2m2 + 13 > .Jm2 +61. Bo3Be.n.a o6e qacTH 
HepaBeHCTBa B KBa,ll.paT I1 npHBe,ll,5l llO,ll.06Hbie CJiaraeMbie, llOJIY'lHM 

2m2 +13 > m2 +61, m2 >48, OTKy,ll.a lml >4'-'3. 

Omeem: jml > 4'-'3 . 

TipuMep 2. ,llanbr BeKTOpbi ~(2-m; 4), b (0; -n) H ~ (m-1; 3). 

Haii.nnTe m +n, ecJIH ~ = b+ 2~. _ 
Peme11ue. 3anHIIIeM ypaBHemre a= b + 2c B KoOp,ll.HHaTHOM ¢op-
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¥C: (2-m; 4)=(0; -n)+2(m-1; 3). YMHOJKa5i_KOOpL(I1HaThi BCKTOpa 

C Ha 2 H CKJiaLl,biBaH KOOpLI,HHaTbl BCKTOpa b I1 COOTBCTCTBYIOll1HC 

KOOpLl,HHaTbl BCKTOpa 2~ , TIOJIY'IHM (2-m; 4) = ( 0; - n) + (2m-2; 6) , 

(2-m; 4)=(2m-2; 6-n). TorLI,a 2-m=2m-2 H 4=6-n; OTKyLI,a 

4 1 m= 3 11 n=2,a m+n=33 . 

Omeem: 3~. 

llpHMep 3. Ha:H,n:nTe npoH3Be,n:eHHe q11ceJI k 11 p, npn KOTOpbiX BeK

TOpbi a (k; k+2p; 4) II b (1; k+ p; -2) KOJIJIHHeapHbi. 

Peweuue. CorJiacHo ycJIOBHIO KOJIJIHHeapHocTn BeKTopoB 3ann-

k k+2 4 {k =-2, 
meM 1= k+: = _2 HJIH ~:~ =-2. ITo,n:cTaBJIHH3Haqemie k=-2 

k+2p 2 u 
B ypaBHCHHC -k-- = - , Han,n:eM 3HaqeHHC p: 

+p 
-2+2p- - -2 --2, p-1-2-p, p-1,5. 
- +p 

HaliLI,eM npon3Be,n:eHue 'IHCeJI k u p: -2 ·1, 5 = -3 . 

Omeem: -3. 

llpHMep 4. Hali,n:HTe Ll,JIHHY BCKTOpa a-b, CCJIII jaj=3, jhj=6 II 

ja+'hl=9. 

B 

A -a 

D 

c 

Pewe11ue. Ha BeKTopax a n b 
KaK Ha CTOpOHaX TIOCTpOHM napaJI

JieJiorpaMM ABCD. CorJiacHo pii

cyHKY 20.4 3annmeM: a+b=AD, 

a-b=BC.Tor,n:a AC=3, AB=6, 
Puc. 20·4 AD=9 II BC=ia-bj. 

ITo cBolicTBY ,n:naroHaJieli napaJIJieJiorpaMMa HMeeM: 

AD2 +BC2 =2AB2 +2AC2 
HJIH 92 +BC2 =2·62 +2·32

, BC2 =9, 
OTKy,n:a BC2 =3 n ja-bj == 3. 

Omeem: 3. 

308 



IIpuMep 5. 113BecTHo, 'ITo ~+h+c = 6 11 1~1 = 1, !hi= 2, lei= 3 0 

Haii:,n:HTe 3Ha'IeHHe cyMMbi CKa.TI5IpHbiX npoH3Be,n:eHHH BeKTOpoB a H 

b,~Hc,bHc. 
Peweuue. 10 Bo3Be,n:eM o6e 'laCTH paBeHCTBa ~ + b + c = 6 B KBa,n:paT 

-2 -2 -2 -- -- --
H ITOJIY'IHM a + b + C + 2ab + 2ac + 2bc = 36 o 3aMeHHM CKaJI5IpHbie 

KBa,n:paTbi BeKTOpOB KBa,n:paTaMH HX ,ll;JIHH: 

(*) 

20 3anmueM cyMMY CKa.TI5IpHbiX npOH3Be,n:eHHH BeKTOpOB a H b, a 

11 c, iJ "c: ~b+~c+hc=xo · 
3. flo,n:cTaBJI5!5I B paBeHCTBO (*) 3Ha'leHH5I ~~~2 = 1 , lbl2 = 4, icl2 = 9 

H ~b+~c+bc =X, ITOJIY'IHM 1 +4+9+2X =36, OTKy,n:a X =11. 

Omeem: 11. 

IIpuMep 6. flpH KaKoM 3Ha'leHHH n yroJI Me%,n:y BeKTopaMH 

~(6;-2;-n) n b(3; 0; 2n) ocTpbrii:? 

Peweuue. YroJI l\Ie%JJ:Y neKTopaMn a H b Haxo,n:HT no ¢opMyJie 

cos a.= ii ·li_ ° CorJiaCHO ycJIOBHIO 0° <a. <90°, 3Ha'IHT cos a.> 0. TaK 

liil·lbl 

KaK liil > 0 I1 lhl > 0 , TO COS (J.. > 0 IIpH YCJIOBHM, 'ITO ~ o b > 0 . 

Haii:,n:eM cKa.TI5IpHoe rrpoH3Be,n:eHne BeKTopon a n b, H peruHM Hepa

BeHCTBO ~·b>O: 6·3+(-2)·0+(-n)·2n>0, n2 <9, lnl<3, nE (-3; 3). 

Omeem: nE ( -3; 3) 0 

IIpuMep 7. BeKTOphr ~( -5; 1; 2) H b( -1; 5; -2), rrpone,n:eHHbie H3 

TO'IKM C, 5IBJI5IIOTC5I 6oKOBbiMH cTopoHaMH paBHo6e,n:penHoro Tpey

roJihHnKa ABC. Haii:,n:nTe ITJIOII(a,n:h TpeyroJibHHKao 

Peweuue. IlJioii(a,n:b TpeyroJibHMKa ABC (puc. 20.5) r-raii:,n:eM no 
1 

c}JopMyJie S MBC = 2 · AB ·CD , r,n:e CD - BbiCOTa u Me,n:nana L1 ABC. flo 

npaBuJiy napa.TIJieJiorpaMMa CD=~ ( ii +b) , CD= ( -3; 3; 0) . 
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c 

Puc. 20.5 

Omeem: 6J6. 

3na5I Koop)J,HHaThi BeKTopa CD , na.li)J,eM 

ero )J,JU!Hy: ICDI = .Jg + 9 = 3.J2. no npaBHJIY 

TpeyroJihHHKa AB =A C + CB = b ~ , OTKy)J,a 
- -
AB ( 4; 4; - 4) . Hai:J:)J,eM )J,JIHHY neKTopa AB : 

IABI=.J16+16+16 =4.J3. 

Ha.li)J,eM rwoma)J,h TpeyroJihHHKa ABC: 

5 MBC = ~. 4.f3. 3J2 = 6J6 · 

- -
IlpHMep8.,ll,anhiBeKTOphi a (3; -1), b (-1; 2) II c (1; -7). Ha.li-

)J,HTe CYMMY K09tPtPHIJ,HeHTOB B pa3JIOJKeHI1H BeKTOpa a-b-C TIO BeK-

TOpaM ~ l1 b . _ _ _ _ _ 
Peweuue. 3anmneM a-b-c= d H na.li)J,eM Koop)J,HHaThi neKTopa d: 

d(3+1-1; -1-2+7), d(3;4).Pa3JIOJKHMBeKTOp d IIOBeKTOpaM ~ 

l1 b: d = X~+yb, f.[l,eX MY- HCKOMhie K09tPtPHIJ,HeHThi. 3Ha5I KOOp)J,II

HaThl BeKTOpOB ~ , b II d , TIOJiyqHM: 

(3; 4)=x(3;'='i)+y(-1; 2), (3; 4)=(3x; -x)+(-y; 2y), 

( 3; 4) = ( 3x- y; -X+ 2y) , qyo paBHOCHJihHO CHCTeMe _ypaBHeHIIH: 

{ 
3x-y=3, {3x-y=3, {3x-y=3, {x=2, 
-x+2y =4; -3x+6y =12; 5y =15; y =3. 

Tor)J,a x+y = 5. 

Omeem: 5. 

3a.Q8L!III .Qfl5i C8MOCT051TeflbHOrO peweHIII5i 

1. Ilpii KaKOM 3Jiaqenmi (X BeKTOpbi ~ ( -2; -3; 4) II b ( -CY; 6; -8) 
KOJJJil1HeapHbi? 

2. Ha.li)J,HTe nepiiMeTp TpeyroJihiHIKa c BepruiiHaMII A( -1; 1; -2), 
B(-3; -1; -3) H C(-7; 3; -5). 

3. B qeTbipexyroJihHHKe ABCD 3a)J,aHhi neKTOphi AB(3; -1; -2), 

BC( -2; 5; 1), AD( -3; 4; 8), a TaKJKe BeKTOphi ;; H ;; - ero )J,narona

JIII. Ha.li)J,nTe Mo)J,yJin CKaJI5Ipnoro npoH3Be)J,eHH5I BeKTopon m n n. 
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4. B TpeyroJibHIIKe ABC TO'-IKII M II N- cepe~IIHbi cTopoH AB II B C - --
COOTBeTCTBeriHO. I13necTHo, '-ITO AB (3; - 5; 6), MN ( -2; 1; 7). Har1-

W1Te cyMMY Koop~IIHaT neKTopa BC. 
5. B rrapannenorpaMMe ABCD 3a~aHbi neprmiHhi A(2; -5; 4), 

B ( 1; - 3; 1) , C ( -3; 4; - 6) . HaH:~IITe cyMMY Koop~HHaT '-IeTnepTOH 
nepiiiiiHhi rrapannenorpaMMa. _ 

6. HaH:~IITe cHnyc yrna Mem~y neKTopaMH a(3; 0; -4) n 

h(2; 2; -1). 
7. )lanhr TO'-IKII A(O; 1;- 1), B(1;- 1; 2), C(3; 1; 0), D(2; -3; 1). 

HaH:~nTe Tanrenc yrna a. Mem~y BeKTopaMH AB II CD. 
8. HaH:~nTe yron rrpn nepiiiHHe C B TpeyroJihHHKe c nepiiiHHaMH 

A(-4; 3), B(-8; 7) n C(-1; 1). 

9. BeKTOp a (x; 1; 12) rrepneH~MKYJI5IpeH BeKTopy b (1; 2; 0). HaH:

~MTe MO)I,YJih BeKTOpa a . 
10. )laHhi TPH BeKTOpa a' b M c ' y)I.OBJieTBOp5IIOIIIHe ycJIOBMIO 

; == h+~. 3na5I, '-ITO lal = 3, Jbl = 4, lei= 5, naH:)I.nTe bc-ab-ca. 

11. HaH)I,IITe I hi , ec.JIII 1;1 = 4, I;+ hi = 5 M I;-hi = 5 . 

12. )lnnHa neKTopa ; +b panHa .JI3. HaH:~uTe yron MeJK)I,y neKTO

paMM ; II h , eCJIII 1;1 = 4, I hi = 3 · 
13. )laH rrapannenorpaMM ABCD c ocrmnaHII5IMM ADM BC. To~rKa 

K - cepe)I,rma cTOpOHhr B C; TO'-IKa L - cepe)I,MHa DC; AK = ;, AL =b. 
Bhrpa3MTe BD n AC '-Iepe3 ; M h. 

- - - -
14. )larm neKTOphr: p (3;- 2; 1),q ( -1; 1;- 2),r(2; 1;- 3),c(11;- 6; 5). 

- - -
HaH)I,MTe '-IMCJia x, y, z, ecmr c = x p + yq -1 zr . 

15. BeKTOphi ; H h ne KOJIJIMHeapHhie. HaH)l;MTe 3Ha'-IeHM5I aM ~. 
ecJIH BeKTOphi ~=a.· a+ Ph H d = (P+ 1)a + (2- a.)h paBHhi. 

16. B panHo6e,~;~,pennoM TpeyroJibHHKe ABC IABI=IACI=8. To'-IKa 

E ~eJIHT 6oKonym cTopony AB B OTHOIIIeHim 3:1, C'-InTa5I oT nepiiiHHhi 

B. HaH:~HTe yron· Mem)I,y CE :n CA , ecnu !CAl== 12 . 

17. LJ:an rrapannenerrurre)I, ABCDA1B1 C1D1. Pa3JIOJKMTe neKTOp no 

neKTopaM DA1, DC1 M DB1. 

18. BeKTOphr AB(-3; 4; 0) H AC(5; -2; 4) cnymaT CToponaMH 
TpeyroJihHHKa ABC. HaH)I,HTe ~nuny Me)I,Hanhr AM. 
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. .J5 .J38 Omoembt. 1. -4. 2. 16. 3. 4. 4. 8. 5. -3. 6. 3 . 7. -
5
-. 

?1 . 0 - (- -) 8. arccos ~.9 . .JT49.10.25.11.3.12.120 .13. BD=2 b-a; 
v1105 

- 2-- - - -- 3 1 3-/7 
AC= 3(a+b).14. c=2p-3q+r. 15. a= 2; P= 2 . 16. arccos-

8
-. 

17. AA1 =DA1-DB1+DC1. 18. 3J2. 

KoHTpollbHbllll TeeT 

.M! 3a;:~;aHH» BapHaHTbiOTBeTOB 

Ec_Im: H3BeCTHhi BeKTopu ;(3; -2; 6) 
1) 19; 2) 17; 

3) -4; 4) -41.. 
1 H b( -2; 0; 1), TO cyMMa KOOp,ll,HHaT 3' 

1 - 1- 5) 143. BeKTopa 2a-
3 

b paBHa 

EcJIH H3Becnihi Koop.n.rmaThi ToqeK 
1) .J901; 
2) .J998; 

2 A( -5; 1; 6), B(1; 4; 3), C(6; 3; 9), 3) 30; - -
TO MO.ll.YJih BeKTopa 4AB+BC paBeH 4) 11; 

5) 10. 
1) 6; 

Ec311 BeKTOphr d (a; -3; 2) 2) 5; 
3 u b(1; 2; -a) neprreH,ll,HKYJI51pHhi, 3) -6; 

TO 3HaqeHHe a paBHO 4) -3; 
5) 2. 

EcJIH BeKTOphr ;(2; 1; -1) u b KOJIJIH-
1) 1; 
2) 2,5; 

4 -- 3) 2; HeapHbi I1 a· b = 3, TO CYMMa KOOp,ll,H-

HaT BeKTOpa b paBHa 
4) 23; 
5) 5. 

YroJI Me)K;:J;y .n.HaroHaJIJIMH <IeThipex- 1) ~; 2) ~; 
5 

yroJihHHKa c BeplliHHaMH A(1; -2; 2), 
3) ~; 4) 1;; B(1; 4; 0) C(-4; 1; 1), D(-5; -5; 3) 
5 3n: pan en ) 16• 
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.N!! 3a,ll;amm BapHaHThi orBeroB 

EciiH H3Becruo, qro ToqKII 1) I£. 2) 3n:. 
A(-1; -2; 4), B(-4; -2; 0) 4' 4' 

6 II C ( 3; - 2; 1) - nepmHHbi TpeyroJib-
3) 5n:. 4) 7n:. 

6' 6' 
HHKa, TO nueiiiHRH yroJI rrpn nepiiiHHe 

5) 5:. B paneu 

EcJIH neKTOpbi ~ II b o6pa3yror yroJI 
1) 25; 
2) 16; 

7 2; 11 ~~~ = 3, JbJ = 4 , TO 3HaqeHue nbrpa- 3) 9; 
4) 13; 

)KCHH5I (~+b)2 
panHO 5) 81. 

EcJIH H3necrnhr Koop,li;IIHaTbr Tpex nep- 1) 56; 

IIIHH rrapaJIJieJiorpaMMa A(2; -3; -5), 2) 350; 

8 B(-1; 3; 2), C(6; 1; 19),TorrpoH3ne·· 3) -108; 

ll,CHIIC KOOpll,IIHaT qeTnepTOH nepiiiHHbi 4)54; 

panHO 5) -540. 

EcJIII na neKropax a(3; -5; 8) 
1) 12; 
2) 1~; 

9 II b ( -1; 1; -4) rrocrpoen rrapaJIIIeJior- 3) 41; 
pal\'lM, TO CYMMa /],JIIHI ero ,li;HarOHaJICH 4) 17; 
panna 5) 20. 

EciiH II3BeCTHbi Koopll,IIHaTbi ToqeK 1) 2Jff; 2) 4Jfi; 
10 A(2; 3; 6) II B(4; 6; 8),TonepiiMeTp 3) .Jfj; 4) 17; 

KBall,paTa AB CD paneu 5) 36. 

EcJIH H3BeCTHbi Koop,li;HHaTbi ToqeK 1) 8,5; 2) 17; 

11 A( -3; -3; -6) H C( -1; 0; -8)' 3) 34; 4)4Jfi; 

TO IIJIOII(all,b Knall,paTa AB CD panna 5) 2m. 
EcJIH H3necTHbi nepiiiHHbi TpeyroJibHH- 1) 4~; 2) 2~; 

12 Ka A(1; 2; 0), B(3; 0; 3), C(5; 2; 6), 3)v'TIO; 4)7,5; 
TO ero IIJIOII(all,b panna 5) 20. 

EcJiu u3nCCTHbi BepiiiHHbi Tpey-
1) 11; 
2) 18; 

13 rOJibHIIKa A(1; 2; 1), B(3; 0; 3), 3) 8; 
C( -5; -2; -6), To ll,JIHHa MC!l,UaHbi 4) VT22; 
CD panHa 

5) .JIT9. 
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N!! 3a,a;amui BaQuaHTbi OTBeTOB 

Ecn11 a =-;+6~, b =3;+4~, 1;1 = 2, 1) 518; 
2) 48; 

14 
~~~ = 5 l1 yroJI Mem_a:y BeKTOpaMI1 ; II 3) 250; 
- 2n 4) -314; 
n paBeH 3 , TO :_KaJI~pHOe rrpOII3Be-

5) 651. 
t~:eHHe BeKTOPOB a H b paBHO 

HoMep Ja.l(aHHJI 1 2 3 4 5 6 7 
HoMep rrpamiJihHoro 

5 2 3 1 3 2 4 
OTBeTa 

HoMep Ja.l(amui 8 9 10 11 12 13 14 
HoMep rrpaBHJibHoro 

5 5 2 2 2 4 1 
OTBeTa 
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21 TEKCTOBbiE 
3A.QALIIII 

Ilponop~uu, npo~eNmbt 

C nOH5ITHeM npou:enTa CB5I3aHbi TpH THila 3a,n:aLI ( CM. n. 1.5): 
·1) HaXO)K,n:eriHe yKa3aHHOfO KOJIWieCTBa npou:eHTOB OT LIHCJia; 

2) naxo)K,n:emie 'liiCJia no ero npou:eHTal\r; 

3) HaXO)K,ZJ:CHile npou:eHTHOrO OTHOIIIeHII5I 'IIICeJI. 

0603HaLieHHhle 3a,n:aLIH y,n:o6HO peiiiaTb, COCTaBJI5I5I nponopl(HH. 

IIpnMep 1. Ha 3K3aMeHe no MaTeManiKe 15% noCTynaiOU(IIX ne 

peUIHJIH HH O,ZJ:HOH 3a,n:aLIH, a LieJIOBeK pCUIHJIH 3a,n:aLIH C OUIH6KaMH, a 

'IHCJIO peUIHBUIHX BCe 3a,n:a'IH BepHO, OTHOCHTC5I K 'IHCJIY He pemHB

IllHX BOBce KaK 5 : 3. Onpe,n:eJiuTe, CKOJihKO LieJioBeK npucyTCTBOBaJIO 

na 3K3aMeHe. YKa)KHTe uaHMeHhmee 3Ha'Ieiiue napaMeTpa a. 
PeweHue. 3anumeM yc.7loBue 3a,n:aqu CJie,n:yroll(uM o6pa3oM: 

He peUIHJIH 0 15x = 3k) 
penmJiu c omu6KaMu d x qeJI. 

pemuJiu Bepno 5k 
flpuBe,n:eM n05ICHeHII5I K ycJIOBIIIO 3a,ZJ:a'IU: 

a) eCJill 3K3aMeHOBaJIOCb X 'IeJIOBeK, TO 15% OT X- 0,15x; 
6) eCJili 'lliCJIO peiiiUBilJIIX BepHO, OTHOCIITC5I K 'lliCJIY He peiiiUBiliHX 

BOBCe KaK 5 : 3, TO, BBO,ZJ:5I K03cp¢ul(lleHT nponOpU:HOHaJibHOCTH k, IIO

JIY'IHM: He pemHJill HI1 O,ZJ:HOH 3a,n:aqn 3k 'leJIOBeK, pelliHJili BepHO BCe 

3a,n:a'IH Sk 'IeJioseK. 

CorJiacHo ycJIOBHIO 3a,n:aLIH cocTaBIIM II pemuM ciicTeMy ypaBHe-

HUll: 20 ' k=.!!:....· a 
u {.l_·x=3k {x= 20k,{x= 53a' 

3k+a+5k=x; 12' k=u· 

TaKHM o6pa30M, Ha 3K3aMCHe npiiCYTCTBOBaJIO s; 'ICJIOBeK. floc-

Sa a 
KOJibKY COrJiaCHO ycJIOBHIO 3a,ZJ:a1IH -

3 
II - - [(eJibie IIOJIO)KIITeJibHhie 

12 
LIIICJia, TO a = 12n npu n E N n uanMeHhmee u:eJioe 3HaLieHue a paBno 12. 

Omaem: 5:; a=12. 

IIpnMep 2. Ueuy TOBapa cnaLiaJia CHH3HJIH ua 20 %, 3aTeM noByiO 

u:euy CHI13IIJIH Cll(e Ua 15% ll, UaKOHe[(, npOI13BeJill CHll)KeHHe Cll(C 

ua 10 %. Ha CKOJihKO npou:euTOB ueo6xo,n:nMo noBhiCHTh nocJie,n:mmo 

u:euy TOBapa, 'IT06bi noJiyLIHTb ero nepBOHaLiaJibHYIO u:euy? 
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Peweuue. OycTh nepBOHal.JaJihHa5liJ,eHa TOBapa 6hma a ll,CH. e11,. 

CorJiacHo ycJIOBMIO 3all,al.JH cocTaBHM H peiiiHM nponopll,HH: 

1) nepBOHa1JaJihHa5IIJ,eHa a- 100 %, 
IJ,eHa rrocJie I CHH:JKeHH5l x- 80 %, 

80a 4 
OTKylJ,a X=--=-a (iJ,eH. e11,.); 

100 5 4 
2) IJ,eHa nocJie I CHH:JKeinui -a - 100 %, 

5 
IJ,eHa nocJie II CHII:JKemm y - 85 %, 

4a·85 17a 
OTKylJ,a y=--=- (11,eH. e11,.); 

5·100 25 17a 
3) IJ,CHa ITOCJIC II CHH:JKCHI15l 

25 
- 100 %, 

IJ,eHa nocJie III CHIDKeHH5l z - 90 %, 
17a·90 153a 

OTKylJ,a z= =-- (iJ,eH. C1J,.); 
25·100 250 

4) nepBoHal.JaJJhHa5IIJ,eHa a- (100+n) %, 

KOHe1JHa5liJ,CHa 
153

a - 100 %, 
250 

100a·250 63 61 % 
OTKylJ,a 100+n = 

1530 
, n = 

153 
o. 

OmBem: Ha 63 1~~ %. 

Coomnow.euu11 Memoy namypaJlbHbtMU "tUCJlaMu 
PaccMoTpHM 3aTIHCh 'IHCeJr B ~J,eC5lTHl.JI-IOi1 II03IIIJ,HOHHoi1 CHCTeMe 

C'IHCJieHH5l. TaK, nanpiiMep, ecJJH a - IJ,II¢pa ~J,eC5lTKOB, b - uu¢pa 

eli,HHHIJ, iJ,BY3Hal.JHoro 'IIICJJa, TO 3aTIHIIIeM: ab = 1 Oa + b . AHaJJorHl.JHO 

3aTIIIIIICM TpeX3Hal.JHOe l.JHCJIO, y KOTOpOrO a - 11,11¢pa COTeH, b - IJ,II¢-

pa ~J,ecmKoB, c - 11,11¢pa enrm1111,: abc = 1 OOa + 1 Ob + c . 

llpHMep 3. CyMMa IJ,HtPP ABY3Ha'IHoro 'IHCJJa paBHa 10. EcJIH K 

8TOMY 'IIICJJy npH6aBHTh 18, TO TIOJJYl.JHTC5l 'IllCJJO, 3aiiHCaHHOC TCMH 

:JKe 11,n¢paMn, HO B o6paTHOM rrop5111,Ke. Hai1AHTe ncxoli,Hoe 'IHCJJO. 

Peweuue. OycTh HCXOAHOe l.JHCJIO ab=10a+b, rne a II b UII¢phr 

ero nec51Tll'-IHOH 3arriicii. CorJiacHo ycJIOBHIO 3all,a'III cocTaBIIM CIICTe

u {a+b = 10, 
MY ypanHeHIIII: ab + 18 = ba. 

YrrpocTHM BTopoe ypaBHCHIIe cncTCMhi: 10a+b+18=10b+a, 
9a- 9b = -18 , a-b =-2 . CJIO:JKHM ypaBHeHII5l cncTeMhi n Hai1neM 

+a+b=10 
3Ha':IeHne a: a-b = -2 

2a=8, a=4. 
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Ilo,n:cTaBJUIR sna'Ienue a= 4 B ypannenue a-b = -2, naii,n:eM sna

'Ienue b: b = 6. 3anmueM HCKOMoe "lJHCJIO: ab == 46 .' 

Omaem: 46. 

llpHMep 4. Cpe,n:nee reoMeTpH'IecKoe ,n:nyx noJIOJKHTeJibHhiX 'IHCeJI 

ua 12 6oJihiiie MeHhiiiero us STHX 'IHCeJI, a cpe,n:nee apu¢MeTH'IeCKoe 
Tex JKe 'IHCeJI na 24 MeHbiiie 6oJibiiiero 'lHCJia. CKOJihKO npouenToB co

CTaBJIReT cpe,n:nee reoMeTpH'IecKoe STHX 'IHCeJI OT ux cpe,n:nero apu¢

MeTH'IecKoro? 

PeweHue. IlycTb HCKOMhie 'IHCJia a u b, npH'IeM a> b > 0. CocTa-

{
M = b + 12, 

BHM H peiiiHM CHCTeMy ypaBHeHH:ii: a+ b 
--+24=a. 

2 
BbipasuM a us BToporo ypanneuua CHCTeMhi: a+ b + 48 == 2a, 

a= b + 48. flo,n:craBHM noJiy'lenuoe 3Ha'Ienue a B nepnoe ypanuenue 

cucTeMbi u na:t:rJJ.eM sna'Ienue b: 

~(b+48)b =h+12, b2 +48b=b2 +24b+144, 24h==144, h=6. 

Ilo,n:CTaBJI5!5l 3Ha'IeHHe b = 6 B ypaBHeHHe a = b + 48, ITOJIY<JI1M a =54 . 

Haii,n:eM cpe,n:nee apu¢MeTI1'IecKoe 'IrrceJI 51 11 6: 54; 6 = 30. 

Ha:iiJJ,eM cpeJJ,nee reoMeTp11'IecKoe 'II1CeJI 54 11 6: .J54· 6 = 18. 
Ha:iiJJ,eM npouennwe OTHOIIIenue cpe,n:nero reoMeTpH'IecKoro STHX 

'IHCeJI OT u ux cpeJJ.nero apu¢MenFrecKoro: 1~ ·1 00 % = 60 %. 

Omaem: 60%. 

3aiJattu 1ta dBu;HCeHue 
YpannenH5l, KOTOpbie neo6XO,l(HMO COCTaBHTb na OCUOBaHI1H ycJIO

BHH 3aJJ,a'I na JJ.BHJKenue, KaK npanuJio, co,n:epJKaT cJieJJ.yiOill,He neJIH'IH

Hhi: paccTORHHe S, cKopocTb v, npeMR t. 
EcJm TeJio ,n:BHJKeTcR pannoMepno, TO npoii,n:eHHhiH HM nyTh onpe

JJ,eJimoT no ¢opMyJie S = vt . 
EcJIH TeJio ,n:BHJKeTcR no Te1.JeHHIO peKu, To ero CKopocTh cJiaraeTcR 

H3 co6CTBeHHOH CKOpOCTH TeJia H CKOpOCTH Te'IeHH5l peKH: 

Vno TC'I. = VC. + VTe<J." 

EcJIH TeJio ,n:nuJKeTCR npoTMB Te'IeHHR peKH, TO 

Vnp. TC'I. = VC. -VTe'l." 

EcJIH pe'Ib n,n:eT o lJ:BHJKeHHH nJioTa, TO ero CKOpocTb panna cKopo
cnr ,l(BHJKeHH5l peKH. 
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IIpnMep 5. ToBapHbiM rroe3.ZI: 6biJI 3a.ZI:ep:>KaH B nyn1 Ha 12 MMH, a 

3aTeM Ha paccTO.HHHH 60 KM naBepcTaJI yrryiiieHnoe BpeM.H. KaK H3-

MeHHJiach IIpH 3TOM ero CKOpOCTb, CCJIH rrepBOHa'laJibHO OH IIpOXO.ZI:HJI 

60 KHJIOMeTpOB 33 O.ZI:HH 'laC? 

PeweHue. IloJiara.H, 'ITO nepBoHa'laJibHa.H cKopocTb rroe3.ZI:a yBeJIH

'lHJiach Ha X KMj'I, COCT3BHM Ta6JinU,y: 

V (KMj'l) t ( 'l) s (?<.At) 

no pacrriicamno 60 1 60 

60 
cj)aKTH'lCCKH 60+x --- 60 

60+x 

TaK KaK BpCM5! .ZI:BI1:>KCHH5! IIOC3.ZI:a COKpaTHJIOCb Ha 12 MHH, 'ITO 

COCTaBJI5ICT ~ 'I, TO COrJiaCHO YCJIOBHIO 3a.ZI:a'III IIOJIY'IMM ypaBHCHMe: 

60 1 60 4 15 1 
1=60+x +5, 60+x=5, 60+x=5, 60+x=75, x=15KM/'l. 

Om6em: yBeJIH'lHJiach Ha 15 KM/'l. 

IIpuMep 6. MoTOpHa.H JIO.ZI:Ka rrponma paccTO.HHHe MC:>K.ZI:Y .ZI:BYM.H 
IIYHKTaMH ITO peKe Ty.ZI:a H o6pan10, HC OCTaHaBJIHB35!Cb, 3a 6 'I 15 MHH. 

PaccTO>IHHC MC:>K.ZI:Y rryHKTaMH 60 KM. Orrpe.ZI:eJinTe co6cTBCHHYIO CKo

pocTb JIO.ZI:KH, CCJIH CKOpOCTb TC'ICHH>I peKH paBHa 4 KMj'l. 
PeweHue. IIycTb co6cTBCHHa5! cKopocTh JIO.ZI:KH paBHa x KMj'I. Co

cTaBHM Ta6JIHU,y: 

V (KM/tt) t ('l) S(KM) 

x+4 
60 

60 TIO TC'ICHHIO 
x+4 

x-4 
60 

60 IIpOTHB TC'ICHH5! 
x-4 

15 25 25 
TaK KaK 6 q 15 MHH = 6 

60 
'I= 4 'I H t noTe'l.+ t np. Te'f. = 4 ti, TO rro-

60 60 25 12 12 5 24x 5 
JIY'IHM ypaBHCHHC: X+ 4 + X- 4 = 4 ' X+ 4 +X- 4 = 4' X2 -16 - 4 ' 
5x2 

- 96x- 80 = 0 , OTKy.ZI:a X= 20 KMj'I. 

Om6em: 20 KMj'I. 
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IIpuMep 7. )lBa TeJia ,li,BH)KYTC5l no oKpy)KHOCTH paBHOMepHo B 

O.li:HY CTOpOHY. IlepBOe TeJIO I1pOX02J:MT OKpy)KHOCTh Ha 2 C 6biCTpee 

BTOporo H .UOroH5ICT BTOpOe TCJIO Ka)K,ll,b!e 12 C. 3a CKOJihKO CeKyH.U 

u 2 ? 
BTOpoe TCJ!O I1pOH2J:CT 3 OKpy)KHOCTH. 

Peweuue. IlycTh .UJIHHa OKPY)KHOCTH paBHa l. CoCTaBHM Ta6JIHUy, 

Y'-IHTbiBa5I, '-ITO rrepBoe TeJio npoxo.n.HT oKpy)KHOCTh Ha 2 c 6biCTpee 

BToporo. 

V (KM/'l) t (c) 5(KM) 

l 
X 

X 

I 
II x+2 

x+2 

3Ha5I CKOpOCTb .li:BH)KeJ-HI5I Ka)K.UOrO TeJia, COCTaBHM Ta6JIHUy, Y'-III

Tb1Ba5I, '-ITO nepBoe TeJio .uormuieT BTopoe Ka)K.Uhie 12 c: 

V (KM/'l) t (c) 5(KM) 

I 12[ 
I 12 

X X 

l 121 
II 

x+2 
12 

x+2 
CorJiacHo ycJIOBHIO sa.ua'-IH nepBoe TeJio .uoroH5leT BTopoe, 3Ha'-IHT, 

12/ 12/ 
OHO npoxoll,HT nyTb 51 ==52 +I . IloJiy'-IHM ypaBHeHHe - = --+ l . 

x x+2 
Pa3ll,CJIHB o6e qacTH ypaBHeHH5l Hal (l * 0), 3anHIIIeM: 

12(!--1-)= 1, 12 x+~-=--~-= 1, x 2 +2x-24=0, x=4. 
x x+2 x(x+2) 

Hat:ill,eM BpCM5l, 3a KOTOpoe BTOpoe TCJIO npOXOll,HT BCIO OKpy)K

HOCTb: 4+2=6 (c). HaHll,eM BpeM5l, 3a KOTOpoe BTOpOe TCJIO rrpoxo-
2 2 . 

ll,HT 3 OKPY)KHOCTH: 3. 6 = 4 (c). 

Omeem: 4 c. 
3aoa'f.u ua pa6omy . 
YpaBHeHH5l, KOTOpbie Heo6X02J:HMO COCTaBHTb Ha OCHOBaHHH ycJIO

BHH 3a2J:a'-l Ha pa6oTy, KaK rrpaBHJIO, co.n.ep)KaT cJie.n.yroll.(He BeJIH'-IHHbi: 

pa60Ty A, cKopocTb BbiiTOJIHeHH5l pa6oTbi (rrpoH3BO,li,IITeJibHOCTb) v, 
BpeM.H BhiiTOJIHCHH5l pa60Thi t. 3TH BCJHll.JHHbi CB5l3aHbl CJICll.YIOII..(CH 

¢opMyJioi1: A = vt. 
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fipHMep 8. LI,BOe pa60'IHX BhiiiOJIIUIIOT COBMeCTHO HeKOTOpoe 3aL(a

HHe 3a S 'I. llepBnU':i H3 HHX, pa6oTaH OTL(eJibHO, MO)KeT BhiiiOJIHHTh ero 

Ha 12 q 6niCTpee, 'IeM BTOpOM, eCJIH TOT 6yLJ,eT pa60TaTb OTL(eJihHO. 3a 
CKOJihKO 'IaCOB BTOpOH pa6ocUIJI MO)KeT BhiiiOJIHHTh 70% 3aL(aHH5I? 

Pewe11ue. llycTh a- o6beM 3aL(aHIIH. PaccMOTpHM pa3LJ:eJihHYIO pa-
6oTy, Y'IHThiBaJI rrpH aTOM, 'ITO Ka)KLJ:hifr pa6o'IHH B 3TOM cJiyqae Bhi
rroJIHHeT Been o6beM 3aL(aHH5I: 

fi pOI13BOL(HTeJihHOCTb BpeMJI ('I) Pa60Ta 

a 
I 

x-12 
x-12 a 

a 
II X a 

X 

3naH rrpOH3BOL(HTeJibHOCTh Ka)KLI,OfO pa6o'Iero, paCCMOTpHM COB

MeCTHYIO pa6ory: 

fi po H3BOL(HTeJJbHOCTb BpeMrr ('I) Pa6ora 

a 

Sa l I 8 
x-12 x-12 a 

a Sa 
II 8 

X X 

CorJiacno ycJIOBHIO 3aJJ:a'IH 3arrnnreM ypaBnenHe: 

--+--a, --+- -, -1, x- -.x - .x, Sa Sa_ s( 1 1 )-j Sx+.x-12 _. 16 96
_ 2 12 

.x-12 .x x-12 x (x-12)x 

x
2

-2Sx+96=0,oTKy,a:a x=24. 

EcJIH Bee 3aLJ,anHe BTopon pa6o'IHH Mo)KeT BhiiiOJIHHTh 3a 24 'I, TO 

70% 3aLJ,aHH5I OH BhiiTOJIHHT 3a {0~ · 70 =:::16,S 'I. 

Omeem: 16,S 'I. 

llpHMep 9. qepe3 1 q rrocJie na'IaJia paBnoMepnoro crrycKa BOtJ:hi 

B 6accei1:ne ee ocTaJIOCh a M3, a eiiie 'Iepe3 3 q - b M3. CKOJihKO BOtJ:hT 
6niJIO B 6accei1:ne? 

. Pewe11ue. TiycTb B 6acceilne 6niJio x M3 BOLJ:hL EcJIH 3a 1 'I BniTeKaer 
y M3 BO,TJ:hi, TO 'Iepe3 1 'IHOCJie crrycKa B 6accei1ne OCTaHeTC5I X- y =a 
HJIH 4x-4y=4a M3 BO,TJ:hi,aqepe34'IOCTaHeTCH X-4y=b M3BO,TJ:bi. 

Boi'IHTaH II3 ypaBneHHJI 4x- 4y = 4a ypaBneiDie x-4y = b , ITOJIY'illM 
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4a-b 3x=4a-b, x=-
3

- (M3). 

4a-b 3 Omeem: -
3
-M' . 

CMecu, cnJWBbl 
3a,naqn na cMecH 11 cnJiaBhi y,no6uo pernaTh, Y'IHThiB351 nponopu:H

ouaJJhHyio 3aBHCHl\IOCTh Me)K_ny BCJIH'JHHa:tvJH. ITpH noMOIIJ:H nponop
U:IUI OHH JierKO CBO,Q51TC5l K O,llJiOM CXeMe perneHH51. 

Ilpli:Mep 10. CMemaJIH 30 %-ll: pacTnop COJIJIHOM KHCJIOThi c 
10 %-M n noJiy'IHJIH o,nHn KUJiorpaMM 15 %-ro pacTnopa. CKOJihKO 
rpaMMOB Ka)J{,ll.OrD paCTBOpa 6biJIO B35ITO? 

Pewe11ue. ITycTh nepnoro pacTnopa B35fJIII a r, a BToporo- b r. 3na51, 
'ITO B nepBOM paCTBOpe CO,nep)KHTC51 30 % KHCJIOThi, 3aTIIIllleM: 

KHCJIOTa 0,3a-30 %}a-100 ~~ 
no.na 0, 7a-70% 

0 

3Ha51, '-ITO BO BTOpOM paCTBOpe CO,Zl.epiKHTC51 10% KHCJIOThi, 3anH-
liJeM: 

KHCJIOTa 0, 1b-10 %}b-iOO% 
BO.Qa 0, 9b- 90 % 

ECJIII CMelllaTb a r rrepnoro II b r BTOporo paCTBOpa, TO ITOJIY'IIIM 
<• • KncJiora (0,3a+0,1b)-15%}tooo iOO% 

rpeTHH pacTnop. Bo,na (0, 7 a+ 0, 9b)- 85% - o 

3 (0,3a+0,1b)-15% 
annmeM nponopu:mo: 1 OOO _ 1 00 % 

Tor,na (0,3a+0,1b )·100 = 1000-15, 0,3a+0,1b = 150, 3a+b = 1500. 

TaK KaK corJiacno ycJIOBHIO 3a,Zl.a'IH a+ b = 1000 , TO, Bhi'-fHT351 H3 

ypanHeHH5f 3a+b=1500 ypannenHe a+b=1000,rroJiy'IIIM 2a=500, 
a= 250 . Ho,ncTaBJI515f 3Ha'leHHe a= 250 B ypanne1m:e a+ b = 1000 , 

nall:.n.eM 3Ha'!eHHe b: b = 1000-250 = 7 50 . 

Omeem: 250 n 7 50 r. 

TipnMep 11. KycoK crrJiaBa Me,nn II u:unKa Maccoll: 54 Kr co.nep)KIIT 
45 % Me,n:n. KaKyiO Macey Me,nH Hy)KHO .no6anHTh K 3TOMY KycKy, 'IT0-
6hi TIO.TJy'leHHhiM HOBbii1 CITJiaB CO,nep)KaJI 60 % Me,nii? 

PeweHue. Haii,neM Macey Me,QII B cnJiaBe: 5{~65 = 24,3 (Kr). HaH:

,neM Macey U:IIHKa B crrJiane: 54-24,3 = 29,7 ( Kr). 
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)],o6aBJI5l5l B CIIJiaB X Kf MC)l)1, l1 He 113MCH5l5l IIpH 3TOM Macey Ul1HKa, 

o MC,ll.b 24,3+x- 60% 
IIOJIY'IHM HOBhll1 CIIJiaB: 

29 7 40
% 

QHHK , - o 

PeiiiHM nponopu:mo: 40 ° ( 24,3 + x) = 60 ° 29,7, orKy.ll.a x = 20,25 0 

OmBem: 20,25 Kro 

3a.Qa'-llll .Qn~ caMOCTO~TenbHoro peweHIII~ 
io J;l3 ,ll.aHHhiX 'ICTbipex 'IMCCJI nepBbiC rpM OTHOC5ITC5l MC)K,ll.y co6oi1 

KaK 2: 3: 5, a 'ICTBeproe cocraBJI5ICT IIHTYIO qacrh Tperheroo Hai1,ll.nre 

cpe,ll.HCC apl1(pMCTH'ICCKOC vTHX 'IHCCJI, CCJIII l13BCCTHO, 'ITO t.ICTBeproe 

'IHCJIO Ha 27 MCHblliC CYMMhi OCTaJibHhlXo 

20 B .ll.BYX cocy,ll.ax HaXO,ll.HTC5l 88 II )KH,ll.KOCTI1o EcJIH !13 nepsoro 

COCy)J,a nepeiiHTh BO BTOpOH 20 % )KH,ll.KOCTH, HaXO,ll.5lliiCMC5l B nepBOM 

cocy,ll.e, To B o6o11x cocy,ll.ax )KH)J,KOCTH cTaHeT nopoBHYo Ha CKOJibKO 

IIIHpOB B nepBOM COCy,ll.e )KIJ:,I.(KOCTH 60JibiiiC, 'ICM BO BTOpOM? 

3. TpaKTOpHCT scnaxan rpn yLJ:aCTKa 3CMJIHo nnoll.(a,ll.b nepsoro 

y'IaCTKa COCTaBJI5lCT TpCTh TIJIOU.(a,ll.H BCCX Tpex yLJ:aCTKOB, a IIJIOliia.ll.h 

BTOpOro OTHOCHTCJJ K IIJIOliia).(H rperhero KaK 3: 7 o CKOJihKO fCKTapOB 

6hiJIO BO BCCX Tpex yqaCTKaX, CCJIH B TpCThCM 6hiJIO Ha 40 ra 60JihiUC, 

LJ:CM B nepBOM? 

4. 3aBO,ll.OM npHo6peTeno 500 cTaHKOB ,ll.JI5l rpex QCXOBo CranKH nep

soro Qexa COCTaBJI5IIOT 36% BCCX CTaHKOB, BTOporo QCXa- 75% CTaH

KOB nepBoro u:exao CKOJihKO craHKOB npno6pereHo ,ll.JI5l rpeThero uexa? 

5. HaM,ll.HTe cyMMY rpex 'IHceJI, ecJIH nepnoe 'IHCJIO cocTaBJI5ICT 

80 % BTOporo, BTOpOe LJ:HCJIO OTHOCI1TC5l K TpCTbCMY KaK ~: io H Ha 

70 MCHhme cyMMhi nepsoro 11 rperberoo 

6. EanK BhmJiaqnnaer 3 % ro).(OBhiXo Ha CKOJihKO npou:enron yBe

JIHLJ:HTC5l 3a ).(Ba fO,ll.a BHCCCHHM cyMMa? 

7. BKJia,ll.'IJ1K CH5IJI co csoero cLJ:era B c6ep6aHKe cnaqana 'ICTBep-

4 
TYIO 'IaCTh BKJia,ll.a, 3aTCM g OCTaBUIHXC5l ).(CHCf 11 CliiC 640 ThlCo py60 

KaKa5l qacTh ,ll.eHer ocranacb y nero Ha c6epKHH)KKC, ecJIH BKJia,ll. co

CTaBJI5IJI 2400 TblCo py60? 

8. CyMMa scex 'IJICHOB nponopu:nn paBna 700 Tperni1 'IJICH cocras-

2 u 3 q u 

JI5leT '3 , a BT~poH - 4 nepBoro 'IJieHao eTBeprhm 'JJieH nponopunn 

cocTaBIIHeT 
29 

cyMMhi Tpex nepshiXo 3anniiiHTe nponopQmoo 

9. qHCJIHTCJIH TpCX ).(po6ei1 IIpOIIOpQHOHaJihHhi 'IHCJiaM 1, 2, 5, a 

3HaMeHaTCJIH IIpOIIOpQHOHaJihHhi COOTBCTCTBCHHO 'IHCJiaM 1, 3, 70 

C 6 
.. 200 H o 

6 
o 

yMMa aTHX I'J:PO en paBHa 
147 

0 aH).(HTe nanMeHhiiiyio !13 .ll.PO eHo 

322 



10. B KHOCK ,ll)J51 npo,n:a%11 noCTynnJIM %YPHaJihi M ra3eTbi. Kor,n:a 

npo,n:aJIM 50 % ra3eT I1 20 % %ypHaJIOB, 'ITO COCTaBMJIO B o6ll(CH CJIO)!(

HOCTM 390 e,n:MHMI:(, ra3eT OCTaJIOCb B TpH pa3a 6oJibiiiC, 'ICM %ypHaJIOB. 

Ha cKOJihKO rrpoQeHTOB 6oJihiiie ra3eT, 'ICM %ypnaJioB rroCTyrrMJIO B 
rrpo,na%y? 

11. B Tpex mn:nKax Haxo,n:MTC51 48 IIIapoB. qMCJIO rnapoB rrepBoro 

5IIl(MKa COCTaBJI5ICT ~ 'IHCJia UiapoB BTOpOrO 5Ill(MKa, a 'IMCJIO UiapoB 

TpeTbero 5Ill(HKa cocTaBJI5IeT 33,(3) % cyMMapnoro 'IHCJia IIIapon ,n:syx 

,n:pyrMx JIII(HKOB. CKOJihKO mapoB B Ka%,n:OM 5Ill(MKe? 

12. PaccTOJIHHe Me%,n:y ropo,n:aMH A H D panno 415 KM. Me%,n:y 

HMMM pacrroJio%eHhi ropo,n:a B 11 C. PaccT05IHMe Me%,n:y A M B onw

CMTCJI K paccTOJIHMIO Me%,n:y B 11 C I<aK 7:9, a pacCTmmne Me%,ny B 11 

C cocTaBJIJieT ~~ paccT05IHHJI Me%,n:y C 11 D. Haii:,n:MTe paccToJinne 

MC:>Kil:Y Ka%,n:hiMI1 ll:BYMJI COCCil:HMMH ropo,n:aMH. 

13. f1p5IMoyrOJibHbiC Ta6JIHI(bl co,n:ep%aT Oll:H03Ha'IHbiC, ll:BY3Ha'I

HbiC n Tpex3Ha'IHhre 'IMCJia. B rrepso:H Ta6JIMr(e·KomrqecTBO o,nH03Ha'I

HhiX, ll:BY3Ha'IHbiX H TpCX3Ha'IHbiX 'IHCCJI pacrrpe,n:eJICHO B OTHOIIICHIIH 

1,6: 1 : 0,4. Bo BTopo:H Ta6Jtnn:e o,n:H03Ha'IHhiX qnceJI na 25% 6oJibli(C, 

a ,n:sy3Ha'IHhix na 20 % MeHnme, 'ICM B rrepBoil. CKOJihKO o,n:n03naq

HhiX, ll:BY3Ha'IHblX H TpCX3Ha1.IHbiX 'IHCCJI BO BTOpOH Ta6JII1l(C, CCJIM 

ncero 011a co,n:ep:>KHT 32 'IMCJia? 

14. B rrepnoM Mara3nne rroKynaTeJih H3pacxo,n:onaJI Ha 60 ThiC. py6-

JICH MCHblliC, 'ICM 0,4 KOJIH'ICCTBa B35ITbiX C co6on ,n:ener; BO BTOpOM -

TpCTb OCTaTKa l1 Clr(C 12 TbiC. py6Jiei1; B TpCTbCM Mara3HHC 0,6 HOBorO 

OCTaTKa H Clr(C 31,2 Tb!C. py6JieH, ITOCJIC 'ICfO y Hero OCTaJIOCb 420 TbiC. 

py6Jieil. CKOJihKO ,n:ener 6niJIO H3pacxo,n:oBano? 

15. 06ll(aJI BMCCTHMOCTb Tpex 6aKO:B COCTaBJI5ICT 1620 JI. }J,Ba H3 

nnx narroJIHCHhi Bo,n:oi1, a TpeTnil nyc Toil. q To6br narroJIHHTh ero ny%

no ncrroJib30BaTh Jin6o Bee co,n:ep:>KHMOe rrepBoro 6ai<a H 0,2 co,nep%11-

Moro BTOporo, JIM60 BCC CO,UCp%HMOC BTOpOro H TpCTb CO,n:ep%HMOrO 

rrepnoro. Ha:H,n:nTe nan6oJiniiiyio BMCCTHMOCTh 6aKOB. 

16. CyMMa KBa,n:paToB u:n¢p ,n:ny3naqnoro 'IHCJia pasna 34. EcJin K 

3TOMY 'IHCJIY rrpn6aBHTb 18, TO llOJIY'IHTC51 'IHCJIO, 3aiTHCaHHOC TCMI1 

)KC u:n¢paMn, no B o6paTHOM nopR,ni<e. Ha:H,nnTe ncxo,n:noe 'IMCJIO. 

17. 3a,n:yMano QeJioe rroJioJKMTCJihHOe 'IMCJIO. K ero 3arrncn rrpn

coe,n:MHHJIM crrpana Qn¢py 5 n H3 rroJiyqennoro nosoro 'IHCJia Bhi'IJIM 

KBa,n:paT 3a,n:yMannoro 'IHCJia. OcTaTOK yMeHniliHJIM na 50 % 3Toro oc

TaTKa n Bhi'IJIM3a,n:yMannoe 'Il1CJIO. B pe3yJihTaTe rroJiy'InJin10. KaKoe 

'IHCJIO 3a,n:yMaHO? 
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18. 3a,n:yMaHo QeJioe rroJIO%HTeJibHOe 'lHcJio. K ero sarrHCH rrpHco
e,n:HHHJIH CrrpaBa QHrppy 0 H I13 ITOJiy'leHHOfO HOBOfO lJHCJia BbllJJIH yT
poeHHQe sa,n:yMaHHoe '1l1CJIO. PasHOCTh pas,n:eJIHJIII Ha IIcxo,n:Hoe 'lnc
JIO, a 3aTeM Bbl'1JII1 HCXO,UIIOe lJHCJIO li B pesyJibTaTe ITOJIY'lliJIH HYJih. 
KaKoe 'lliCJIO sa,n:yMaHo? 

19. Hail,n:HTe ,n:BysHa'lHoe 'lHCJio, 'lacnroe oT ,n:eJieHIUI KOToporo 
Ha npousue,n:emre ero QHrpp paBHO 2,7, a pa3HOCTh Me%,n:y HCKOMhiM 
"'HCJIOM li lJHCJIOM, HaTIHCaHHbiM TCMH %C QHrppaMH, HO B o6paTHOM 
nop.a,n:Ke, paBHa 9. 

20. EcJIH .UBY3HalJHOe 'lHCJIO pa3,n:eJIHTh Ha cyMMY ero QHrpp, TO B 
qacTHOM noiiy'lHTC.a 8 n B ocTaTKe 7. EcJIH %e :no 'lHCJIO pa3,n:eJIHTh Ha 
I1pOH3BC,UCHIIe ero QHrpp, TO B lJaCTHOM I10JIY'IHTC5! 1 0 H B OCTaTKC 1. 
HaH:,n:uTe ucxo,n:Hoe lJHCJio. 

21. EcJIH HeKoTopoe .UBY3Ha'lHoe 'lHCJIO pa3,UCJIHTh Ha npou3Be,n:e
mre ero QHrpp, TO B 'laCTHOM noJiy'liiTC51 5, a B ocTaTKe 2. EcJIII %e K 
cyMMe KBa,n:paToB QHrpp ::lToro •mcJia npH6aBHTh 59,375% ::nora 'liiC
Jia, TO noJiy'liiTC51 Hcxo,n:Hoe 'lHCJio. Hai1AIITe 3TO 'lHCJIO. 

22. 0,n:H03Ha'1Hoe 'lMCJio yueJin'liiJIH Ha 10 e,n:HHHQ. EcJin noiiy'leH
liOe 'IHCJIO yBeJIH'lHTh Ha CTOJihKO %e npoQeHTOB, KaK B nepubrl-i pa3, 
TO IIOJIY'1HTC51 45. Hai1,n:HTe nepBoHa'laJihHoe 'IHCJIO. 

23. TpexsHa'iuoe 'IHCJIO OKaH'lHBaeTC51 1~11¢poil 2. EcJIH ee rrepe
HeCTH B Ha'laJIO 3aiiHCH 'liiCJia, TO IIOJIY'lCllHOe 'lHCJIO 6y,n:eT Ha 99 
6oiihme rrepuoHa'laJibHoro. Hail,n:IITe acxo,n:Hoe •rncJio. 

24. HeKoTopoe ,n:uy3Ha'lHoe 'IHCJIO B 4 pasa 6oJihme cyMMhi 11 B rroJI
Topa pa3a 6oJihme npou3Be,n:eHHJI cBonx QHrpp. HaH:,n:nTe aTo 'IHCJIO. 

25. HailAHTe ABa 'iHCJia, ecJin ax cpeAuee apHrpMeTw-recKoe Ha 8 
60JiblliC MCHblliCfO H3 3THX 'lHCCJI, a cpe,n:Hee fCOMCTpH'lCCKOe Ha 2 
MCUhiUe cpe,UHCfO apnrpMCTII'lCCKOfO. 

26. MoTopnM Jio,n:Ka CHa•raJia npomJia 60 KM rrpoTIIB Te'leHI15l 

peKH, a 3aTeM 60 KM - ITO TC'ICHHIO, 3aTpanm B rrepBbiH pa3 na 50 MHH 
6oJihiUe, 'leM BO BTopoH:. HaH:,n:HTe co6cTBeHHyro CKopocTh JIO,UKH, 
CCJIH CKOpOCTb TC'!CHH5l peKH paBna 3 KM/'l. 

27. OT rrpMcTaHn B ropo,n: oTrrpaBMJiacb Jio,n:Ka co cKopocTbiO 12 KM/'l 
H rrapoxoA co cKopocTbiO 20 KM/'1. KaKoBo paccTo5IuMe OT npnCTaHn 
,n:o ropo,n:a, ecJIM JIO,n:Ka npmuJia Ty,n:a ua 1,5 q noa:lKe rrapoxo,n:a, a oT
rrpaBMJiaCb B ropo,n: Ha noJI'laca paHhllle ero? 

28. Ha paccT051HI1H 1 KM rpy3oBOH auToMo6nJib pacxo,n:yeT 6eH-
3IIHa Ha a II 6oJibllle, qeM JierKouon. Pacxo,n:y51 1 II 6en3Hna, rpy3o
uoi1 aBTOMo6HJib rrpoxo,n:HT no Ton :lKe ,n:opore Ha 16 KM MeHhllle, lJeM 
JierKouoH:. KaKOB pacxo,n: 6eH3HHa Ka:lK,n:oro H3 3THX auToMo6nJien Ha 
paCCT05IHHe 1 KM? 

324 



29. MoTOIJ,IIKJIHCT 11 BeJIOCHIIe~IICT coBeplliHJIII 6esocTaHOBO'myro 

~ByxtiacoByiO noes~KY K osepy 11 o6paTHO. I1p11 aToM BeJiocHnew·rcT 

ITpOC3)KaJI Ka)l{~l;>IM KHJIOMCTp Ha 4 MHH MC~JICHHCC, 'ICM MOTOIJ,IIK

JII1CT. CKOJihKO KIIJIOMeTpoB npoexan Ka)l{~hiM 113 HHX, ecJIII II3BCCT

Ho, 'ITO ITYTb, IIpO~CJiaHHbiM BCJIOCI1IIC~I1CTOM 3a 9TO BpCM5I, Ha 40 KM 

MCHblliC? 

30. IIepBhiM TypucT, npoexaB 1,5 ti Ha BeJiociine~e co cKopocThiO 

16 KMj'I, ~eJiaCT OCTaHOBKY Ha 1,5 'I, a 3aTCM npo~OJI)KaCT ITYTb C nep

BOHa'laJibHOM CKopocThiO. CnycTH 4 q nocJJe oTnpaBKII B ~opory nep

Boro TypiicTa B~oroHKY eMy Ha MOTOIJ,IIKJJe BhJe3)l{aeT BTopoM TYPIICT. 

C KaKOM CKOpOCTbiO ~BI1faJIC51 BTOpOM TypiiCT, CCJIII OH ~OfHaJI IICpBO

ro, npoexaB 56 KM? 

31. MoTOIJ,IIKJJHCT OTnpaBHJJC51 II3 nyHKTa A B nyHKT B. 06panw 

oH Bhrexan c ToM )l{C CKopocTbiO, HO qepes qac nocJJe Bhres~a yBeJin

'lllJI ckopocTb Ha 6 KM/'1. KaKoBa 6brJia nepBoua'laJihHa51 CKOpOCTh MO

Tm(HKJIHCTa, CCJIII II3BCCTHO, 'ITO Ha o6paTHbifi IIYTb OH 3aTpaTIIJI Ha 

10 MHH MeHhUie, '!eM ua nyTh OT A ~o B :n npu aTOM npoexan 240 KM? 

32. JlBa TYPHCTa ~OJJ)l{Hhi H~T:n HaBCTpeqy ~pyr ~pyry us Typ6as 

A 11 B, paccT051HHe MC)l{~y KOTOpbiMH 30 KM. EcJIH nepBbiM TYPIICT 

Bbiii~CT Ha 2 'I paHbllie BTOporo, TO OHH BCTpCT51TC5I 'ICpC3 2,5 q IIOC

JJC Bhrxo~a BToporo. EcJIH )l{C nepBbiM TYPIICT BhiM~eT Ha 2 q nos)l{e, 

lJCM BTOpoi1, TO BCTpeqa 11p01130M~CT 'ICpC3 3 q IIOCJIC BbiXO~a IICpBO

fO. CKOJJhKO BpeMeHH noHa,a:o6H.TC5I Ka)l{~OMY TypucTy, 'IT06hr npoMTII 

nyTh oT A ~o B? 
33. HeKoTopoe paccTmn-mc noes~ npollleJI co cKopocThiO 120 KM/'1. 

ITocJJe 9Toro, paccT051H:ne ua 75 KM 6oJJhlllee, ou npollleJJ co cKopocTbiO 

150 KMj'l, a OCTaJibHOC paCCT05IHIIe, Ha 135 KM MeHbUiee npOM~CHHO
fO, npollleJI co cKopocThiO 96 KM/'1. Onpe~emne cpe~HIOIO CKOpOCTh 

IIOC3~a, CCJIH BCC paCCT05IHH.e COCTaBHJlu 415 KM. 

34. I1yTh OT A ~0 B ~JII1HOM 88 KM IIOC3~ npoXO~HT Ha 1 'I 15 MHH 

6blcTpee, 'ICM nyTh OT B ~o C, ~JJHHOM 108 KM. HaM~HTe CKopocTh no

es~a Ha oTpesKe nyTII oT A ~o B, ecJIH H3BCCTHO, 'ITO oHa Ha 40 KM/'1 

6oJihlliC ero cKopocTH Ha oTpesKe nyTH OT B ~o C. 
35. PaccT05IHHe MC)l{~y A II B 100 KM.l1s A OTnpaBI1JJHCh B B o~Ho

BpeMeHHO 110 O~HOM H TOM )l{C ~opore ~Ba aBTo6yca, KOTOpbiC ~OJI)l{Hhl 
6hrJIII npii6hiTh B B B o~Ho 11 TO )l{C BpeM51. B ~eMCTBHTCJihHOCTII nep

BhiM aBTo6yc npn6hrJJ B B Ha 1 qac paHhllle cpoKa, a BTopoM Ha 3 qaca 

OII03~aJJ, TaK KaK IIpOC3)KaJJ 3a Ka)l{~biM 'laC B cpe~HCM Ha 5 KM MCHhllle 

nepBoro. Onpe~eJIH.Te cpe~HIOIO CKopocTb Ka)l{~oro aBTo6yca. 

36. B o~Ho u TO)l{C BpeM5I HaBCTpeqy ~pyr ~pyry ~OJI)l{Hhi 6biJJH 

BhiHTH HHCTPYKTOp us noceJIKa M n rpynna TypHCTOB II3 noceJIKa N. 
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O,nnaKo IIHcrpyKrop 3a,nep)KaJIC51 II BhillleJI IT03)Ke ua 6 'I. IT pH Bcrpe
qe Bhi5ICHHJIOCh, 'ITO HHCTPYKTOP npollle.n ua 12 KM MeHbllle, 'ICM ry
pHcThJ. l1ocJie BCTpC'IH, IIelllCXOJ.I.bi O,nliOBpeMCHHO IIpO,nOJI)KHJIH nyTh 
c npe)Kueli owpocThiO. B pe3yJihTaTe HHCTPYKTop npnllleJI n N qepe3 
8 'I, a rpynna TYPHCTOB nprmma B M qepe3 9 q nocJie BCTpe'IH. Onpe
,neJIHTe paccro51Hue MN. 

37. OT cranu,HH ,no Typ6a3hi MO)KHO npoliTH no lllocce HJIH Tpo
ITHHKOH, npH'IeM TponHHKOH 6JIH)Ke na 5 KM. l1epBbiH TYPHCT nollleJI 
no lllOcce, a BTopoli- TpomniKoli co CKopocTbiO 3 KM/'I. ITepBbiH npH~ 
lllCJI na Typ6a3y TI03)Ke BToporo Ha 1 'I. HaliliHTe cKopocTL nepBoro 
TypHcTa, ecm1 H3BCCTHO, 'ITO oua Bblpa)KaeTC5IIJ,eJibiM 'IHCJIOM. 

38. IToe3,n 6hiJI 3a11ep)KaH Ha 30 MnnyT. YneJIWl.HB cKopocTb na 
5 KMj'I, MallliiHIICT Ha nepermre B S KM JII1KBIIJJ.IIpOB3Jl OIT03JJ.aUHe. 

Onpe,neJIHTe, KaKyiO cKopocTh nMeJI 6br noe3ll ua aTOM neperone, ecJIII 
6br ne 6hmo 3a,nep)KKII. 

39. PacCTomme Me)K_ny ,nnyM51 ropo,naMu a KM. L(na anToMo6uJIHCTa, 
BbiCX3B .H3 8TIIX ropOJJ.OB H3BCTpeqy ,npyr ,npyry, BCTpCT5ITC51 Ha IIOJIITy
TH, ecJIII nepBbiH Bbie,neT ua t q paHhllle BToporo. EcJiu )Ke HaBcTpeqy 

APYT ,npyry onn Bbre,nyT OJlHOBpeMeHHO, TO BCTpeqa npoH3oli,neT qepe3 
2t 'I. Onpe,nemue cKopocTb Ka)K_noro aBTOMo6uJI51. 

40. CKOpOCTH nacCa)KHpCKOTO I1 TOBapuoro IIOC3JJ.OB OTHOC5:1TC51 
KaK a: b. ITacca)KHpCKHH noe3,[1, BbiiiieJI co cTanu,HH A na 0,5 q II03)Ke 

TOBapuoro, a npH6hm na cTaHLVIIO B ua 0,5 q paHbllle ero. I-IaliJJ,HTe 
cKopocTH noe3,non, ecJIH paccT05IHHe MC)KJJ.Y A 11 B paBno ab KM. 

41. flo liBYM 0Kpy:>KHOCT5IM paBHOMCpi-IO BpaiiJaiOTCJI liBC TO'l
KII. 0JJ,Ha 113 HHX COBepLIIaeT TIOJIHbiH o6opoT na 5 C MCJJ.JICHHee, 'JCM 

JJ:pyraJI, II II08TOMY ycnesaeT C,[J,CJiaTb B 1 MIIH Ha 2 o6opOTa MCHblliC. 
CKOJihKO o6opoToB 3a o,nny Mrmyry coBepmaiOT ::JTII TO'IKH? 

42. L(na TeJia JJ.BII)KYTCJI no oKpy)KHOCTH II3 TO'IKH A B nponmo
noJIO)KHbiX HanpaBJICUHJIX. flepnoe TCJIO K MOMCHTY IIX BCTpeqn npo

XO,[J,HT paccTOJIHIIC ua 5 M 6oJibLIIe BToporo. ITpo,noJI)Ka5! ,nBIJ)KCHHe, 
nepnoe TCJIO OKa3biBaeTC5! B TO'IKC A qepe3 9 C IIOCJie BCTpC'III CO BTO

pbiM, a BTOpoe - 'Iepe3 16 C ITOCJIC HX BCTpC'III. Hali,ni1TC pa,niJyc OK
py)KHOCTII. 

43. Jlo,rJ:Ka rroJJ,H5IJiacb nnepx no peKe II nepuyJiach ua npe)Kuee Mec
ro, rrpOH,[J,JI npH 8TOM 3a 8 q rryTh, paBHbiH 25 KM. flpH'ICM Ka)KJJ.biC 
3 KM rrpOTIIB TC'ICHII51 II Ka)K,[J,biC 5 KM ITO TC'ICHIIIO OHa IIpOI1JlbiBaJia 3a 
panunre npoMe)KyTKH npeMenH. Harrw1Te cKopocTb Te'leHH51 peKH. 

44. flepBOC TCJIO, HaXOJ],5!Cb Ha paCCTOJIHHHf MOT BTOpOTO, JJ,OTOHJI
CT ero qepe3 a c nocJie uaqa.na JJ,BH)KCHIIJI. EcJIH npH TaKOM )KC na'IaJib
HOM paCCTOJIHIIII TeJia JJ.BII)KYTC51 UaBCTpC'IY ,npyr JJ.pyry, TO IIX BCTpeqa 
npoiiCXOJJ.HT qepe3 b c. Hali,nure cKopocTHJJ.BH)KCHH51 TeJI. 
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45. MOTopnaJI JIO,l(Ka II rrapycniiK, naX01J:5ICb na 03epe B 60 KM ,n:pyr 
OT ,n:pyra, ,l(BIIiyTC5I HaBCTpeqy ,n:pyr ,n:pyry II BCTpeqaiOTC5I qepe3 2 q. 

EcJIII 6bi MOTOpHa5! JIO,l(Ka HaXO,l(IIJiaCb B 40 KM OT rrapyciUIKa I1 ,l(OrO
H5IJia ero, TO na 3TO rroTpe6onanoch 6ui 2 q 30 Mini. Orrpe,n:eJIHTe cKo
pocTb JIO,l(KH. 

46. BeJiociirre,n:wcT H MOTOI1HKJIHCT o,n:nonpeMenno naqamr ,l(BH

JKenne B O,l(HOM HarrpaBJieHIIH. IlpoexaB 70 KM, MOTOI1IIKJIHCT pa3Bep
HYJIC5I H rroexaJI nancTpeqy BeJiocHrre,n:wCTy. qepe3 KaKoe npeM5I rrocJie 

naqa.na ,l(BIIJKeHH5I MOTOI1HKJIHCT H BCJIOCHIIC,l(HCT BCTpeT5ITC5I, eCJIH 

I13BeCTHO, qTo CKOpOCTb MOTOI1HKJIIICTa 28 KMjq, a BeJIOCHIIe,l(HCT ,l(BII

JKeTC5I CO CKOpOCTbiO 14 KMjq? 

4 7. IlepBa5! 6piira,n:a MOJKeT o6pa60TaTb yqacTOK 3eMJIII 3a 20 q, a 

BTOpa5I - 3a 30 q. 3a KaKOe BpCM5I MoryT o6pa60TaTb 3TOT yqaCTOK 

3CMJIH ,[(Be 6pHra,l(bl, pa60Ta5! O,l(HOBpCMCHHO, CCJIH CKOpOCTH BbiiiOJI

HeHII5I pa60Tbl 6pwra,n:aMII OTHOC5ITC5I KaK 3: 2? 

48. Hacoc MOJKeT BhiKaqaTb II3 6accenna ~ BO.l(hi 3a 450 c. ITpopa-

6oTaB 0,15 q, nacoc ocTaHOBIIJIC5I. CKOJihKO BO.l(hi ocTaJIOCb B 6accen
ne, eCJIH B HeM BMeii~aeTC5I 125M3 BO,l(bl? 

49. BcJie,n:cTBIIe rronhniieHII5I KBaJII1<]:mKarriiH rrpoH3BO.l(HTCJib
nocTb Tpy,n:a pa6oqero IIOBhilliaJiach ,n:Ba)K,l(hi B Teqenwe ro.n:a na o,n:no 

w TO JKe qiicJio rrporreHTOB. Ha CKOJibKO rrpm~eHTOB B03pacTaJia KaJK
.l(biH pa3 IIpOH3BO,l(IITeJibHOCTb ero Tpy,n:a, eCJIII 3a O,l(HO I1 TO JKC BpCM5I 

pa6o'"mH panhllie Bbrpa6aTbiBaJI II3.l(CJIHH na 2500 TbiC. py6., a Terreph 
na 12,36% 6oJibllie? · 

50. Pa6oqiin ,n:enh yMenhl1IIIJIC5I na o,n:Hn qac. Ha CKOJihKO rrpo

rrenToB rrpw Tex JKe pacrrenKax Bo3pocJia 3apa6oTHaJI rrJiaTa pa6oqero, 

CCJIII IIpOH3BO,l(IITeJibHOCTb ero Tpy,n:a IIOBbiCIIJiaCh Ha 20 % II OH pa6o
TaCT Terrepb 7 qacon? 

51. BhiiiOJIH5ITb neKoTopoe 3a,n:arme B35IJIHCh ,n:Be 6pHra,n:hL Ilepna5I 

6piira,n:a MOJKeT BbiiiOJIHIITh 3a,n:aniie 3a 1 q, a BTOpaJI - 3a 0,75 ::noro 

npeMenii. 06e 6piira,n:hi naqaJIII pa6oTy o,n:nonpeMenno, no qcpe3 ne

KOTopoe npeM5I rrepnaJI 6piira.n:a rrpeKpaTIIJia pa6oTy, a crrycT5I 10 MIIH 
BTOpaJI 6piira,n:a 3aKonqiiJiapa60Ty. CKOJibKO npeMenH pa60Tana rrep

BaJI 6piira,n:a? 

52. Tpii CTy,n:enqecKHX oTp5I,n:a BbiiiOJIHIIJIII pa6oTy, KOTOpaJI orrene
na B 4110 ThiC. py6Jieii. KaKyio 3aprrJiaTy rroJiyqiiJI KaJK.l(hiH oTp5I,n:, ecJIII 
rrepBblll COCT05IJI II3 15 qeJIOBeK II pa60TaJI 20 ,l(HCH, BTOpOH- II3 10 qe
JIOBCK II pa60TaJI 22 ,l(H5I, a qiiCJIO CTy,l(eHTOB TpeTbCfO 0Tp5I.l(a, pa6oTaB
l1ICfO 15 lJ:HeH, Ha 10% rrpeBbllllaJIO qHCJIO CTy,n:eHTOB BTOpOro 0Tp5I,n:a? 

53. KaJK,l(aJIII3 .n:nyx MalliHHIICTOK rreperreqaThiBaJia pyKoiiiiCb o6n

eMOM 100 CTpannrr. IlepBaJI MalliiiHIICTKa rreperreqaTbiBaJia 10 CTpa-
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HHIJ, sa TO JKC BpCM5I, sa KOTOpOe BTOpa5I nepene'IaThiBaJia 8 CTpaHHIJ,. 

Ha eKoJihKO CTpaHHIJ, B 'lac 6onhllle nepeneqaTbiBana nepBa.II MalliH

HHeTKa, eeJIH OHa 3aKOH'lHJia pa6oTy Ha 1,5 'Iaea 6nieTpee BTOpoi1? 

54. B O,ll;HOM 6accei1He HMCCTC5I 400M3 BO,ll;bl, a B ,ll;pyroM- 300M3. 

0TKpbiBaiOT KpaHbi, 'Iepe3 KOTOpblC HaiiOJIH5IlOTe5I 6aecdhrbl. l-Iepes 

CKOJibKO 'laCOB KOJIH'leeTBO BO,ll;bi B 6aeeei1HaX 6y,ll;eT O,ll;HHaKOBbiM, 

eeJIYI BO BTOpOH 6aeee}IH HaJIHBaCTCH B 'laC na 20 M3 BO,ll;bl 60JibllJC, 

'lCM B nepBbiH? 

55. Ll,n.II rrepenosKn 60 T rpysa DbiJIO saTpe6onano neKoTopoe Ko

JIH'leeTBO MaUJHH. BBHi'J:Y rroro,ll;HhiX yenonHi1, Ha KaJK.ll:YIO MalliHHY 

IIpHlliJIOeb rpySHTh Ha 500 Kf rpysa MCHhiiiC, 'ICM npe,ll;IIOJiafaJJOCh, 

II03TOMY 6biJIO ,ll;OIIOJIHHTCJibHO SaTpe6oBaHO 20% nepBOHa'laJibHOfO 

KOJIH'leCTBa MaiiiHH. KaKoe KOJIH'ICCTBO MaiiiHH rrepenosHJIH rpys? 

56. B KHHOSaJie HMCIOTe.II ,ll;BC ,ll;BCpH. Y:epes o6e ,ll;BCpH noene ce

aHCa 3pHTCJIH BbiXOi'J:RT 113 sana B TC'lCHHe 3 MHH 45 c. Ecnn spuTendi 

BbiiiYCKaTb qepes nepnyro ,ll;BCpb, TO BblXO,ll; H3 SaJia SaHMCT Ha 4 MliH 

MCHbUie, 'ICM B TOM enyqae, CCJ!l-I 3pv!TCJICH BblllYCKaTb TOJlbKO <repes 

BTopyiO. CKOJibKO npeMeHH Tpe6yeTCR ,ll;JI.II BhiXO,ll;a spnTenei1 ns KHH0-

3aJia qepes KaJK,ll;YlO ,ll;BCpb B OT,ll;CJ!bHOCTH? 

57. B 6accei1He rrpone,ll;eHhi TPH Tpy6LL TiepBM HanoJJH5leT ero Ha 

4 q .ll:OJihiiie, qeM BTopaR sa TpeTb npeMeHH, Heo6xo,ll;HMoro ,ll;JIR HanoJI

HeHIUI 6aceei1Ha TpeTbeH Tpy6oi1. I1epBa5I H TpCTb.II Tpy6hi, ,ll;CHCTBY.II 

pa3,ll;CJihHO, MOfYT HaiiOJIHHTh 6aecei1H COOTBCTCTBCHHO Sa 12 H 24 '-I. 

3a CKOJihKO 'laCOB HaiiOJIHHTCH 6accei1H, CCJIH Bee Tpy6ni 6y.ll:yT ,ll;e:i:ic

TBOBaTb O,ll;HOBpeMCHI-10? 

58. Ha i'l:BYX craHKax Tpe6onaJIOCb o6pa6oTaTh no 150 ,ll;eTaneii, 

IIpH'ICM Ha BTOpOM HS HHX o6pa6aTbiBaJIH B 'laC Ha 5 ,ll;CTaJICH MCHb

IIIe, 'IeM Ha rrepnoM. Ha BToporvt cTaHKe pa6ora 6nrna uaqara na 1 q 

paHbliiC, 'ICM Ha nepBOM, H, KpOMC TOfO, Ha nepBOM CTaHKC OHa 6niJia 

rrpepnana Ha 30 MHH. 0,ll;HaKo na o6onx eTaHKax pa6ory BhiiiOJIHHJIH 

K Oi'J:HOMY H TOMY JKe cpoKy. CKoJibKO i'J:CTaJiei1 o6pa6aThiBaJIH sa 'lac 

,ll;Ba CTaHKa? 

59. HeKoropoe nemecTno rrpa cymKe yMeHbiiiaeT cnoro Macey i'J:O 

200 r<r H co,ll;epJKHT rrpH 3TOM 75% BO.ll:bL KaKyro nepnoHa'-IaJihHyro 

Macey MMCJIO BCIIICCTBO, eeJIH OHO eO,ll;CpJKaJIO 85 % BO,ll;bl? 

60. MopeKM BO,ll;a eo,ll;epJKMT 5% COJIH no Macee. K 30 Kr MopeKoi1 

BO.ll:hi ,ll;o6anHJIH 70 Kr npecHoi1. Onpe,ll;eJJHTe r<ouu,enTpau,MIO eoJIH B 

IIOJiyqeHHOM paeTBOpe. 

61. CneJKMe rpH6nr eo,ll;epJKaT no Macce 90% no.n;nr, a cyxHe- 10 %. 

CKOJihKO rrony'IHTC.II cyxux rpH6oB us 40 Kr CBCJKHX? 
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62. J1MeeTC5I KYCOK CTIJiaBa MeAH C OJIOBOM o6rn:ei1 MaCCOH 12 Kr, 
COAep:JKarn:nH. 55 % oJiona. CKOJihKO 'fMCToro oJioBa Heo6xoAIIMo A0-
6aniiTb K 3TOMY KycKy cniiana, 'IT06nr rroJiy•rermorH. HOBbiH crrJiaB co-
Aep:JKM 60 % OJIOBa? . 

63. CrrJiaB MeAII c cepe6poM COAep)KHT MeAII Ha 1845 r MeHniiie, 'feM 
cepe6pa. EcJIH 6or K HeMy Ao6aBIIJIH HeKOTopoe KOJIII'feCTBO 'fiiCToro 
cepe6pa, Macca KOToporo .cocTaBJIRe1' TpeTh MaCChi 'fiiCToro cepe6pa, 
rrepBOHa'faJibHO COAep)Karn:erOCR B CIIJiaBe, TO IIOJIY'IIIJICR 6or HOBbLH 
crrJiaB, coAep)Karn:r:rii 16,5 %MeAM. KaKona Macca cnJiaBa? 

64. TiocJie yAaJieHr:rR II3 PYAhi 200 Kr npnMeceii, coAep:JKaiJJ:IIX B 
cpeAHeM 12,5% :JKeJie3a, B ocTaBIIIeilc.a pyAe COAep)KaHr:re :JKeJie3a rro
BhiCMJIOCb r:ra 20% II cocTaBHJIO 187,5 Kr. KaKoBa Macca PYAni? 

Om6embl: 1. 8,25: 2. Ha 22 II. 3. 300 ra. 4. 185 cTaHKOB. 5. 270. 

6. Ha 6,09 %. 7. 
2
3
0 

BKJiaAa. 8. ~~ = i~. 9. 
2
8
1 

. 10. Ha 380 %. 11. 16, 

20 II 12 IIIapOB. 12. 105, 135M 175 KM. 13. 20 OAH03Ha'fHhiX, 8 ABY3-
Ha'fHblX M 4 TpeX3Ha'fHbiX. 14. 2330 TblC. py6. 15. 630 Jl. 16. 35. 17. 5 
HJIII 3. 18. 7. 19. 54. 20, 71. 21. 32. 22. 5. 23. 112. 24. 48. 25. 9 II 25. 

26.21KM/'f.27.60KM.28. -2a+~4a2 +a II 2a+¥;;; JI.29.20 

H 60 KM. 30. 56 KMj'I. 31. 48 KMj'I. 32. 6'! II 10'f. 33. 120 KM/'f. 

, 5 -s+sm s+sm 34. 88 KM/ I. 3 . 
2 

M 
2 

KM/'f. 36. 84 KM. 37. 4 KM/'f. 

J25+40s -5 a(3-.J5) a( .J5 -1) 
38. 

2 
KMj'I. 39. 

4
t II 

4
t KMj'I. 40. a(a-b) 

35 5 l(a+b) 
M b(a-b) KMjq. 41. 10 o6opoTOB. 42. -

2 
M. 43. -

6 
KMj'I. 44. 

2 
b 

l(a-b) 7t a 
II 

2
ab MjC. 45. 23 KMj'I. 46. qepe3 3 'I 20 MIIH. 47. 3a 12 'f. 

48. 25M3. 49. Ha 6 %. 50. Ha 5 %. 51. 20 MMH. 52. 1800 Torc.; 1320 Tbrc.; 

990 Torc. py6. 53. Ha 3~ cTpaHII1IhL 54. qepe3 5 'f. 55. 24 MaiiiHHhi. 

56. 6 H 1() MIIH. 57. 3a 4 'f. 58. 45. 59. 333~ Kr. 60. 1,5 %. 61. 4~ Kr. 

62. 1,5 Kr. 63. 3165 r. 64. 0,5 T. 
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KoHTponbHbllll Tecr 

N!! 3aLt;aHIUI BapuaHTbiOTBeTOB 

UII¢pa .n:ec5ITKOB .n:sy3HaqHoro qiicJJa Ha 
1) 81; 

3 6oJJbrue UI-rcppbi ero e,n:IIHHU. EcJJII rrpo-
2) 36; 

1 
n3Be,n:eHne ;noro qncJia n q11cJJa, rroJiy-

3) 25; 
qeHHoro oT nepecTaHOBKH ero r~a¢p, pas-
HO 57 4, TO KBa,n:paT I1pOH3BC,[(CHH5! UH<!Jp 

4) 9; 

qacJJa paseH 
5) 16. 

EcJm rrpon3Be,n:eHMe ua¢p ,n:sy3naqHoro 
1) 8; 

qncJJa Ha 45 Menbrue qiicJJa, IlOJJyqennoro 
2) 9; 

2 
B pe3yJJbTaTe nepecTanoBKH ero ua¢p, TO 

3) 10; 

cyMMa uncpp :noro qncJia pasHa 
4) 7; 
5) 5. 

BeJIOCHIIeAHCT AOJJ)KCH rrpoexaTb rryTh H3 
rryHKTa A s rryHKT B 3a orrpeLt;eJJeHHbiH 1) 24 KM; 
cpoK. EcJin on 6y,n:eT exaTh co cKopoCTbiO 

2) 45 KM; 
12 KMjq, TO OII03Lt;aeT na 0,5 qaca, CCJIH )KC 

3 
OI-l noe,n:eT CO CKOpOCTh!O 15 KMjq, TO rrpn-

3) 30 KM; 
4) 89 KM; 

e,n:eT Ha 12 MMHYT panhrue naMeqenHoro 
5) 42 KM. 

cpoKa. OnpeACJJMTe paCCT05IH!1e MC)KAY 
nynKTaMn A II B. 

)lsa aBTOM06HJI5! OAHOBpeMCHHO HaqaJIH 
fOHKM C OLt;HOfO CTapTa M B OAHOM na-
npaBJJCH!111. I1epBblll CTapTOBaJI CO CKO- 1) 89 KMj'I; 
pOCTblO 80 KMjq, BTOpOtl ·- 60 KMjq, qe- 2) 90 KMjq; 

4 pe3 IIQJiqaca C TOfO )K€ CTapTa M B TOM )Ke 3) 95 KMjq; 

HanpaBJJCHHH CTapTOBaJI TpeTHll fOHIL(HK. 4) 100 KMjq; 

HaiiAHTe cKopocTb TpeTbero roHIL(HKa, 5) 115 KMjq, 
ecJIH H3BeCTHO, qTo on Lt;oruan nepsoro na 
1 qac 15 MHHYT II03)Ke, qeM BToporo. 

I1oe3A AJJHHOH 160M IIpOXOAHT MHMO CBe- 1) 320M;. 2) 210M; 

5 To¢opa 3a 8 c, a MHMO nJJaT¢opMbi - 3a 3) 390M; 4) 400 M; 
28c. KaKyio .n:mmy HMeeT TIJiaTcpopMa? 5) 550 M. 

330 



BapnaHThlOTBeTOB 

6 

CTo5I Ha CTyneHhKax ,ll,BIDKymeroc5l ::~c

KaJiaTopa, nacca:)lmp crrycxaeTc5l mm3 

3a 56 c. Ecmr oH noi1:,11,eT no Herro,ll,BIDK

HoMy 3CI<aJiaTopy C TO}i JKC CI<OpOCThiO, TO 

CIIYCTJITC5l BHII3 3a 42 C. 3a I<aKOC BpCM5l 

naccaJKHp MeTpo crrycxaeTC5! no ,ll,BHJKy

meMycH 3CI<aJiaTOpy? 

1) 24 c; 
2) 23 c; 
3) 10 c 
4) 17 c; 
5) 19 c. 

r---r--------------------------------r--------------~ 
113 ropo,11,a A B ropo,11, B BhiilleJI rre!llexo,ll,, 

a qepe3 2 qaca nocJie ero BhiXO,ll,a II3 ro-

po,ll,a B Bhrexan eMy HancTpeqy BeJiocw

ne,ll,HCT. K MOMCHTY BCTpeqJI rrelllexo,ll, 1) 1 q; 

nporneJI TpeTh rrynr OT A ,11,0 B. EcJIH 6hi 2) 2 q; 

7 BCJIOCIIIIC,ll,HCT BhiCXaJI He 'ICpC3 2, a 1IC- 3) 2 q 10 MIIH; 

pe3 4 qaca IIOCJIC BhiXO,ll,a IICIUCXO,ll,a, TO 4) 1 q 15 MHH; 

K MOMCHTY BCTpC'IH DelllCXO,ll, IIpOillCJI 5) 45 Ml!H. 

8 

6hi rroJionnHy rryTJI oT A ,11,0 B. 3a I<ai<oe 

BpCM5! BCJIOCIIIIC,ll,JICT rrpoe3JKaeT rryTh 

OT B /l.OA? 

,l],Be TOqKll ,ll,BHIKYTC5l 110 ,ll,BYM 0Kpy:)l<:HOC

T5!M, pa/l.HYChi KOTOpbiX OTHOC5ITC5! I<aK 

1: 6 . HaH,ll,JITe cpe,ll,nee apwpMCTIILJecxoe 

CKOpOCTCH ,ll,BHIKCHH5l 3THX ToqeK, CCJill 

3a 10 C TOqKa, ,l(BHJKYmaHC5I IIO 6oJiblllOH 

OKPYIKHOCTJI, rrpornJra na 2 M 6oJihrne 

II COBCpllliiJia IIpH 3TOM B 5 pa3 MCHblllC 

o6opoToB. 

,l],Ba 3aBO,ll,a B35!JIIICb BhiiiOJIH5ITh 3aKa3 

1) 2M; 
2) 1,8 M; 
3) 1,5 M; 
4) 1,1 M; 
5) 0,95 M. 

3a 12 ,ll,HCH. qepe3 ,ll,Ba ,ll,H5l 3aBO,ll, A 6biJI 

3aKpbiT Ha peKOHCTpyKUIIIO II B ,ll,aJihHCH- 1) 15; 
IllCM Ha,ll, Bbll10JIHCHIICM 3aKa3a pa60TaJI 2) 17; 

9 TOJihKO 3aBO,ll, B. 3na5l, qTo npoH3BO,ll,H- 3) 20; 

TCJihHOCTb 3aBo,ll,a B cocTaBJIHCT 66~ % 4) 21; 
oT npoii3BO,ll,IITCJihHOCTH 3aBo,ll,a A, onpe- 5) 32. 
,ll,CJiliTC ,ll,OIIOJIHHTCJibHOC BpCMJI, neo6xo-

,ll.HMOC 3aB0/1.aM /1.Jl5! BbiTIOJIHCHH5l 3aKa3a. 
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N2 3a.n;amm BapHaHTbl OTBCTOB 

Bhrpa6oTKa rrpo.n;yKIJ.HH sa Ka%,[(hiH ro.n: 1) 4; 
pa6oTbr rrpe.n;rrpH51TH51 BospacTaJia Ha 4 %. 2) 8; 

10 Ha CKOJihKO rrpou.eHTOB BospocJia Bhrpa- 3) 8,16; 
6oTKa rrpo.n;yKIJ.HH sa l]:Ba ro.n:a pa6oThi 4) 16; 
rrpe.n;rrpH51TH51? 5) 9,5. 

Bhrpa6oTKa rrpOAYKU.HH sa ro.n: pa6oThi 1) (100-.JlS) %; 

rrpe.n;rrpH51TH51 BospocJia Ha 4'%, a sa cJie- 2) 78 %; 

11 .n;yrolll,HH ro.n: oHa yBeJmqHJiach Ha 8 %. 3) 22 %; 
Halil]:HTe cpe.n;HHH e%ero,[(HhiH rrpHpocT 4) 12.J78 %; 
rrpo.n;yKIJ.HH sa STOT rrepno.n;. 

5) (12.J78 -100}% 

B Haqa.n:e ro.n;a B c6ep6aHK Ha KHH%KY 
6hiJIO BHCCCHO HCKOTOpoe KOJinqeCTBO 1) 1000 py6.; 
,[(CHer, a B KOHll,C ro.n;a 6biJIO B351TO o6paT- 2) 2000 py6.; 

12 HO 882 py6JI51. EIIIe qepes ron Ha KHH%Ke 3) 1550 py6.; 
CHOBa oKasa.n:ocb 882 py6JI51. CKoJihKO .n:e- 4) 1640 py6.; 
Her 6biJIO BHCCCHO Ha KHH%Ky B c6ep6aHK, 5) 2010 py6. 
ecJin c6ep6aHK HaqncJIHeT B ron 5 %? 
CJiaB soJioTa c cepe6poM, conep%aiiJ.HH 1) 108 r; 
120r cepe6pa, crrJiaBJieH c 100 r quCToro 2) 80 r; 

13 soJioTa. B pesyJihTaTe conep%atme soJio- 3) 113 r; 
TaB crrJiaBe rroBhiCIIJIOCh Ha 20 %. CKOJih- 4) 45 r; 
KO 30JIOTa 6hiJIO B CIIJiaBe? 5) 100 r. 

K pacTBopy, co.n;epJKalll,eMy 40 r coJIH 1) 200 r; 
II 160 r BO,[(hl, no6aBHJI11 Bony, IIOCJie ~Iero 2) 165 r; 

14 KOHll,CHTpall,H51 paCTBOpa yMCHhiiiHJiaCb 3) 150 r; 
Ha 10 %. CKOJihKO BO,[(bl no6aBIIJIH B pac- 4) 120 r; 
TBOp? 5) 115 r. 

OmBembt 

HoMep 3a;:J;aHIUI 1 2 3 4 5 6 7 
HoMep rrpaBIIJibHoro 

5 2 5 4 4 1 2 
OTBeTa 

HoMep 3a,naHH51 8 9 10 11 12 13 14 

HoMep rrpaBIIJihHoro 4 1 3 5 4 2 1 
OTBeTa 
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22 nnAHIIIMETPIIIs:l 

11JraHHMetpHeii Ha3biBaiOT pa3.II:C.TI fCOMCTpHH, B KOTOpOM H3yqa
IOT cnoi:iCTna cpnryp, pacnOJIO)KeHHhiX B o.n:noil TIJIOCKOCTH. Ocnon
HhiMH fCOMetpHqeCKHMH qmrypaMH Ha TIJIOCKOCTH 5IBJI5IIOTCH mottl<:a 
H np5waJZ. 

22.1. Yrnbl 111 npSlMble 

qaCTb IIpHMOII JIHHHH, orpaHWICHHa5I C O.ll:HOH CTOpOHbi l1 Heorpa
Hll'ICHI-IM c .n:pyroil:, ua3hmaetc5I noJtynpmwii HJIH JtyttoM. 11oJiynpH
Mhre npHMOII a, Ha Kotophre ana pa36Hnaetc5I toqKoi1 A, Ha3hiBarotc5I 
.II:OTIOJIHHTCJibHbiMH. qaCTb np5IMOII JIHHHH, orpaHHqeHHaH C .II:BYX CTO
pOH, ua3bJBaetc5I ompe3KOM. 

Yuw.ilt na3hiBaetc5I cpurypa, o6pa3onauua5I .II:BYMH JiyqaMH, Hcxo.n:5I
Il(HMH H3 O.II:HOH TOqKH (pH C. 22.1 ). 3Ty TQqKy Ha3biBaiOT Bepunmoi:i 
yrJia (toqKa 0), a JIY'IH- ctopmraMH ynra (Jiyqn OA H OB). 

OL A 0 B 

Puc.22.1 Puc. 22.2 

YroJI ua3hiBaetc.H pa3aepuymbLilt, ecJIM ero ctopoHbi HBJI5IIOTC5I .n:o
TIOJIHHTeJihHbiMH np5IMbiMH o.n:uoil np5IMOII. Ha p11cynKe 22.2 yroJI 
AOB pa3nepnyThiH. 

Ocuonnoi:i e,n,nniiu;ei1H3Mepenii5I yrJioB 5IBJI.HCTC5I yroJI n owm rpa-

,n,yc ( o603naqaetc.H 1° ), panHbiH 
1 
~O qacTM pa3nepnytoro yrJia. 

Pa3aepuymbtii yzo!l paaeu 180° . 
Hap.H,n,y c rpa,n,ycnoi:i Mepoi:i yrJia ynotpe6JI5IeTC5I H pa,n,Manna5I 

Mepa. O,n,Hn paauau paneH 
180 

rpa.n:ycon. 
1t 

)l,na yrJia Ha3hJBaiOTC5I CJiteJICHbLiUU, CCJIII y HHX O,ll,Ha CTOpOHa o6-
Il(a5I, a ,ll,BC ,n,pyrMe CTOpOHbl 9THX YfJIOB 5IBJ15IIOTC5I .II:OTIOJIHHTCJibHbiMH 
noJiynp5IMhiMH. Ha pHcynKe 22.3 yrJihi AOC H BOC 5IBJI5IIOTC5I CMe)K
HhiMH. Cy.~~tMa cMeJICHbtX ymoa paaua 180°. 
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DpHMhiM yrJioM na3hiBaeTc5I yroJI, paBHhiH 90° (pHc. 22.4). 

L AL 
A 0 B 0 B 

Puc.223 Puc.22.4 

L{Ba yrJia Ha3biBaiOTC5I 6epmU7<:allbllbl.MU, eCJIH CTOpOHbi OtJ:HOfO 

yrJia 5IBJI5IIOTC5I tJ:OTIOJIHHTeJihHhiMH noJiynp5IMhiMII cTopoH JI:pyroro. 

Ha piicynKe 22.5 yrJihr AOC H DOB- BepniKa.l!bHhre. BepmuKGJLbHbte 
yzllbt paBHbt. 

a 

A B 

b 

Puc. 22.5 Puc.22.6 

B3aUMHOe pacnoJto:JtCenue npRMbtX 1-ta nJlocKocmu 
L{Be np5IMbre na TIJIOCKOCTII MoryT rrepeceKaTbC5I, 6hiTh rrapanJieJih

HhiMH, HJIH COBIIatJ:aTh. 

B pe3yJihTaTe nepece'!eHH5I JI:BYX np5IMhiX noJiylJaeM ti:Be rrapbi Bep

THKaJihHhiX yrJIOB: yrJihi AOC H BOD, AOD H BOC Ha pucyHKe 22.5. 
Dp5IMhre, KoTopbre nepeceKaiOTC5I noti: rrp5IMhiM yrJIOM, Ha3hmaroT

C5I B3aHMHO nepneHti:HKYJI5IpHbiMII: IIp5IMbie Q H b Ha piiCYHKe 22.6. 
LJepe3 Ka:>Kti:YIO TOlJKY np5IMOH MO:>KHO npoBeCTH TOJibKO OJI:HY nepneH

tJ:HKYJI5IpHyro K HeM npaMyiO. 

Dp5IMbie, KOTOphie He nepeceKaiOTC5I, Ha3biBaiOTC5I napanJieJihHbi

MH. qepe3 Ka:>K,ZJ;YIO TOlJKY IIJIOCKOCTII MO:>KHO npoBeCTH npHMyiO, na

panJieJibHYIO tJ:aHHOH np5IMOH, H rrpHTOM TOJibKO OJI:Hy. 

EcJIH JI:Be napanJieJibHbie np5IMbre AB H CD nepece'!b TpeTheli np5I-

C D MOM AC (ceKyllleli), To npii aTOM noJiy-

A 

Puc. 22.7 
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lJHM ,ZJ,Be rrapbl BHyTpeHHHX O,ll,HOCTOpOH

HHX H JI:Be napbl BHyTpeHHHX HaKpeCT 

Jie:>KaiiiHX yrJIOB. 

B Ha pHCYHKe 22.7 yrJihi 

H CKL, a TaK:>Ke yrJihi 

ALK 
BLK 



n DKL BHyTpermne o,n:HocTopoHHHe, a yrJihi ALK n DKL, 
a TaK%e yrJihi BLK n CKL BHyTpeHmre HaKpecT Jie%aiiiHe. 

HaKpecT Jie%aiiiHC yrJihi paBHhi ( .Li = .L2 H .L3 = L4 Ha pHcyH

Ke 22.7), a cyMMa BHyTpemmx o,n:HOCTopoHHI1X yrJIOB paBHa 180° 
( .L1 + L3 = 180° n .L2 + .L4 = 180° Ha pncyHKe 22.7). 

Ilpu3uaKu napaJlJleJZbHocmu npHMbtX: 
1) CCJII1 IIp51.Ma51. C rrapaJIJICJihHa IIp51.MbiM a 11 b, TO IIp51.MblC a II b 

rrapaJrJieJihHhi; 

2) ecJIII BHyTpeHH11e HaKpecT Jie%alll,11e yrJibi rrpRMhiX a H b c ce

Kyu~eH. c paBHhi 11JIH cyMMa BHyTpeHHHX o,n:HOCTOpOHHHX ynroB paRna 

180°, TO npRMhiC a II b rrapaJIJICJibHbi. 

22.2. MHoroyroJlbHit1K 

MHozoyzoJZbllUKOM A1A2 .. .A17 
Ha3biBaeTC51. cpnrypa, cocTOHIIIaR H3 TO

'"ICK A1, A2, ... , A17 11 coe,n:HHHIOIIIHX ux oTpe3KOB A1A2, A2A3, ... , A17 A1 . 

To'IKH A1, A2, ... , ~ Ha3hiBaiOT eepwwwAw MHoroyroJihiiiiKa, a oTpe3-

KH A1A2, A2A3, ... , ~A1 - ero cmopouaAtu. LI:Be BepmHHhi Ha3hiBaiOTCH 

C.Me:J/CilblAIU, CCJJH OHII COCJJ:HHHIOTCH CTOpOHOH MHOroyroJibHHKa. 

}JuaWilaJlblO MHOroyrOJibHHKa Ha3biBaiOT OTpC30K, C0Cll,IIH5J.IOIIIHH 

JJ:BC HCCMC%Hb!C BCpiiiHHbl. 

MHoroyroJihiU1K Ha3hiBaeTcR BbtnYJUZbLM, ecJIH on pacnoJio:>KeH B 

Oll,HOH IIOJIYIIJIOCKOCTH OTHOCHTCJihHO IIpRMOH, co,n:ep%aiiiCH JII06yro 

ero CTOpOHy. 

CyMMY Bnympeuuux YlJZ06 rrpoH3BOJihHoro BhmyKJioro MHoro

yroJibHHKa HaXOll,RT ITO cpopMyJre 517 = 180° · ( n-2) , f,n:C n -· 'IHCJIO 

CTOpOH (yrJIOB) MHOroyrOJibHHKa. 

JiepUMempoM MHOfOYfOJibHHKa Ha3biBaiOT cyMMY JJ:JIHH BCCX ero 

CTOpOH. 

MHoroyroJibHHK na3biBaeTCR npaBWZb1lbLAt, ecJIH Bee ero cToponhr 

paBHhi 11 Bee ero yrJihi paBHbi. 

22.3. CooTHOWeHit1s:t Me>K.QY cTopoHaMit1 

lt1 yri18Mit1 B TpeyrOJlbHIIIKe 

CyMMa YlJZ06 JII06oro TpeyroJibHHKa paBHa 180° . 
Jbo6M CTOpOHa TpeyrOJibHHKa MCHbiiiC CYMMbi ll,JIHH JJ:BYX ,n:pyrHX 

ero CTOpOH. 

1. PaccMOTpHM npaMoyroJihHhiM TpeyroJibiiHK: a H b - KaTeTbi, 
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c - nmoTeHy3a, a- oCTpbiH yroJI (pHC. 22.8). 
Teope:~~w Iluc]Jmopa. Kaa11.paT rMrroTeHy3bi TpeyroJihHHKa paBeH 

CYMM€ KBa,rJ.paTOB ero KaTeTOB: c2 = a2 +b2. 
CoomnouteHUR MeJICoy cmopoua:Mu u yutaMu B rrp5!MoyroJihHOM 

TpeyroJibHHKe: 

1) sin a=!!:. ( OTHOIIIeHMe npoTHBOJie:>Kamero KaTeTa K nmOTeHy3e ); 
c 

2) COS a=!!_ ( OTHOIII€HM€ npMJI€)Kaiiiero KaTeTa K fMI10TeHy3e ); 
c 

· 3) tga =I; ( OTHOIII€HM€ I1pOTMBOJI€)Kaiii€fO KaTeTa K npHJie:>Ka

III€My). 

4) €CJIM KaTeT JI€:>KHT rrpOTMB yrJia 30°, TO OH paBeH TIOJIOBHHe fM

TIOT€HY3bl. 

b 

a 

Puc. 22.8 

~ 
a 

Puc.22.9 

2. PaccMOTpMM KocoyroJibHbiH TpeyroJibHHK: a, b, c - cTopoHbi, 

(X, p, y - npOTMBOJI€)KaiUH€ HM yrJibl (pH C. 22.9). 
Teope:~~ta KocuuycoB. Kaa,rJ.paT mo6oi1 cTopmlbl TpeyroJibHHKa pa

BeH cyMMe KBa.ZJ;paTOB ,rJ.Byx 11.pyrHX cTopon 6e3 Yl'l.BOennoro npoH3Be

.ZJ;eHM5! 3THX )I(€ CTOpOH Ha KOCMHYC yrJia M€:>K.ZJ;y HMMM: 

a2 = b2 + c2
- 2bc cos a . 

Teope:Ma cuuycoB. CTopoHhi TpeyroJihHHKa nponopuMoHaJibHhi 

CMHycaM I1pOTI1BOJI€)Kalll,MX 11M yDIOB: 

a b c 
--=--=--· 
sina sinf3 siny 

22.4. f1l11HIIIIt1 B TpeyronbHVIKe 

1. EucceKmpucou TpeyroJibHMKa na3brsaeTc5! OTpe3oK 6McceKTpMchi 

BHyTpeHHero yrJia TpeyrOJihHMKa, 3aKJIIO'I€HHhlll M€:>KJW BepiiiMHOH 

TpeyroJihHMKa M TOqKOH nepece'I€HH5! 6MCC€KTpMChi yrJia M CTOpOHbl 

TpeyroJI.f>HMKa. 
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C6oucm6a 6ucce~empucbt mpeyzoJlbHUJca: 
1) rpu 6ucceKrpucbi rpeyroJibHHKa nepeceKaiorcn B O,Zl,HOH roqKe, 

5lBJI5llOII(eHC5ll,eHTpOM OKpyJKHOCTH, BllHCaHHOH B rpeyrOJibHHK; 
2) 6HcceKrpuca ,ZJ,eJIHT cropoHy rpeyroJihHHKa Ha orpe3KH nponop

a b 
U:HOHaJihHI>Ie ,n:ByM .n:pyrnM ero cropoHaM ( - =- Ha pnc. 22.1 0). 

c d 
2. Medumwu rpeyroJibHHKa Ha3biBaercn orpe30K, coe,n:mi5IIOII1HH 

Bepnnmy rpeyroJibHHKa c cepe,n:nHOH npornBoJieJKaii(eH cropoHbi. 
CeoucmBa MeouaHbt mpeyzoJlbHUKa: 
1) Me,ZJ,HaHa ,ZJ,eJIHT rpeyrOJibHHK Ha ,ZJ,Ba. paBHOBCJIIIKHX ( HMeiOII(HX 

paBHble llJIOII(3,Zl,H) rpeyrOJibHI1Ka; 
2) Me,n:naHbl TpeyrOJibHHKa nepeceKaiOTC5l B O,Zl,HOH ToqKe H ,li;CJI5ITC5l 

:=JTOH roqKOH B OTHOlliCHHII 2.: 1, cqiiTa5l OT BCplliHHhi; 

3) ecJin Me,ZJ,nana npoBe,ZJ,eHa K rnnoreny3e, ro ona paBna noJioBnHe 
nmoreny3hr. 

3. Bbtcomou rpeyroJihHnKa Ha3biBaeTc5l orpe3oK nepnen,n:IIKYJI5I
pa, orryii1eHHoro H3 Bepn;:nnhi rpeyroJII>HnKa Ha rrpornBoJieJKaii(yro 
cTopoHy. 

CBoucmBa Bbtcombt mpeyzoJlbHUKa: 
1) ecmr Bbicora npoue.n:ena H3 BeprnHHhi paBHo6e.n:peHnoro Tpey

roJihHHKa Ha ero ocnouanne, To on a 5lBJI5leTc5l TaK JKe 6ncceKrpncoJ:I n 
Me,ZJ,nanoH. aroro rpeyroJibHHKa; 

2) ecJIH Bhrcora rrpoue,a:ena n3 BeprnnHhi np5IMoro ynra rpeyroJib
HIIKa K rHIIOTCHy3e, TO OHa 5lBJI5leTC5l cpe,n:HHM reoMeTpnqecKHM npoe-

KUHH KareToB na runoreny3y: h = .Jac A (p11c. 22.11 ). 
3) ,li;Jl5l BC5lKOrO TpeyrOJibHHKa 3aBHCHMOCTb MC)l<,ll;y ero BbiCOTaMH 

ha, hb, he 11 pa,n:11ycoM BllHCannoH: OKPYJKHOCTH r BbipaJKaerc5l ¢opMy-

JIOH j_+j_+l_=.! 
ha hb he r 

b 

a 

Puc.22.10 Puc.22.11 
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22.5. CllopMyilbl Ailfl Bbl\.fLilcneHLilfl nno~aALII 

TpeyronbHit1Ka 

)lJI5l Bbl'IHCJieHI15l IIJIOllJa,ll.H TpeyrOJibHHKa MOJKIIO IIpHMeH5!Th 

O,ll.Hy H3 CJie,n:yiOW)1X cpopMyJI: 

.J3a2 
1) 5 =-·

4
-, r,n:e a- CTOpOHa paBHOCTOpOHHero TpeyrOJihHHKa; 

1 2) 5 = 2aha, r,a:e a- CTOpOHa, ha- BhiCOTa, rrpoBeP,eHHa5l K CTOpo-

He a npOH3BOJihHOfO TpeyrOJihHHKa; 
1 -

3) S = 2ah, r;a,e a 11 b- KaTeThi rrp>IMoyroJibHoro TpeyroJihHHKa; 

4) S = ~absin a, r;a,e a H b - cTopoHhi, ~- yroJI MeJK;a,y HHMH rrpo

H3BOJibHOro TpeyrOJibHHKa; 

5) cpopMyiia fepoHa: S = ~p(p-a)(p-b)(p-c), r;a,ea, b, c- cTopo-

Hhi, p - IIOJiyrrepHMeTp IIpOH3BOJihHOfO TpeyrOJihHl1Ka I1 p =a+~ +c . 

22.6. nplt13H8KLII paBeHCTB8 LIJ nOA06LIJfl 

TpeyrOflbHLIJKOB 

)lBa TpeyroJihHHKa paBHbl, eCJili BbillOJIH51eTC51 OP,HO H3 CJie,ll.yro

ll1HX ycJIOBHH: 

1) ,a:Be CTOpOHbl I1 yroJI, 3aiOIIO'IeHJ-IbiH MeJK;a,y HHMII, OP,HOfO Tpe

yrOJibHliKa COOTBeTCTBeHHO paBHbl P.BYM CTOpOHaM II yriiy ;a,pyroro 

TpeyroJihHIIKa; 

2) ,n:Ba yrJia 11 rrpuiieJKauraH K HI1M cTopoHa o,n:Horo TpeyroJibHIIKa 

COOTBeTCTBeHHO paBHbi P.BYM yrJiaM I1 CTOpOHe ;a,pyroro TpeyrO.l!b

HI1Ka; 

3) TpH CTOpOHbi O,ll.HOfO TpeyrOJibHHKa COOTBeTCTBeHHO paBHbi 

TpeM cTopoHaM ;a,pyroro TpeyroJibHIIKa. 

)lBa TpeyrOJibHHKa noao6Hbl, eCJIII: 

1) ,n:Be CTOpOHbi O,ll.HOfO TpeyroJihHIIKa nponop~HOHaJihHbi P.BYM 

<:TOpOHaM ,n:pyroro TpeyrOJibHHKa, a yrJibi, 3aKJIIOLJeHHbie MeJK,ll.y COOT

BeTCTBeHHbiMH CTOpOHaMI1, paBHbi; 

2) ,n:Ba yr11a o,a:uoro TpeyroJibHIIKa paBHhi P.BYM yrJiaM ;a,pyroro; 

3) TPI1 cTopoHhi o;a,lioro TpeyroJihHI1Ka nporrop~noHaJibHbi TpeM 

cToponaM ;a,pyroro. 

flll014aau noao6HbtX mpeyzollbHUKOB (MHoroyrOJibHliKOB) nponop

~HOHaJibHbi KBa;a,paTaM HX COOTBeTCTBeHHbiX JIHHHH. 
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22.7. l-ieTblpexyronbHliiKlll 

1. JlapaJZJWJZOlpa.M.MO.M I-Ia3biBaCTCJ! cJCTbipexyrOJibi-IHK, y KOTOporo 

rrpoTHBOJie:>Kall(He CTopOI-Ihi rrorrapno rrapaiiJieJihHhi. 

PaccMoTpHM rrapaJIJieJior-

paMM: 

a, b - CMC:>KHbiC CTOpOHbi, ha -
BbiCOTa, rrpOBCll,CI-IHaJ! K CTOpOHC 

a, a- ocTpbiH yroJI, d1, d2 - JJ:Ha

roHaJIH, <p - yroii Me:>KJJ:Y JJ:Haro

naJIJIMH (pHC. 22.12). 

C6oiicm6a napaJLJLeJLozpa.M.M.a: 
1) IIpOTHBOJIC:>Kall(HC CTOpOHbi rrapaiiJICJIOrpaMMa paBHhi; 

2) rrpoTHBOJie:>Kall(He yriihi rrapaJIJieJiorpaMMa paBHhi; 

3) JJ:HaronaJIH rrapa!IIIeJiorpaMMa JJ:CJIJITCJI ToqKm'I rrepeceqemm 

rronoJiaM; 

4) cyMMa KBaJ.(paTOB JJ:HaronaJieil napaJIJieJiorpaMMa paBHa cyMMe 

KBaJJ:paToB JJ:IIHH Bcex ero CTopon: df + di_ = 2a2 + 2b2 
. 

Ibwm,adb napaJZJZeJZozpaM.M.a MO:>KI-IO BhiqHCJIHTh no OJJ:HOH H3 

¢opMyJI: S =aha; S = absina; S =~d1d2 sin<p. 

IlepuM.emp napaJZJZeJZozpaM.Ma MO:>KHO BhJqHCJIHTh no ¢opMyJie 

P=2·(a+b). 
2. Po.M6o.M Ha3hiBaeTcJI napaiiiienorpaMM, Bee CTopoHhi KOToporo 

paBI-Ihi. 

PaccMOTpHM poM6: a - cTopona, a - ocTpbiH yroJI, h - BhiCOTa, 

d1, d2 - J.(HarOHaJIH (pHC. 22.13). 

PoM6y rrpHcyll(H Bee CBOHCTBa rrapaJI

JienorpaMMa l1 CJICJJ:YIOII(He CIICIJ.HaJibHhie 

C60UCm6a: 
1) J.(HaronaJIH poM6a B3aHMHO rreprren

JJ:HKY.7IRpHhi; 

2) J.(HaroHaJIH poM6a 51BJI5IIOTC51 6HC

CCKTpHCaMH ero BI-IyTpei-II-IHX yrJIOB. 

Puc. 22.13 

IlepuMemp poM6a _Mo:>Kno BhJqncnHTh no ¢opMyne P = 4a . 
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/!Jwm,adb p0.!1-t6a MO:>KHO Bbi'IHCJII1Tb ITO O)J,IfOH 113 QJOpMyJI: 

S = ah ; S = a2 sino:; S = ~d1d2 . 
3. IIpn.MoyzoJLbHUKOJll ria3hiBaeTc5I napaJIJieJiorpaMM, y KOToporo 

BCe yrJihl IIp5IMbiC. 

a 

Puc. 22.14 

PaccMoTpMM np5IMoyroJibHHK: a, b -· 
CMe)KJihie CTOpOHbi, d1 = d2 )J,HafOHaJIH, 

<p- yroJI Me)!{)J,y AHaronaJI5IMH (pnc. 22.14). 
IT p5IMoyroJiblUIKY npHCYIIIH Bee cBoi1CTBa 

napaJIJieJiorpaM!\Ia. 

IIepuMemp npRMoyWJLbllU1<:a Mo:>KHO Bhi<IHCJIHTh no ¢opMyJie 

P=2·(a+b). 
IIJLom,adb npRJJ.WYWJlbllUKa MmKno Bhi<II1CJII1Th no O)J,HOH 113 ¢op

MyJI: 

S = ab ; S = ~ d1d2 sin <p. 

4. Kea3pamoAt na3biBaeTc5I rrp5IMoyroJibHMK, y KOToporo Bee cTo-

pOHbl paBHbl. 

a 

Puc.22.15 

PaccMoTpHM KBaZlpaT: a - cTopona, 

d1 =d2 - )J,HaronaJIH (pHc. 22.15). KBa)J,paT 

oGJiaJ\aeT BCeMH CBO(ICTBaMM napaJIJieJior

paMMa, poM6a H rrp5IMOYfOJibHHKa. 

IIepu.~~-temp Keadpama MO)!mo Bhr<IMCJIHTh no cpopMyJre P = 4a. 
IIJLom,adb ~eeadpama MO:>KHo BLT<IHCJIHTh no O)J,HOH 113 ¢opMyJI: 

S = a2 
; S = ~ d2 

. 

5. Tpane~ueu na3LmaeTC5I <IeThrpexyroJihUHK, )],Be CTopouhr KOTopo

ro rrapanneJibHLI, a )],Be )J,pyn1e ne rrapanneJILHhi. IlapaJIJieJILHLie CTO

b 
porrhi TparreU:HI1 Ha3biBaiOTC5I OCHOBaHI15IMI1, 

a He napaJIJieJibHbie CTOpOHhl - 6oKOBbiMH. 

Tpanen;r15r, y KOTopoi1 6oKoBI>re CTopoHLI 

paBHhi, na3LIBaeTc5I paBno6eZlpenuoH. 

PaccMOTpHM Tpaneu:mo: a, b - ocuoBa

s,::;__.J.--'---a----~. HHJI, h -- BhiCOTa, d1, d2 - )J,HarOHaJII1, <p - yroJI 

Me:>KZlY )J,l1afOHaJI5IMH (pHC. 22.16). 
Puc. 22.16 
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llJlo~aiJb mpaneu,uu MO)KHO Bhi'IHCJIHTh no oanoii 113 cpopMyJI: 

S=~(a+h)h, 5=~d1d2 sin<p. 
Cpeaneil Jiunueil TpaneiJHII na3hiBaeTc5I oTpe3oK, coeaHH5IIOIII,Hii 

cepeLJ.HHhi ee 6oKOBhiX CTopon. 
CBoiicmBa cpeilueii Jluuuu mpaneu,uu: 
1) cpeL].H5I5l JIIIHH5l TpaTICIIliH paBHa TIOJIYCYMMC OCHOBaHHH; 
2) cpeL].H5l5l JIHHI15l TpaTICllllli rrapaJIJICJibHa OCHOBaHH5IM. 

22.8. DKpy>KHOCTb 111 Kpyr 

OxpyJIC1toCmbJO Ha3hiBaeTC5l MHO)KCCTBO Bcex ToqeK IIJIOCKOCTH, 

paBHOyL].aJICHHhiX OT HCKClTOpOH L].aHIIOH T0l.{KI1, Ha3biBaeMOH IJCHTpOM 

OKPY)KHOCTH. 
0Tpe3oK, coeaHHRIOIII,IIH IJCHTp oKpy)KHOCTH 11 mo6y1o ToqKy oK

PY)KHOCTH, na3hiBaeTcR pnauycoM oKpy)KHOCTn. Ha piicynKe 22.17 
orpe3KII OA, OB 11 OD - paanychi oKpy)KHOCTH, npwreM R = OA = 
=OB=OD. 

Xopaoii na3hmaeTcR orpe3oi<, coeaHnmoriiHH LJ.Be TO'IKH oKpy)K
HOCTII. Ha pucyHKC 22.17 OTpe3KH AC H AB - xopLJ.hi. 

Xopaa, npoxoamiiaR qepe3 I~enTp OKpy)KHOCTH, na3hiBaeTC5l LJ.Ha
MeTpoM oKpy)KHOCTH. L(HaMeTp cocToHT H3 aByx paaHycoB. Ha pH
cynKe 22.17 xopaa AB - auaMeTp oKpy)KHOCTH 11 AB = 2R . 

KpyzoM na3hiBaercR qac"fh TIJIOCKOCTH, orpanH'IennaR oKpy)Knoc
TbiO, BKJIIO'-la5l TO'-IKH OKPY)KHOCTH. 

Kpyzo8b/Jit cexmopo.M na3biBaeTGI qacTh Kpyra, orpaHH'-lennaR pa

LJ.HycaMH u ayroil, ua KOTopyiO ormpaiOTCR paallychr. 
KpyroBbiM cerMeHTOM na3hiBaeTC5l qaCTh Kpyra, orceKaeMa51 xop

am1:. 

Puc.22.17 Puc.22.18 

CBoiicmBo nepeceKaw~uxcn xopiJ: ecJIH qepe3 TO'-IKY P, JIC)Kalll,yiO 

BHYTPH oKpy)KHOCTH, npoBeaenhr LJ.Be xopabr ABu CD, TO npou3Beae

HH51 orpe3KOB xopa paBHhi: AP · BP = CP · DP (pHc. 22.18). 
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Caoiicmaa KacameJZb1lbtx: 

1) OTpe3KH KacaTeJibHbiX, npOBC,[(CHHbiX H3 O,[(HOH T0'1KH K OKpy)K

HOCTH, paBnhr ( AB = AC na pHcynKe 22.19); 
2) pali:HYC OKpy)KHOCTH nepneH,llJIKYJI5IpeH KaCaTCJibHOH B TOqKe 

KacaHH5l ( OB .lAB na pncynKe 22.19). 
EcJin oKpy)!CHOCTb BTIHcana B yro.'I, TO ee IIeHTp Jie)KHT na 6HcceKT

piice aToro ynra (na pHcynKe 22.19 Jiyq AO- 6ucceKTpiica ynia CAB). 
Caoiicmao KacameJZbuoii u ceKy~eii: ecJin H3 Oli:HOH TO'IKH K OK

PY)KHOCTII rrpoBe.n:enbi KacaTeJihHM n ceKyiiia5I, TO KBa.n:paT OTpe3Ka 

KaCaTeJihHOH paBeH npOH3Be,[(eHIIIO CeKyiiieH II ee BHCIIIHeH '!aCTII 

( AB2 = AC ·AD na pncyi-IKe 22.20). 

B 
B 

Puc.22.19 Puc. 22.20 

Caoiicmaa JZuuuii 6 Kacaw~uxcR u nepeceKaw~uxcJZ oKpyJIC
uocmRx: 

1) JIHHII5l IIeHTpOB li:BYX rrepeceKaiOIIIIIXC5I OKpy)KHOCTeH npOXOli:HT 

qepe3 HX TO'IKY KaCaHII5I; 

2) o6IIIM BHyTpeHH5l5l KaCaTeJibHM li:BYX BHeiiiHHM o6pa30M Kaca

IOIIIIIXC5I oKpy)!mocTei1 rreprreHli:IIKYJI5Ipna IIX JIHHIIII IIeHTpoB; 

3) o6IIIa5l KacaTeJibHa5l ,[(BYX BHyTpeHHIIM o6pa30M KaCaiOIIIIIXC5l 

OKpy)KHOCTeH rreprreH,[(HKYJI5IpHa IIX JIIIHIIII 1IeHTpOB; 

4) 06IIIa5I XOpll:a li:BYX nepeceKaiOIIIIIXC5l OKpy)KHOCTeH rrepneHli:II

KYJI5IpHa IIX JIIIHIII1 1IeHTpoB II .n:eJIIITC5l TOqKoi1:nx rrepeceqeHI15l rro

rroJiaM. 

JJ:JIIIHhi H IIJIOIIIa,[(H: 

C = 2rcR - ihuua oKpyJICHocmu pa.n:IIyca R; 

l _ C o _ 2rcR o 0 0 R -
360

o n -
3600 

n - JZuua yzu oKpyJICuocmu pali:IIyca c 

IIeHTpaJibi-IbiM yrJIOM n°; 

S = rcR2 
- nJZo~aob Kpyza pali:IIyca R; 

_ S KP o _ nR2 
o 

SceKm. - 3600 n - 3600 n - nJZo~aob KpyzoBolO ceKmopa pali:Hyca 

R c IIeHTpaJibi-IbiM yrJIOM n°. 

342 



22.9. Bm11caHHble 111 1..\eHTpanbHbJe yrnbl 

YroJI HBJI>IeTc>I Z{eHmpailol-loL.M, ecJIH ero BepiiiHHa JieJKHT B u;eHT

pe OKPYJKHOCTH, a CTopoHhi >IBJIHIOTCH pa,n;HycaMH OKPYJKHOCTH (yroJI 

AOB Ha p11c. 22.21). UeHTpaJihHhiH yroJI H3Mep>IeTCH ,n;yron, Ha KoTo

pym oH ormpaeTC>I. 

YroJI HBJIHeTC>I enuca1-l1-lbt.M B oKpyJKHOCTh, ecJIH ero BepiiiHHa Jie

JKHT Ha OI<pyJKHOCTH, a CTOpOHhi HBJI5IIOTCH Henepecei<aiOII(HMHCH 

xop,n;aMH :'non oKpyJKHOCTH (yroJI ACB Ha pnc. 22.22). 
CBoiicmBa yvwB, Bnucam-tbtx 8 mcpyJICHocmb: 
1) yroJI, Bn:ncaHHhiH B oKpyJKHOCTh, paBeH noJIOBHHe cooTBeTCTBy-

IOII(ero r~eHTpaJibHoro yrJia: Ha pncyHI<e 22.23 LABC= ~ LAOC; 

2) BIIHcamlhle yrJihi, orm:paiOII(HecH Ha o,n:Hy H TY JKe ,n:yry, paBHhi 
(pHC. 22.24); 

3) BiiHCaHHbie yrJihi, OIIHpaiOII(HeCH Ha ,li;HaMeTp, IIpHMbie 
(pHC. 22.25). 

Puc. 22.21 

B 

Puc. 22.23 Puc.22.24 

c 

.Puc22.22 

Puc. 22.25 

23. 1 a. BniiiC8HH8s:l Ill oni.IIC8HHas:l OKPY>KHOCTb 

OI<pyJKHOCTh enuca1-1a B n-yroJihHHK, ecJIH oHa I<acaeTcH Bcex ero 
CTOpOH (pHC. 22.26). 
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CBoiicmBa Bnucamwii mcpyJ~Cnocmu: 
1) B JII060H TpeyrOJihHUK MO:>KHO BTIUCaTb OKpy:>KHOCTb; 

2) B 'lCTbipexyroJibHUKABCD (puc. 22.26) MO:>KHO BTIHCaTh Or<py:>K

HOCTb, CCJIM CYMMbi ,[(JIHH ero npOTUBOJieiKall.UIX CTOpOH paBHbi: 

AD+BC=AB+DC. 
Or<pyiKHOCTh onucmw oKoJio n-yroJihHHKa, ecJIH Bee ero BepiiiUHhi 

JieiKaT Ha Or<pyiKHOCTH (puc. 22.27). 
· CBoiicmBa onucauuoii oKpyJ~Cuocmu: 
1) OKOJIO JII06oro TpeyrOJibHUKa MOIKHO OTIHCaTb OKpyiKHOCTb; 

2) OKOJIO 'lCTbipexyroJibHIIr<a ABCD (puc. 22.27) MOIKHO ornrcaTb 

or<pyiKHOCTh, eCJIH cyMMbi ero BHYTPCHHHX nponrBoJie:>KaiiJHX yrJioB 

paBHhi: LA+LC =LB+LD . 

.---::---<~::-----.c 

A 

Puc.22.26 Puc. 22.27 

PacnoJWJICeuue f4e1tmpo6 oKpyJ~Cnocmeii, BnucaHilblX 6 mpey-
20JlbHUK: 

a) B npOII3BOJihHOM TpeyroJibHHKe Il,CHTp OKpy:>KHOCTH paCTIOJIO

iKCH B TpeyroJibHIIKe; 

6) IJ,eHTpoM oKpyiKHOCTH 5IBJI5IeTC5I TOY.Ka nepeceqenu5I 6ucceKT

pHc TpeyrOJibHHKa; 

B) B paBUOCTOpOHHCM TpeyrOJibHHKe ll,CHTpOM Or<py%HOCTH 5IBJI5I

CTC5I TO'-IKa nepece'-!eUH5I BbiCOT, 6HCCCKTpHC, MCJJ:HaH TpeyrOJibHHKa; 

r) B paBHo6eJJ:peruiOM TpeyroJihHHKe IIeHTp oKpyiKHOCTH JieiKHT Ha 

6HCCeKTpHCe TpeyroJibUHKa, IIpOBC,[(eHHOH H3 BCpiiiHHbl K ero OCHO

BaHUIO. 

PacnolloJICeuue f4eHmpo6 oKpyJ~Cuocmeii, omtcaHHblX OKOJW 
mpeyzoJlb1lUK06: 

a) ecJIH TpeyroJihHHK ocTpoyroJihHbiH, TO IICHTP oKpy:>KHOCTH JIC

IKHT B TpeyrOJibHUKC: 

- B npaBHJibHOM TpeyrOJihHHKC IlCHTpOM OKpy:>KHOCTH 5IBJI5IeTC5I 

TO'-IKa nepece'lCHI15I BhiCOT, 6HCCCKTpHC, MCJJ:UaH (IICHTpbl BTIUCaHHOH 

11 omrcan.noi1: OKPYiKHOCTen coBnaJJ:aiOT, TO'-!Ka 0 na p11c. 22.28); 
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- B paBH06e.l(peHHOM TpeyrOJihHHKC l\eHTp OKpy:>KHOCTH JIC:>KUT Ha 

6ncceKTpHce TpeyroJihHHKa, rrpOBelJ:CHHOH H3 BCpiiiHHhl K ero OCHOBa

HHIO (TO'!Ka 0 Ha pHC. 22.29); 
6) CCJili TpeyrOJibHHK IIp5IMOYfOJibHhiH, TO l\CiiTp OKpy:>KHOCTJI Jie

:>KHT Ha cepe.l(I1He fHIIOTeHy3hi (TO'!Ka 0 Ha pHC. 22.30); 
B) ecJIII TpeyrOJibHJIK TyrroyroJihHhiH, TO l\eHTp OKpy:>KHOCTJI Jie

:>KHT BHe TpeyrOJihHHKa ( TO'!Ka 0 na puc. 22.31 ). 

Puc. 22.28 Puc. 22.29 Puc. 22.30 Puc. 22.31 

22.11. CllopMyilbl AI1S1 Bbll.JIIICileH!IISl paAIIIYCOB 

Bni/IC8HHOIII Ill Oni/IC8HHOIII OKpy>KHOCTelll 

R- paw-rye onncatmoii, r- pall:IIYC BIIJicanno}r oKpy:>KHOCTH. 

}l.JIR pa6Hocmopmmezo TpeyroJihHIIKa co cTopoHoii a: 

a a 
R = .J3 ' ,. = 2../3 . 

)J:JI51 npOU360JlbHOW mpeylOJlbHU1W ~0 CTOpOHaMH a, b, C II IIJIO-

abc 25 
Il\all:hiO 5: R = -

45 
, r = b . 

a+ +c 
,UJI51 npRMOYlOJlbHOW mpeyzOJlbHUIW C KaTeTaMII a, b II fHIIOTe-

u R c a+b-c 
HY30H c: = 2 , r = 

2 
. 

.ll:JI51 Kaaopama co cToponoii a H lJ:HaroHaJihiO d: R = % , r = % . 

.ll:JIR npnMoyzolloHUica c li:HaronaJihiO d: R =%. 
2J.mr poM6a C BhiCOTOH h: r = % . 
2J.JI51 mpane~UU C BhiCOTOH h, rrpn ycJIOBIIH, 'ITO B Tpaiiel\IUO MO:>K-

HO nrrncaTh OKPY:>KHOCTh: r = ~. 
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A 

Puc. 22.32 

EcJIH OKOJio Tpane~1111 ABCD (p11c. 22.32) 
MOJKHo omrcaTb oKpy;JuiOCTh, TO: 1) npoBeJJ:R 

JJ:liafOHaJih TpanCWIH li paCCMOTpeB OJJ:HH H3 

noJiy'IeHHbiX TpeyroJibHHKOB, HanpHMep, Tpe

yrOJibHHK ABD co CTOpoHaMH a, b, c n nJioma-

JJ:biO 5; 2) no ¢opMyJie R = ~~ HaliJJ;eM paJJ;Hyc 

OI<pyJKHOCTH onncaiiHOVr OKOJIO TpeyrOJibHHKa 

ABD, a3Ha'IHT H oKoJio Tpanetvm ABCD. 

22.12. WecTIIIyronbHIIIK 
PaccMoTpHM npaBUJlb1lbtii w.ecmuywJLb1lUK co cTopoHoi'r a. 

I1paBHJibHbiVr IIICCTIIyrOJibHHK COCTO-

HT H3 IIIeCTH npaBIIJibiibiX TpeyrOJibHHKOB 

(pnc. 22.33). To'IKa 0 (TO'IKa nepeceLJ:eHHR ero 

f---1----lf--t----} 60JibiTlHX JJ;HaronaJieVr) 51BJI51CTC51 ~eHTpOM BITH

A a B 

Puc.2233 

carmoj1 11 onucamwi'r OKpyJKnocTdi. 

llepwwemp npaBIJJibHoro mecnryroJibHHKa 

MOJKHO BbP.J.HCJIHTb riO cpopMyJie p = 6a . 
lJJLo~adb npaBUJlb1lOW mecmuywJLbHUKa 

MOJKHO Bbi'IHCJIHTb no cpopMyJie 

r;:; 2 r;:; 2 
S -65 -6~_3"\13a 

- MOB- 4 ---2-. 
PaiJuycbt anucmmoii. u onucamwii. oKpy:JICuocmeii. MOJKHO Bbi

'IIICJIHTh no <PopMyJiaM: 
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r=~R2 -(%f =af, R=a. 

TeeT Aflst nposepKIII TeopeTw-teCKIIIX 3HaHIIIVt 
YKaJICume ece eapuaHmbt npaeuJLb1lbtX: omeemoe ( 1-3): 
1. BepTHKMbHbiMH RBJIRIOTCR yrnhr (pH c. A): 

1) 1 H 3; 
3) 5 H 7; 
5) 6 H 8; 

2) 1 H 7; 
4) 2 H 6; 
6) 3 H 5. 

2. CMeJKUhiMH RBJI51IOTCR yrJibi (pHc. A): 

1) 1 H 2; 2) 1 H 6; 
3) 2 H 3; 4) 7 H 8; 
5) 7 H 6; 6) 5 H 8. 



a 

3. Ec.Tnr rrp5!Mhre au b napa;meJihHhi (pac. A), TO: 

1) L1=L7; 

3) L4 + L7 = 180° ; 
5) L4+L5=180°; 

2 

Puc. A 

c 
b 

a 

Puc.E 

2) L6 == L4 == L2; 

4) L8 ==L6 ==L2; 
6) L3=L6. 

~ ' y p 
a 

Puc.B 

Ycmauoeume coomeemcmeue ( 4-11 ): 
4. CooTHOilleHHe Me)K,rl.Y cTopoHaMH II yrJiaMI1 B npRMoyroJibHOM 

TpeyroJihHIIKe (puc. E): 

1) ~; a) ctg a; 

2) ]!_; 
a 

6) sinp; 

':)) a. 
..._) -, 

c 
B) tg (X; 

4) Q. 
c 

r) cos~. 

5. CooTHOillerme Me!l:y cTopoHaMH u yrJiaMH B npon3BOJibHOM Tpe
yroJihHHKe (puc. B): 

3) cosy; 

b 
4)~. 

Slllf-1 

a) c~sy; 
6)~; 

sma 
B)csina; 

a 

r) a2 +b2
; 

!1:) a2 +b2 -2abcosy; 

e) a2 +c2 -2accos~; 
)K) a2 +c2 -'2accosa; 

3) a2 +h2 -2abcosa . 
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6. ITepHMeTp MlroroyroJIJJI-mKa: 

MH OfOYfOJibHHK 

1) KBa.D:paT CO CTOpOHOM a; 

2) poM6 CO CTOpOHOM b; 
3) rrapaJIJieJiorpaMM co CToponaMM a 11 b; 
4) panHo6e.D:penna51 TparreiJ,I151 c 

OCHOBaHH51Ml1 a, b 11 6oKOBOi:'I CTOpOHOH C,' 

5) rrpaBHJIJJHblll n-yrOJIJJHHK CO CTOpOHOM b. 

7. Iliroma.D:JJ MnoroyroJIJJHHKa: 

MHOfOYfOJibHI1K 
1) rrpamTJIJJHJJIM TpeyrOJIJJHHK CO CTOpO
HOMa; 

2) KBa.D:paT c ,ll,HarouaJIJJIO d; 

3) rrapa;ure.norpaMM co cToponaMH a, b H 
yrJIOM a MC)K1J:Y HMMH; 

4) poM6 c ,ll,naronaJI51MM d1 n d2 ; 

5) rrpaBHJIJJHJJill WeCTHYfOJIJJHMK CO CTO
pOHOM a; 
6) Tpaneumr c .D:MaroHaJI5l.MH d1, d2 H yr
JIOM <p MC">K.ll.Y HMMH . 

8. CnoliCTna qenipexyroJibHMKa 

<!>OPMYJIA 

a) a+b+c; 

6) a+b+2c; 
n) 2(a+b); 

r) nb 4 

.ll.) 4b; 

e) 2a2
; 

">K) 4a. 

<DOPMYJIA 

a) S = 3.J3a2 . 
2 ' 

6) 5=~d1d2 sin<p; 
n) S =ab; 

r) S = .J3a2 . 
4 ' 

.ll.) S =~(a+b)h; 

e) S=~d2 ; 
1 

">K) s = 2d1d2; 

3) S=absina. 

1) B tieTb!pexyrOJIJJHHK MO">KIIO BIIM
CaTJJ oKpy">KnOCTb, ecJIM; 

a) cyMMJJI ero rrpOTMBOJie">Ka
mux yrJion pannJJr 180° ; 

2) OKOJIO qeTJJipexyrOJIJJHMKa MO">KHO 
omrcaTJJ OKPY">KHOCTJJ, eCJm. 
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6) cyMMa ero nnyTpeunMx yr
JIOB panna 360° ; 
B) ero rrponmoJie">KaiiJMe cTo
ponJJr nonapno panJJI; 



r) cyMMbi ,ll;JIHH IIpOTHBOJie

)!(amHX cTopon ne paBHhr; 

,11;) cyMMbi ,ll;JII1H rrpOTHBOJie

)!(amHX CTOpOH paBHhi. 

9. Pa,n;Hyc oKpy)!(HOCTH, smrcaHHOH B MHoroyroJihHHK: 

cDOPMYJIA 

1) r= 2~; 

2) r= 25 . 
a+b+c' 

3) r=a+b-c. 
2 ' 

4) r=!:!:.· 
2' 

h 
5) r =i. 

MHOfOYfOJlbHI1K 
a) pamro6e,n;peHHa51 Tparreruu:r 

C OCHOBaHH5IMH a, b 
11 6oKOBOH CTOpOHOM c; 

6) rrpaBHJibHbiH MHoroyrOJibHHK 

co CTOpOHOH a; 

B) poM6 C BbiCOTOif h; 

r) KBa,n;paT CO CTOpOHOH a; 

,n;) TpeyrOJibHHK C KaTeTaMH a, b 
II fHIIOTeHy30M c; 
e) TpeyroJibiHIK CO CTOpOHaMH a, 
b, c H rrJioma,n;hiO 5; 

)!() TpeyroJihHHK CO CTOpOHOH a . 

10. Pa,n;Hyc oi<py)!(HOCTH, orrucam-rol! OKOJIO MHoroyroJibHHKa: 

cDOPMYJIA 

1) R =..!!:_ · 
.[3' 

2) R =abc. 
45' 

3) R=£ · 
2' 

d 4) R= 2 . 

MH 0 f0YfOJibHI1K 

a) TpeyrOJibHHK CO CTOpOHaMH 

a, b, t; H IIJIOll,a,ll;biO 5; 

6) TpeyrOJibHIIK C KaTeTaMII a, 
b H fHIIOTeHy30H c; 

B) rrpHMoyronbHHK c ,n;Harona

JihiO d; 

r) TpeyrOJihHHK CO CTOpOHOH a; 

,~~;) poM6 CO CTOpOliOM a; 
e) paBno6e,n;peHHa51 TparreQII5I 

C OCHOBaHH5IMH a, b II 6oKOBOM 

CTOpOHOM C. 
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11. 0Kpy:JKHOCTb: 

cDOPMYJIA 

1) C =2nR; 

2) l - nR o. 
-180°n ' 

3) S=nR2
; 

nR2 

4) S = 360o no . 

I1PI1MEHEHI1E 
a) i':VII1Ha ,n:yni OKPY:JKHOCTH pa,n:IIyca R c 
QeHTpaJibHhiM yrJIOM n°; 
6) ,n:JIHHa oKpy:JKHOCTII 
pa,n:IIyca R; 

B) ,n:mma xop,n:br OKPY:JKHOCTM pa,n:IIyca R; 

r) rrJioru:a,n:h Kpyra pa,n:IIyca R; 

.n:) rrJioru:a,n:h KpyroBoro ceKTopa pa,n:nyca 
R c u:einpaJibHbiM yrJIOM n°; 
e) I1JIOIIJ:a,ll;b KpyroBoro cerMenTa. 

Yx:aJICume 6Ce npa6UJZb1ibte 6apuaumbt om6emo6: 
12. CBoi:J:cTBa KacaTeJihHhiX K oKpy:JKHOCTII: 

1) 0Tpe3KII KaCaTeJibHbiX, npoBe,n:eHHhiX II3 O,li;HOH TO'l:KII K OKpy:JK-

HOCTII, paBHhi; 
2) 0Tpe3KII KaCaTeJihHhiX, IlpOBe,n:eHHbiX II3 pa3HblX TO'IeK K OK

py:JKHOCTII, paBHbi; 
3) pa,n:IIyc OKPY:JKHOCTII nepnen,n:rmymipen KacaTeJihHoi:J:; 

4) pa,n:IIyc OKPY:JKHOCTII rrepnen,n:IIKymipen KacaTeJihnoi:J: B TOT.J:Ke 

Kacamur; 

5) ecJIII II3 o,n:noi:J: TOtiKII K OKPY:JKHOCTII rrpoBe,n:eHhi KacaTeJihHAA 

II CeKyiQaJI, TO KBa,n:paT 0Tpe3Ka KaCaTeJibHOH paBeH npOII3Be,n:eHHIO 

ceKyru:ei:J: II ee BHemnei:J: T.J:acTn; 

6) ecJIII II3 o,n:noi:J: TO'IKH K oKpy:JKIIOCTII rrpoBe,n:eHhi KacaTeJibHaJI 

H CeKyiQaJI, TO KBa,n:paT 0Tpe3Ka CeKyru:ei:J: paBeH I1pOH3Be,n:eiiHIO CeKy

ru:ei:J: II KaCaTeJibHOH. 

OmBembl -
HoMep 3a):(aHH51 1 2 3 4 5 6 

BapHaHT 1- B; 1-):(; 
1- )K; 

npanHJibHOro 
1,3, 4, 1, 2, 3, 2 -a; 2- e; 

2 -):(; 
OTBeTa 1,3,5 3- n; 

5,6 4,5 3- r; 3- n; 4-6; 
4-6 4-6 5-r 
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HoMep 3a)lamur 7 8 9 10 11 12 
BaprraHT 1- r; 1 - JK; rrpaBHJ!hHOfO 2- e; 

2- e; 
1- r; 1- 6; 

OTBeTa 3- 3; 1 -)l; 2- a; 2-a; 
4- JK; 2-a 

3 -)l; 
3- 6; 3- r; 

1;4,5 

5 -a; 
4- r; 

4-B 4-)l 
6-6 

5-B 

np111Mepbl 

IlpHMep 1. B pasno6e)J.peHHOM TpeyroJibHHKe c 6oKosm1 cToponoii: 

paBHOH 5 CM npoBe)J,eHa Me)J,HaHa 60KOBOH CTOpOHbi. HaH)J,HTe OCHO

Batme TpeyroJihHHKa, eCJIH Me)J,Hana pasna 4 eM. 

PeweHue. PaccMoTpHM pamro6e)J.pen

Horii:TpeyroJibHHKABCc6oKoBbiMCTOpona

MH AB = CB = 5 CMHMe)J.HaHoii: AO = 4 eM 

(pHC. 22.34). 
)J,oCTpOHM TpeyroJioHHK ABC )J.O na

PaJIJieJiorpaMMa ABDC. Tor)J,a )J,Haro
HaJih napaJIJieJiorpaMMa AD= 8 eM. ITo A 
csoii:cTBY )J.HaronaJier1 napaJIJieJiorpaM-
Ma TIOJiy<IHM: AD2 + B C2 = 2AB2 + 2A C 2 

HJIH 64+25=2·25+2AC2
, OTKy)J.a AC=.J19,5 eM. 

Omeem: .J19,5 CM. 

---+---?..D ,;7 

? 

<'""""I 
,;-? I 

0 f 
I 

I 
I 

Puc.2234 

IlpnMep 2. B pasno6e)J.penHOM TpeyroJibHHKe ocnoBanne H 6oKo
Ba5I cTopona cooTBeTcTBenno paBHhi 5 II 10 eM. Haii:)J.HTe 6ncceKTpH-
cy yrJia npH OCHOBaHHH TpevroJibHHKa. 

PeweJ-tue. PaccMoTpHM pasno6e)J.pen

HhiH TpeyroJioHHK ABC c ocnosanHeM AC 
(pHc. 22.35). CorJiacno ycJIOBHIO 3a)J,a

IJH AC=5cM, AB=BC=10cM. ITpose

)J.eM 6HcceKTpHcy AD yrJia BAC. IToJiara5I 

CD= x CM, 3armmeM BD = (1 0-x) CM. 

ITo csoii:cTBY 6HcceKTpHcor TpeyroJibHH-

AC AB 5 10 • A 
Ka noJiyiJHM: DC= DB mm :x= 

10
_x, 

10 
10-x=2X,OTKy)J.a x= 3 CM. 

B 

5 c 

Puc.2235 
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Haii,n:eM KOCimyc yrJia ACB. ITo TeopeMe KOCMHycoB noJiyqiiM: 

AB2 =AC2 +BC2 -2AC.BC·cosLC, 

HJIII 100 = 25+100-2·5·10·cosLC, oTKy,n:a cosLC = /
0 

. 

EHcceKTpHcy AD Haii,n:eM 113 TpeyronhHIIKa AD C. ITo TeopeMe K0-

2 100 10 1 295 .J295 
CMHYCOB AD =25+--2-5--·-=- OTKyrra AD=-- CM 9 3 10 9 ' ,__ 3 . 

.J295 Omeem: -
3
- eM. 

fipHMep 3. 113 BHCIIIHCH TOqKH K OKpyJKHOCTII npOBC,ll;CHbi Kaca-

n u 2 TCJihHM M ceKYII1M. p,mma KacaTeJihHOH cocTaBJI5ICT "3 BHyTpeHHero 

oTpe3Ka ceKyii1eii. Onpe,n:eJIMTe ,n:JIMHY ceKyii1eii, ecJIM ,n:mma Kaca
TCJihHOI1 paBHa 6 CM. 

B 

Peweuue. 0TMCTIIM BHe OKpyJK

HOCTM ToqKy A H npoBe,n:eM 113 ::noii 

TOqKII K OKPYJKHOCTM CCKYII1YIO AD 
n KacaTeJihHYIO AB (puc. 22.36). 

Onpe,n:cJIHM BHyTpeHHHH OTpe3oK 

ceKyii1e1i: CD= 6 · ~ = 9 eM. 
Puc. 22.36 

ITycTh BHCIIIHIIH OTpe30K ceKy

II1CH A C = x eM. IIo cBoiicTBY KacaTeJihHOH 11 ceKyru;eu 3ammreM: 

AB2 =AD·AC,IIJIH 36=(x+9)·x, x 2 +9x-36=0, x=3. 

Toma AD=3+9=12 (eM). 

Omeem: 12 CM. 

llpHMep 4. J].aHa ToqKa P , y,n:aJieHHa5I Ha 7 CM OT u;eHTpa OKPYJKHoc
TH pa,n:Hyca 11 CM. qepe3 :ny ToqKy npoBe.n.erra xop,n:a ,n:mmou 18cM. B 

KaKOM OTHOIIICHHU TO'-IKa p ,ll;CJIHT XOp,n:y? 
Pewe11ue. PaccMoTpHM oKpyiKHOCTh 

(puc. 22.37) pa,n:uyca R = AO = BO = 11 
A B eM. 0TMeTHM rra ,n:naMeTpe AB ToqKy P 

TaK, qTo OP = 7 eM, PB = 4 CM. qepe3 Toq

KY P npoBe,n:eM xop,n:y CD= 18 eM. Tor,n:a, 
ecJIH CP =x eM, TO PD=(18-x) eM. 

ITo CBOHCTBY nepeceKaiOII1HXC5I 
Puc. 2237 xop,n: HMeeM: AP · BP = CP · DP HJIH 
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18·4 = x(18-x), x 2 -18x+ 72 =0, OTKy)J,a x1 = 12, x2 = 6. IloJiy'III
JIII oTpesKII ,TJ,JIIIHOH 12 11 6cM. Tor,TJ,a CP: PD = 2: 1. 

Omeem: 2 : 1 . 

llpuMep 5. B KpyrosoH: ceKTOp, ,TJ,yra KOToporo co)J,ep.)KIIT 60°, 
BlliiCaH Kpyr. HaH)J,IITe npoueHTHOe OTHOllleHIIe IIJIOU~a,TJ,H ::nora Kpyra 
K UJIO~a)J,H CeKTOpa. 

PezueHue. B Kpyrosoli ceKTOp ABC 
(pHC. 22.38) BllHllleM Kpyr C I(eHT

pOM B TO'IKe 0: OK= R,P , BD = RceKm . . 

IlocKOJibKY np51Ma51 BC 5IBJI5IeTC5I Ka

caTeJibliOH K Kpyry, TO OK .l BK. Co

rJiaCHO ycJIOBHIO sa)J,a'IH LABC = 60°, 

Tor,TJ,a LOBK == 30°, TaK KaK I(eHTp oKpyJK

HOCTH, BIIHCaHHOH B yroJI, Jie)KHT Ha 6nc

CeKTpHce :noro yrJia. 
PaccMOTpHM f:.OBK : OB = 20K = 2R"P 

(no csoliCTBY KaTeTa, Jie)Ka~ero npoTHB 

c 

D 
Puc.2238 

yr.na 30° ). TaK KaK RceKm. = BO+ DO, TO RceKm. ·= 3l\cp .. HaH:,TJ,eM IIJIO
ll(a)J,b Kpyra II IIJIOll(a)J,b CCKTOpa: 

S - R2 . S - rcR;e~cm. 60o- rc9~P- - 3rcR;p. 
Kp.-TC "P·' ceJCm.- 360o. -6-----2-. 

CoCTaBHM OTHomenne IIJIOll(a,TJ,II .Kpyra K TIJIOII(a,TJ,n ceKTopa: 

SKp. rcR;P2 S"P· _ 2 200 % -s-- = --2-, -s---3 IIJIII 3 o. 
ce;:m. 3rcR"P· ce;:m. 

Omeem: 66~ %. 

IIpuMep 6. 0)J.IIH H3 KaTeTOB np51MoyroJibHoro TpeyroJihHIIKa pa

BeH 8 eM, a pa,TJ,nyc oKpyJKHOCTII, BnncaHHOH B TpeyroJibHIIK paneH 

3cM. HalilJ:IITe n.non~a)J,b TpeyroJibHHKa. 

PeuteHue. PaccMoTpHM np51MoyroJibHbiH TpeyroJihHIIK ABC. To'I

Ka 0 5IBJmeTc51 I(etiTpOM snncaHHOH B TpeyroJibHMK oKpy:>KnocTH 

(pH c. 22.39). TaK KaK pall:MYCbi snMcaHHOH B TpeyroJihHMK oKpy)KHoc

Til nepneH)J,IlKYJIHpHbi CTOpOHaM TpeyroJibHMKa B TO'IKaX KaCaHil{l, TO 
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B 

X 

p 8 
Puc.22.39 

c 

IIMeeM KBa,n:paT ANOP co cTOpouoli 3 eM. 

EcJIII KaTeT AC = 8 eM, a cTopona KBa,n:pa

Ta AP = 3 eM, To PC= 5 eM. 
TiycTb OTpe3oK NB = x eM. Ilo 

CBOHCTBY KacaTeJihHbiX CP = CK = 5 
eM II BN = BK = x eM. Tor,n:a no Teope-

. 2 2 2 
Me IImparopa B C = A C + AB IIJIM 

25+10x+x2 =64+9+6x+x2
, OTKy,n:a 

4x=48, x=12cM. 

Hali,n:eM KaTeT AB: 
AB=AN +BN =3+12=15 (eM). 

Hali,n:eM nJioma,n:h TpeyroJihHHKa: 
1 1 

SMBC =2·AC·AB, SMBC = 2·8·15=60(cM2). 

Omeem: 60 cM2. 

llpHMep 7 . .ll:mmhi OCHOBaHIIH paBH06e,n:peHHOH Tpanei(IIIJ OTHO

C51TC51 KaK 5 : 12, a ,l(JIHHa ee BbiCOTbi panHa 17 eM. BhPIIICJIHTe nJio

ma,n:h Kpyra, OllliCaHHOfO OKOJIO Tpanei{HII, CCJIH ll3BCCTHO, qTo cpe,n:

lUI51 JIHHH51 Tpanei(HH paBHa ee BbiCOTC. 

Puc. 22.40 

PeweHue. PaccMOTpHM panHo6e,n:peHHyro 

Tpaneu:mo ABCD (pnc. 22.40) n npone,n:eM 

,n:naronaJib Tpaneu;nH BD . Pa,n:11yc oKpy:IK

HOCTII, .OnHCaHHOH OKOJIO TpeyrOJibHHKa 
ABD, Hali,n:eM no ¢opMyJie 

R= AB·BD·AD = AB·BD·AD 
4 s 1 ' . MBD 4·-·AD· BN 

2 

R =AB·BD 
2-BN . 

3Ha51, qTo BC: AD= 5:12 li BBO,l(51 Kov¢¢Hu;neHT nponopu;no

HaJibHocnr k, noJiyqHM BC = Sk, AD= 12k. TaK I<aK ,l(JIHHa cpe,n:Heli 

JIHHHH Tpaneu;HII paBHaiBbiCOTe Tpaneu;HH, TO ~ ( Sk + 12k) = 17 , oTKy,n:a · 

k=2. Tor,n:a BC=10 eM, AD=24 eM. 

TiocKOJihKY qeTbrpexyroJibHIIK BCKN 5IBJI5ICTC51 np511\WyroJibHH-

KOM, TO NK=10cM, Toma AN=KD=~(24-10)=7(cM). CorJiacno 
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TeopeMe I1n¢aropa 3arrniiieM: 

AB=JAN2 +BN2
, AB=J172 +72 = J338(cM); 

BD=JBN2 +ND2
, BD=J172 +172 =17J2 (eM). 

Hal'i.n:eM pa.n:nyc oKpy)l{HOCTH, onHcmmo1i OKOJIO TpeyroJibHI1Ka 
ABD, a, cJie.n:osaTCJihHO, 11 OKOJIO Tparreu;rm ABCD: 

R= JITS-17J2 = 2·13 =13(cM). 
2·17 2 

CorJiacno cpopMyJie S = rcR2 nali.n:eM rrJiorua.n:h I<pyra: 
5 = 169rc CM2. 

Omeem: 169rc cM2. 

llpHMCp 8 . .[(11aronaJih pasuo6e.n:pennol"r TparreUHH .n;eJIHT ee Tyrroli 

yrOJr rrono;raM. MeHbiiiCe ocnosaune Tparreu.nu pa!lHO 2 CM, rrepHMCTp 

paseu 23 eM. I-Iail.n;HTe mrorua;J,h Tpaneu.nn. 

Pemeuue. PaccMoTpHM Tparreu.uro 

· ABCD (p11c. 22.41) 11 npose.n:eM ee 

.n:naronaJJh AC. YrJThi 1 H 3 pamibi KaK 

naKpecT JTe:>Karuue rrpn rrapaJIJICJTb

JihiX npHMhlX AD H BC c ccKyuJ,di 

AC. TaK KaK .n:naronaiTh AC HBITH

eTCH 6HCCCKTpMcoli ynra BCD, TO 

L1 = L2 . B TaKoM ciTy'lae TpeyroJTb

HHK ACD - panno6e.n:peHHbiH c 6o

KOBhiMH cToponaMn CD HAD. 

A K 2 N D 

Puc. 22.41 

IlycTh AB =CD= AD= x eM. CorJiacno yc;romno 3a.n;a'-Ili Pmp. = 23 

.eM II 23= 2+3x, OTKy.n:a x=7 eM. TaK KaK KN =2 CM, TO AK =ND= 
1 5 

= 2·(7 -2) = 
2 

(eM). PaccMoTpHM MBK: no TeopeMe Ilncparopa 

h=~49 _2s =3M 
4 2 . 

Comacno ¢oPMYJIC S =~(AD+ BC) · h nili.n:eM niioiiJ.a.n:h TparreiJ.HH: 

5=~·(7+2)· 3~ = 27~ (cM2
) . 

. 27M 2 Omeem. --
4
- eM . 
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TipnMep 9. B TpaneiJ,IHI ll)IIIHbi ocnoBaHHM paBBbi 511 10, a ll,JII1Bbi 
ll,Maronanei1 paBBhi 13 11 14. Hati/l.HTe nnoiiJ,all,b TpaneiJ,MM. 

5 

A 

' ' ' ' ' ', 14 
' ' ', 

', 
', 

' ' 
D 5 C, 

PeweHue. PaccMoTpHM Tpane
nmo AECD (p11c. 22.42). Ha npo
/l.OJI)KCHIIM CTOpOHbi AD OTJIO)KMM 
OTpesoK DC1 ,paBHbiHOTpesKy BC, 
TO ecTh DC1 = 5. l1MeeM napaJI
JienorpaMM DECC1 ( EC = DC1 , 

EC II DC1 ), sna'IMT ED= CC1 = 14. 

1 
Puc. 22.42 TaK KaK SMBC = st.CJJCJ == -;:;Shmp., 

TO smp. =SACCI. -

IlJIOIIJ,all,h TpeyroJibHMKa ACC1 nalill,eM no ¢opMyne fepoHa: 

S =.Jp(p-a)(p-b)(p-c), rll,e p=~(13+14+15) = 21. 

Ilony'IMM: S=.J21·8·7·6 =.J42 -32 -72 =4·3·7=84. 

Omeem: 84. 

TipnMep 10. B 6oJiblllCM 113 ll.BYX Konu:enTpwrecKHX KpyroB npo
Bell,ena XOpll,a /l,JIHHOH 32 CM, KOTOpa5I KacaeTC5l MCHblllCfO Kpyra. Orr
pell,CJIIUC OTHOillCHIIC /l,JIMH MCHbiiieli II 60JiblllCM OKpy)KHOCTCH, CCJIM 
IIIIIpMHa o6pa30BaBIUCfOC5l KOJihiJ,a paBHa 8 CM. 

c 
Puc.22.43 

Peweuue. PaccMOTpMM ll,Ba Kpyra c 

06IIJ,MM ll,CHTpOM B TO~IKe 0 (pHC. 22.43). 

IlycTb R - pall,Myc 6oJibiUero Kpyra, a r -
pall,nyc MCHhmero Kpyra, AE- xopll,a, Ka

caiOIIJ,a5IC5l MCHhmero Kpyra. Toma OD = r, 

OA=OB=OC=R H OC=OD+DC .noc
KOJibKY IllHptiHa o6pa30BaBIIICfOC5l KOJibiJ,a 

paBna 8 eM, TO R- r = 8 eM H 0 D = R-8 . 

TaK KaK xopll,a AE KacaeTcR MCHhmero Kpyra, TO AE .l OD, TOr
ll,a OD BbiCOTa n MC/l,Hana paBno6ell,pennoro TpeyroJibHHKa AOE n 
AD=DE=16 CM. 

PacCMOTpiiM npRMoyrOJibHbiH TpeyrOJibHHK ODE. no TC-

opeMe I1H¢aropa OE2 =0D2 +DE2 IIJIH R 2 =(R-8)
2

+162
, 

R 2 
=R

2
-16R+64+162

, 16R=64+162
, oTKyll.a R=20cM u 

r=20-8=12(cM). 
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Hal1:2]:eM OTHOIIIeHHe 2]:JIIIH MeHbilleH II 6oJihi11eH OKpy:amoCTeH: 

c1 - 2n. r - r - 12 - 3 
C

2 
- 2n · R - R - 20 - 5 . 

OmBem: 3:5. 

IIpnMep 11. Kpyr pa32]:eJieH Ha nBa cerMeHTa xopnol1:, paBHOH cTo
poae rrpaBHJlhHOro BIIHCaHHOro TpeyrOJihHHKa. HaH2):IITe OTHOWeHIIe 
ITJIOIUa2]:eH 3TIIX cerMeHTOB. 

Peweuue. PaccMoTpiiM Kpyr pannyca R 11 
rrpaBIIJihHhiH TpeyroJibHIIK ABC, BITHCaHHbiH 
B Kpyr (piiC. 22.44). TaK KaK BITHCaHHhiH B 

oKpy:amocTh yroJI ABC paBeH 60° , TO cooT

BeTCTBYIOIUHH eMy ueHTpaJihHhiH yroJI AOC 
paBeH 120°. Hal1:neM nJioruanb TpeyroJihHII-

Ka AOC: S AOC = ~ R2 sin 120° = ~R
2 

. 

Hal1:neM nJioruanh ceKTopa AOC: 
nR2 

o nR2 

sewn. = 3600 ·120 = -3-. 

B 

Puc.22.44 

Hal1:neM nJioruanh cerMeHTa, BhiqiiTa5l II3 rrJioruann ceKTopa AOC 
IIJIOII1a2J:h TpeyroJihHHKa AOC: 

nR2 .J3R2 R2 ( 4n-3.J3) 
SCe?.H.f =3----:r-- 12 

Hal1:neM rrJioruanh BToporo cerMeHTa, BhiqHTa5I H3 nJioruanii Kpyra 
IIJIOilia2J:h rrepBoro cerMeHTa: 

2 R2 
( 4n-3v'3) _ R2 

( 8n+3v'3) 
Scem.2 = nR 12 - 12 

Hal1:neM oTHorneHHe rrJioruanel1: 3TIIX cerMeHTOB: 

R2 (4n-3v'3). R2 (8n+3v'3) _4n-3v'3 
12 · 12 - 8n+3.J3 · 

OmBem: 47t- 3.J3 
8n+3.J3 · 

3a.Qat.tlll .Qnfl caMOCTOfiTenbHoro peweHIIIfl 

1. OcHoBaHHe paBHo6enpeHHOro TpeyroJihHHKa paBHO 30, a 2J:JIHHa 
6oKOBOH cTopoHhi 25. HaH2J:HTe BhiCOTY TpeyroJibHHKa, npoBeneHHYIO 
K 60KOBOH CTOpOHe. 
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2. B pasHo6e!(pcHHOM TpeyroJII>HHKe 6oKoBarr cTopoHa pasHa 

10 CM. Pa;:UIYChl BIIMCaHIIOJ;'I 11 Oll!ICaHHOH 0Kpy:>KHOCTCI1: COOTBCTC-

8 25 H 0> 

TBCHHO pamihl 3 H 3 CM. aH,ll.JITC OCHOBaHHC TpeyroJihHHKa. 

3. )J,aH TpeyroJILHHK CO CTOpOHaMH 5, 7 H 9 CM. TipOBCl(CHa OK

py:>KHOCTh, KaCaiOW:a5IC5I o6enX MCHblliHX CTOpOH II HMCIOW:a5I ll,CHTp 

Ha 6oJihlJJCH CTOpOHC TpeyroJibHHKa. Ha}J;'(HTC OTpe3KH, Ha KOTOpbiC 

u,ctnp oKpy:>KnocTH !(CJIMT 6onhmyro cTopony TpeyronhHIIKa. 

4. KaTeTGI rrpHMoyro.JibHoro TpeyroJrLHIIKa paBHhi 8 n 15 eM. Haii

l(IITe m·pe3KII, Ha KOTOpbiC TOtiKa KaCaiUUI BIIIICaHI-IOT.f OKpy:iKHOCTH 

!(CJJHT rHIIOTcHy3y. 

5. Haill(HTe n.nmn:a,'l,h paBHo6el(pemroro TpeyroJihHHKa, ecJIJA oc

HOBamie ero parmo 3, a l(JIHHa BhiCOThl, npOBCl(CIHIOH K OCIIOBaHHIO, 

paBHa l(JIIIHC 0Tpc3Ka, COCl(liH5IIOIIJ,Cf0 cepc!(IIHbJ OCHOBaHH5I II 60KO

BOH CTOpOHbi. 

6. B TpeyroJihHIIKc l(JIIIHbl cTopoH OTHOC5ITC5I KaK 4 : 3 : 2. B nero 

BnHcan nonyKpyr c l(IIaMeTpoM, Jie:>Kan~HM Ha 6oJihiiiei1 cTopoHe. Hai1-

l(IITe OTHOIIICHJIC II.HOIIJ,al(II Kpyra K IIJIOIJJ,al(H TpeyrOJibHHKa. 

7. Onpel(emne ocTphre ynrhi nprrMoyroJibHoro TpeyroJibHHKa, 

CCJIII MCl(IIaHa, rrpOBCJJ,CIIHa5I K ero rHIIOTCHy3e, l(CJIIIT Hp5II\IOH yro.JI B 

OTHOUICIUI!l 4 : 5. 
8. B TpeyroJihHIIKC c ocHOBaHneM 25 eM rrposel(eH OTpe3oK, rra

paii.7JC}JhiihiH OCHOBaHHIO. l-Ia:i1l(HTC l(JIIIHY TIOJIOBHHhl ::noro OTpC3Ka, 

CCJII·I IIJIOII~al(b IIOJIY'iCHHOM TpaiiCIJ,HH COCTaBJI5ICT 0,75 IIJJOW:al(II Tpe

yroJJ bHIIKa. 

9. )J,JIIIHa OCHOBaHII5I paBH06e!(peHHOrO TpeyrOJihHIIKa paBHa 10, 
a l(JII-IHa Me,ZJ,IIaHbi, IIpOBC!(CHHOH K 6oKOBo}\ CTOpOHe, paBHa 3.Jf0. 
Hai1l(HTe !(JIIIHY 6oKoBoJ:i cTOpOHhi TpeyroJihHHKa. 

10. 5ucceKTpuca AD pasHo6el(peunoro TpeyroJihHHKa ABC co

cTaBJI5IeT c ocaonaniieM AC yroJI, KOTanrenc KOToporo pasea 2. Hal'I

l(HTe ciinyc yr Jia ABC. 
11. )J,JIHHhi CTOpOH np5IMOyrOJibHOfO TpcyrOJibHHKa o6pa3yiOT 

apH¢1\WTIIqecKyiD nporpeccmo c pa3HOCThiD 1 eM. Hai1l(nTe cyMMY 

~JIHH KaTeTOB TpeyrOJlhHHKa. 

12. B TpeyrOJibHIIKC !(JIIIHbl !(BYX CTOpOH COCTaBJI5HOT 3 11 6 CM. 

HaJ:il(nTe nepHMeTp TpeyroJihHIIKa, ecJIII cyMMa BhiCOT, rrpoBel(enur,rx 

K 3THM CTOpQHaM, B l(Ba pa3a 60JibiUe TpCTbeH BhiCOTbl. 

13. B np5IMoyro.JihHhiH TpeyroJihHHK c yrJIOM 30° BIIIICaH poM6 

CO CTOpOHOf:i 6 CM, npWICM yroJI 60° y HHX o6w:ni1, a BCC BCpilliiHhi 

poM6a Jie:!KaT aa CTopoHax TpeyroJihHIIKa. Hai1l(HTe rroJiynepHMcTp 

TpeyrOJlbHIIKa. 
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14. BnrcoTa, rrpoBe.n:ennM K ocnoBamno paBno6e.n:permoro Tpey
roJibHIIKa, paBHa J3 II n,UBOe 60Jibiiie CBOeH rrpoeKIJ;IIII Ha 6oKOBYIO 
cTopony. Hali.n:rne nJioma.n:h TpeyroJihHHKa. 

15. B np51MoyroJihHOM TpeyroJibiUIKe .UJIIIHhi Me.n:IIaH KaTeTOB paB
Hhr 6 II 8 eM. Hau.n:rne .UJIIIHY riirroTeHy3ni TpeyroJihHIIKa. 

16. B rrpaBIIJibHbiH TpeyroJibHIIK BIIIICclH KBa,UpaT, CTOpOHa KOTO
poro paBHa 2J3-3 . I-Iai1.n:rne cTOpony TpeyroJibHIIKa. 

17. BoKOBa51 cTopona paBno6e.n:pennoro TpeyroJibHIIKa paBna 
10 eM, ocnoBamre paBHO 12 CM. K oKpy)KHOCTII, Brrncammli B Tpey
roJibHHK, rrpOBe,UeHhl KaCaTeJibHbiC, rrapaJIJieJibHbiC BbiCOTe TpeyrOJib

HIIKa II OTCeKaiO!l{IIe OT ,UaHHOro TpeyrOJibHHKa ,Una rrp51MOyroJihHbiX 
TpeyroJihHIIKa. Hali.n:rne cyMMY rrepiiMCTpon 3THX TpeyroJihHIIKon. 

18. Owm H3 KaTeTon np51MoyroJihHoro TpeyroJihHHKa paBeH 15 eM, 

a npoeKIJ;H51 .n:pyroro KaTeTa na nmOTeHy3y panna 16 eM. Hai1.n:wre 
IIJIOIIJ;a,Ub Kpyra, BIIHCaHHOrO n TpeyrOJibHHK. 

19. llp51MM, rrapaJIJieJibHa51 OCHOBaHHIO, ,UeJIIIT ITJIOIIJ;a,Ub Tpey
rOJibHHKa IIOIIOJiaM. LJ:mma 0Tpe3Ka 3TOH IIp51MOH, 3aKJIIO'leHHOrO 

Me%.n:y CTopoHaMH TpeyroJibHHKa, paBHa 18.J2 CM. Ha:H:.n:nTe .n:mmy 

OCHOBaHH51 TpeyrOJibHHKa. 
20. Lfepe3 BepUIIIHbl rrpOII3BOJibHOro 'ICTbipexyrOJibHHKa npoBe

,UCHbl rrp51Mhre, rrapaJIJieJihHhre ero .n:naroHaJI5JM. Hai1.n:HTe OTHoiiieniie 
IIJIOII~a,UH ~IeTblpexyrO.T!hHIIKa, o6pa30BaHHOrO 3THMH IIp51MblMII, K 
ITJIOil{a,UII .n:annoro 'leThipexyroJibHIIKa. 

21. PoM6, y KOToporo cTopona panna MeHhiiieJ:i.n:narona.nn, paBno
neJIIIK Kpyry pa.n:uyca J3ii . Orrpe.n:emi:Te CTopony poM6a. 

22. Cepe.n:nHhi .n:nyx cMe)KHbrx cTopou KBa.n:paTa coe.n:nneHbi Me)K

.n:y co6o:i1: II c rrpoTHBOITOJIO)KHOH Bepnmnoi1 KBa.n:paTa. Pa.n:IIyc Kpyra, 

BIIIICaHIIOro B o6pa3oBaBIIIHHC51 Tpeyr07lbHHK, paBeH 2.J5 -.J2 CM. 
Hai1.n:IITe rrJIOIIIa.n:h KBa.n:paTa. 

23. ilJIOil{a,Ub rrp5IMOyrOJibHIIKa paBHa 9 CM2, a neJIH'IHHa O.LJ:HOrO H3 

yrJIOB, o6pa3oBannoro .n:IIaronaJI5JMH, paBna 60° . Ha:H:.n:nTe OTHOIIIe

HHe 60Jibiiiei1 II MeHbiiiei:J CTOpOHbi rrp5IMOyrOJibHHKa. 

24. B KBa.n:paTe, CTopona KOToporo pana 2, cepe.n:IIHhi .n:Byx cMe%

HhiX CTOpOH COe.LJ:IIHCHbl Me%.LJ:Y Co6o:i1: II C rrpOTHBOIIOJIO)KHOH Bepiiiii

HOH Kna,tipaTa. Ha:H:.n:rne ITJIOil{a.LJ:b BHyTpennero TpeyroJibHIIKa. 

25. KBa.n:paT, rrJimrra.n:h KOToporo paBHa 2, cpe3aH no yrJiaM TaK, 'ITO 

o6pa3oBaJic51 rrpaBIIJibHhiii BOChMHyroJibHHK. Onpe.n:e;rmTe rrJIOIIIa.n:n 
3TOrO BOCbMHyrOJibHHKa. 

26. Orrpe.n:eJIHTe cTopony poM6a, 3Ha51, 'ITO rrJIOIIIa.n:h ero panna 6, a 

,UJIIIHhi .n:naroHaneH OTHOC5JTC51 KaK 2 : 3. 
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27. B poM6, KoropbiH aeJinrcR csoew anaroHaJibiO na aBa npaBHJib
HbiX rpeyroJibHHKa, BTIHCaHa oKpy)KHOCTb. Hai1mne paa11yc oKpy)K-

nocrn, ecmi cropona poM6a paBHa ~ . 

28. llJiom:aah poM6a paBHa 150 cM2, a oana 113 ero auaronaJiew paB
na 15 eM. Hawanre Bbicory pmvr6a. 

29. Ha croponax poM6a KaK na a11aMerpax noCTpoeHhi noJiyoK
PY)KHOCTI1, o6paru:ennhre snyrpb poM6a. Onpeaemne nJiom:aah noJry
qennoi1 p03CTKI1, CCJIH )lHarm-IaJIH poM6a paBUbl 6 l1 8. 

30. B napaJIJieJiorpaMMe ABCD ,11,11arouaJib BD nepnenariKyJIRpna 

cropoue AB. ,llJIHUhi cropou AB 11 AD coorBercrseuno paBHbi .Ji3 n 
7. Hawa11re a11arona.nH napa.nJieJiorpaMMa. 

31. B napa.nJieJiorpaMMe co croponaMn 12 n 4 eM nposeaenbi ana
ronami. Hawa11re pa3nocrb MC)!{i'J:Y nepHMerpaMn aByx CMC)!{HbiX rpe
yroJibHilKOB. 

32. B napaJIJieJiorpaMJ\ie ABCD Bbicora, npoBcaennaR 113 sepum
Hbi B rynoro yrJia K cropone AD, aeJII1T ee B ornoiiieHHH 5 : 3, cquraR 
or nepiii11Hhi D. Hawa11re ornoiiienwe AD K AB, ecJIH orpe3oK AC Bas a 
pa3a ammnee orpe3Ka BD. 

33. BeJIHqwna oauoro 113 yrJioB napa.nJieJiorpaMMa paBna 120°, a 
MCHbmaH awaronaJib pasua 2.J3f eM. Bbicora n<lpa.TIJICJiorpaMMa pan
na SJ3 eM. HawaiiTe 6oJibiiiYIO awaronaJib napa.n;reJiorpaMMa. 

34. B poM6 c yrJioM 150° sn11can Kpyr, a B Kpyr- Ksaapar. Hawal1-
re OTIIOIIICHHC TIJIOII!a,[(H poM6a K TIJIOII!a,[(H KBaapara. 

35. B KBaapar murcau apyrow Ksaapar, sepmHHbi Koroporo JIC)Kar 
Ha cepeawnax cropon nepBoro, a B sror KBaapar Bimcan Kpyr. KaKyio 
qacrb nJiom:aal1 aannoro KBaapara cocraBJiaer nJioru:aah Kpyra? 

36. B Ksaapare ABCD roqKa E- cepea11na croponhi BC, a roqKa 
F- cepeanna cropouhr CD. Hawanre ranrenc yrJia EAF. 

37. Pa3nocrh MC)!{i'J:Y TIJIOII(a,[(hiO Kpyra n TIJIOII!MhiO snncatmoro 
B nero Ksaapara pasna 2J3(n-2). Hawanre nepnMerp npaBHJihnoro 
IIICCTHyrOJibnHKa, BTIHCaHIIOfO B 9TOT Kpyr. 

38. BhJqi1CJII1Te mwru:anh rpaneu11n ABCD (AD II BC), ecJII1 ,[(JIHnhi 
ee ocnosanHw ornocHrca KaK 5 : 3 H nJioru:aah rpeyroJihHHKa ADM 
pasna 50 cM2, rae M- TO'!Ka rrepeceqenna npaMhiX AB n CD. 

39. llpaMhie, coaep)Kaii!I1C 6oKOBhre croponhi pasno6eapennm':i: 
rpaneu1111, nepeceKarorcH noa npaMbiM yrJIOM. HawaHre noJiynep11-
Merp rpanCU1111, CCJIH ee II.1IOIIJ:a,[(h paBna 12 CM2, a ,[(JIHna BbiCOThi 
panna 2 eM. 
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40. 0l(HH H3 yrJIOB rpaiTCUIIH paBCH 30°, a ITp5IMbiC, CO):(CpiKalli,HC 

6oKOBhie cropaHhi rpaneru·m, nepneH):(HKy;mpHhL Hai:Jl(nre l(JIHHY 
MCHblliCH 6oKOBOH CTOpOHbl rpanCU.HH, CCJIH ,'l,JIHHbl OCHOBaHHH paB
Hbi 8 CM H 12 CM. 

41. Pa3HOCTb l(JIHH ocHonaHHH panHo6el(peHHOH rpaneu.rm panHa 
14 CM, a cyMMa l(JlHH ee OCHOBaHHH paBHa 28 CM. BbrqHCJIHTC HJIOII(al(b 

rparrCU.HH npH ycJIOBIIH, 'ITO B 3TY rparrei~IIIO MOJKHO BllHCaTb OKpyJK
IIOCTb. 

42. 0KaJio Kpyra onncaHa panHo6eApCHHa5I rpaneiJ.H5I c oCTpbiM 
yrJIOM 60°. ,ll,JIYina cpel(Hei1 JIHHHH rpaneu.uu panna 4 eM. Hai:fl(nre 

,LJ.HaMerp Kpyra. 
43. B rpanerum L!HaroHaJIH paBHbi 4 n 7, a orpe3aK, coel!HH5IIOII(HH 

cepCL!HHbi OCHOBaHUH, panen 5. HaHL!HTC cyMMY l(JIUH OCHOBaHYIH 

rpaneu.nn. 
44. 0CHOB3Hl15I rpallCIJ.HII paBHbi 4 H 3, yrJibi npn 60JlblliCM OCHO

BaHHH paBHbl 30° 11 60° . 1-la~il!IITC llJlOII(al!b rpaHCIJ.IIU. 
45. BbrqHcnnre nnorual(h rpaneu.nii, napanJieJibHbie croponhr Ko

ropoi1 COOTBCTCTBCHHO paBHbl 16 II 44 CM, a HenapaJIJICJlhHbiC - 17 11 

25 CM. 
46. B pamro6el!peHHOH rpaneu.nn L!JIIIHa cpel!HCH JIUHHH panna 

10, a L!HaroHa.m1 B3aHMHO nepneHL!HKYJI5IpnbL HaHL!HTe nnorn:al!h 
rpaiiCIJ.HH. 

4 7. Ilnomal!b panHo6el!penHoi1 rpaneu.nn, onncannoi1 OKano Kpy
ra, panHa 2. Onpel!CJIHTe L!HaMerp Kpyra, ecJI:u: yroJI npn ocHonanH:u: 
rpaneu.rm panen 150°. 

48. B panHo6el!pennoi1 rpaneu.nn cyMMa l(JIHH ocHonanH:i1 panHa 
64 eM. ,ll,naronanH rpaneu.nH B3aHMHO rrepneH):(HKYJI5IpHbi. Hai1L!HTe 
ee nnomal!h. 

49. Tpaneu.n5I pa36nra L!HaroHaJI5IMII Ha qerbrpe rpeyraJibHHKa. 
Hail:L!HTe orliorneHne IIJIOII(al!eil: rpeyraJibHHKOB, npnJieraiOrn:nx K 6o
KOBbiM croponaM rpaneu.nn. 

50. 0Kpy1KHOCTb pal!Hyca 7,5 CM BllHCana B paBH06el!pCHHYIO rpa
llCU.HIO c 6oKonoi1 cropoHoil:, panHoi1 17 eM. Haill(nre pa3HOCTh L!JIHH 
OCHOBaHHH rpaneiU1ll. 

51. HaHL!HTe Bbicory paBHo6el!pCHHoi1 rpaneu.nn c ocnonaHH5IMH 
9 n 21 eM, ec;m l(JIHHa oKpyJKHocrn, onncaHHOH OKano 3TOH rpane
IJ.HH, paBHa 21, 251t CM. 

52. Ha croponax panHocropoHnero rpeyraJihHHKa nne ero nocr
poenhr KB3L!parhr. I1x neplliHHhi, neJKaiiJ.He BHe rpeyroJibiiHKa, nocJie
L!OBareJibHO coeL!HHCHhL Orrpel!eJIHre nnomaAh rronyqeHHoro IllecrH
yroJihHHKa, ecnH cropona L!aHHaro rpeyraJibHHKa panHa ~ . 
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53. BHyTpH Kpyra B35lTa TO'.!Ka K na paccT05lHHI1 13 eM OT u:enTpa. 

l.Jepe3 3TY TO'IKY rrpoBell,ena xop11,a. To'-IKa K Jl,eJII1T xop11,y na OTpe3KI1, 

ll,JI11Hbi KOTOpbiX paBHbi 14 11 4 eM. Hall:11,11Te 11,11aMeTp Kpyra. 

54. B paBHOcToponHIIH TpeyroJTbHMK BrrHcana OKpy)KHOCTb pa11,11y

ca .J3. 3Toi1 oKpy)KHOCTI1H cTopou TpeyrOJibHIIKa KacaiOTC5l TPII Ma

Jibie oKpy)KHOCTI1. Ha:i:J.Jl,HTe paAHYCbi 3TI1X oKpy)KHOCTeil. 

55. Ka)Kil,M H3 Tpex paBHbiX oKpy)KHOCTell: paJJ;nyca .J3 KacaeTc5l 

JJ:Byx JJ:pyr11x. HailJJ;HTe IIJIOil\a,ll,h TpeyroJibHI1Ka, o6pa3oBannoro o6-

Il\HMH BHeiiiHHI\m KacaTeJTbHhiMI1 K ~::JHIM oKpy)KHOCT5lM. 

56. B npaBHJlbHbij:i TpeyroJibHHK BIII1CaHa OKpy:>ICHOCTb H OKOJIO 

nero on11cana OKpy)!mOcTb. HailJJ;HTe rrJIOil\a,ll,h o6pa3oBaBIIIeroc5l 

KOJibll,a, eCJIH CTOpOHa TpeyroJibHHKa paBHa 2. 
57. B oKpy)KHOCTh, Jl,JIIIHa KOTopoil pamia 2.J3rr , BIII1can npaBHJib

HhiH TpeyrOJibHHK. Ha ero BbiCOTe KaK Ha CTOpOHe IIOCTpOeH .n:pyroil 

npaBHJihHbiii TpeyroJibHHK, B KOTOpblM mmcana HOBa5l oKpy)KHOCTb. 

Ha:il,[(HTe JJ;JIIIHY 3TO:i1 oKpy)KHOCTH. 

58. B oKpy)KHOCTH npoBeJJ;eHhlJJ;Be xopll,bi AB = 2 11 AC = 3. ,/lJin

na JJ:yrn AB B JJ;Ba pa3a Menbme JJ;JIHHbi !J.YfH AC. Hm~iw1Te paJJ;nyc oK

PY)KHOCTH. 

59. 06mM xopJJ;a ABYX rrepeceKaromuxc5l oKpy)KHOcTeil BHJJ;na H3 

IIX u:enTpOB noJJ; yrJiaMn 90° II 60° . HailJJ;HTe AJIHHbi or<py)KnocTeil, 

eCJIH KBaJJ;paT paCCT05lHH5l Me)KJJ;y HX IJ,eHTpaMH paBeH 2.J3 +4. 
60. B cerMeHT, 11,yra KoToporo 60°, Bnncan KBaJJ;par. Bbi'IHCJIHTe 

IIJIOIIJ,aJJ;b KBaJJ;paTa, ecJIH IIJIOil\aJJ:b Kpyra paBna ( 29 + 4.J51) 1t. 

61. ,/lBe OKPY)KHOCTH paJJ;uycoB 6 eM n 3 eM KacaiOTC5l BHeiiiHHM 

o6pa30M. Hall:JJ;nTe paccTo5lHH5l oT TO'IKM KacannJI oKpy)KHOCTeil JJ:O 

nx o6mnx KacaTeJibHhiX. 

62. B ceKTop AOB c paJJ;nycoM .J2 + 1 n yrJIOM 90° Brrncana oK

PY)KHOCTb, KacaiOil\MC5l orpe3KOB OA, OB n JJ;yrn AB. HailJJ;HTe paJJ;n

yc oKpy)KHOCTM. 

63. B rrepeceqemre paBHbiX KpyroB Brrncan poM6. HailJJ;nTe rrno

maJJ:b poM6a, ecJin paJJ;nyc Ka)K,ri;OH M3 oKpy)KHOCTeil paBeH 7,5 eM, a 

KBall,paT CTOpOHbi poM6a paBeH 45 CM2. 

64. B ocTpbi}I yroJI, paBHhiH 60° , BrrncaHbi JJ;Be or<py)KHOCTII, M3-

BHe KacaiomiiecJI JJ;pyr 11,pyra. PaJJ;IIyc 6oJibme:i1 OKpy)KHOCTII paBeH 3. 
HailJJ;HTe paJJ;nyc MeHhiiieil oKpy)KHOCTH. 

65. Tpii OKpy)KHOCTH pa3HbiX paAIIycoB rrorrapno KacaroTC5l JJ;pyr 

,a:pyra. 0Tpe3KM, coeJJ;IIH5liOlliiie IIX u:enTpbr, o6pa3yioT np5IMoyroJib

HhiH rpeyroJihHHK. Hailll,HTe paAIIyc 6oJihiiieil oKpy)KHOCTII, ecJin pa

AHYCbi MeHhiiie}r 'n cpeJJ;neil oKpy)KHOCTell: paBHhi 2 11 4 eM. 
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66. Kpyr, pa.n:Hyc KOToporo paBeH ..J2, pa3JJ:eJieH Ha JJ:Ba cerMeHTa 
xop.n:oi1, paBHOI~I cropoHe mmcanHoro KBa.n:para. Onpe.n:eJIIITe nJio
~aJJ:b MCHbillCfO H3 3TIIX CCfMCHTOB. 

67. Onpe.n:eJIHTe nJio~aJJ:h Kpyrosoro KOJib:Qa, 3aKmo~IeHHoro MC)K
JJ:Y JJ:BYMH KOJiJJ,ei-ITpwiecKIIMII oKpy)KHOCTHMH, JJ:JIIIHbi KoropbiX paB
Hhi 3n H 2n . 

68. B npaBHJihHbiH illeCTIIyroJibHMK, cropoHa Koroporo pamra 2, 
BnncaHa OKPY)KHOCTb, II OKOJIO nero )Ke oniicaHa oKpy)KHOCTb. On
pe,n:eJIIITe l1JIOI:QaJJ:h KpyroBOfO KOJib:Qa, 3aKJIIOqCJ-IHOfO MC)KJJ:Y 3TIIMII 
OKpy)KHOCT.HMH. 

69. Kpyr pa,n:nyca 3 pa3,n:eJieii JJ:BYMH KOH:QCHTpHqecKIIMII c HIIM 

OKPY)KHOCTJIMII na rpn paBHOBe.71HKHe qmrypb!. Hai:'I,ll,rne pa,n:nychi 
3THX OKpy)KHOCTCH. 

70. Cropona KBa,n:para, BniicanHoro B OKPY)KHOCTb, orceKaer cerMeHT, 
nJio~a,n:h Koroporo pasna (2n-4) cM2. Hai1,n:nre cropony I<Ba,n:para. 

3J3 0m6embl: 1. 24. 2. 16 CM. 3. 3,75 H 5,25 CM. 4. 5 II 12 CM. 5. 4 . 
6. 

3TC1JS. 7. 40° II 50°. 8. 6,25 CM. 9. 4Jf0. 10. 0,96. 11. 7 CM. 

12.13cM.13. 13,5+4,5J3cM.14. 3J3.15. 4-J5cM.16.1.17. 24cM. 

18. 25rc Cl\12. 19. 36 CM. 20. 2. 21. TC~. 22. 144 CM2. 23. J3. 24. 1,5. 

25. 4(../2-1).26. J6,5.27.2.28.12cM.29.12,5n-24.30.6II 2.J22. 

31. 8 CM. 32. 2. 33. 2.J9I CM. 34. 4. 35. ~. 36. 0,75. 37. 6~. 
8 

38. 32 CM2. 39. 6+2../2 CM. 40. 2 CM. 41. 98J3 CM2. 42. 2J3 CM. 

43 . .J3{j. 44. 
7f. 45. 450 CM2. 46. 100. 47. 1. 48. 1024 CM2. 

49.1.50.16 CM.51.8 CM.52. 3(i+J3) .53.30cM.54. J3 .55. 6(2J3+3). 
4 3 

56. rc. 57. 1,5rc. 58 • .J7 . 59. 4rc II 2-Jin. 60. 1. 61. 0 II 4c M. 62. 1. 

63. 36 CM2. 64. 1. 65. 6 CM. 66. ~-1. 67. 5;. 68. 1t. 69. J3 II J6. 
70.4 CM. 
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KoHTponbHbllll TeeT 

1 

2 

3 

4 

3a~aHHH 

Ecmr OKOJIO npaBHJihnoro IIIeCTH

yroJibHHKa CO CTOpOHOM 2 OTIHCaTb 

OKpy:>KHOCTb H B 3TOT :>Ke IIIeCTH

yrOJibHHK BTIHCaTb OKpJ:>KHOCTb, TO 

TIJIOIIIa,D,b o6pa3oBaBIIIerocH KOJibl~a 
6y~eT paBna 

BapnaHTbiOTBCTOB 

1) 7t2; 
2) 0,27t2

; 

3) 37t; 
4) 21t; 
5) 1t. 

1) 48; 
B TpeyroJihHHKe ABC npoBe,D,e- 2) 24. 
na BhiCOTa BD. EcJIH BD=4, 3) 18: 
BC=4.J5, a AB=4Ji, TO nJio- 4) 96; 

IIIa,D,h TpeyroJihHHKa paBna 5) 7 4. 

EcJIH O,li,HH H3 BHJTpennnx yrJIOB 

TpeyroJihHHKa paBen 56°, a Bne

IIIHHH yroJI npn BTopoif Bepiiinne 

paBeH 94 ° , TO BHeiiiHHM yroJI 3TOfO 

TpeyroJibHHKa npn TpeTbeM Bep

IIIHHe paBeH 

I1pHMaH, napaJIJieJibHaH CTopone 

npaBHJibHOfO TpeyrOJibHHKa, ,l(eJIHT 

BbiCOTJ, npoBe,l(eHHJIO K 3TOH CTO

pone, B OTHOIIIeHHH 1: 3 , C'IHTaH OT 

BepiiiHHbL EcJIH TIOJIOBHHa ,D,JIHHbi 

0Tpe3Ka 3TOH np5IMOM, 3aKJII0'1eH

HOrO Me:>K~Y ~pyrHMH CTOpOHaMH 

TpeyrOJibHHKa, paBHa 1, 125, TO pa

,li,HJC oKpy:>KnocTn, onncannoii: oKo

Jio TpeyrOJibHHKa, paBeH 

1) 150°; 
2) 30°; 
3) 124°; 
4) 142°; 
5) 38°. 

1) J3; 

2) 3J6. 
2 ' 

3) 3J3; 
4) 1; 
5) 3. 

0KpJ:>KHOCTb ,D,HaMeTpa 5 BTIHCaHa 1) 6,5; 
B poM6 ABCD H KacaeTc5I cToponhr 2) 2,25; 

5 AD B TOtiKe N. EcJIH nJioma~h poM- 3) 2,5; 
6a paBna 65, TO ,li,JIHHa OTpe3Ka AN 4) 0,5; 
paBna 5) 5,5. 
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3aJJ,aHHH BapHaHTbi OTBeToB 

6 

7 

8 

Ha cTopoHe AC TpeyroJihHH
Ka ABC B35ITa TO'-lKa D TaK, '-ITO 
AD= 6, DC= 8 . EcJIH BhiCOTa Tpe
yroJihHHKa, npoBeJJ,enna5I H3 Bep
IIIHHhi A, paBna 7, TO JJ,JIHHa nep
nen,n:HKYJI5Ipa DH, npoBe,n:ennoro 
na CTopony B C, paBna 

B rrp5IMoyroJihHOH TpaneQHH 
JJ,HaronaJIH B3aHMHO nepnen,n:H
KYJI5IpHhi. EoJihiiiM ,n:HaronaJih 
COCTaBJI5IeT C MeHbiiieH 6oKOBOH 
cToponoH yroJI 60° . EcJIH ,n:JIH
na MeHhiiieH JJ,HaronaJIH pamra 10, 
TO CYMMa JJ,JIHH OCHOBaHHH Tpane
QHH paBHa 

EcJIH ,n:Be CToponhr TpeyroJihHHKa 
paBHhi 7 H 5, a Me,n:Hana, npoBeJJ,en
HM K TpeTbeH CTOpOHe, paBHa 3, 
TO TIJIOIUaJJ,h TpeyrOJihHHKa paBHa 

1) 7; 
2) 4; 
3) 3; 
4) 1,2; 
5) 2. 

1) 25; 
2) 5--/3; 
3) 5; 
4) 10; 
5) 20. 

1) 12'-'"3 ; 
3) 6../6; 
5) 3,75--/3. 

Tipo,n:OJI)KeHHe o6rueH xopJJ,hi AB 
u 1) 14; 

JJ.Byx oKpy)KHOCTeH nepeceKaeT Hx 2) 7. 

9 o6ruyro KacaTeJihnyro MN B TO'-lKe 3) 10; 
K. EcJIH KA = 8, a paccT05IHHe MN 

4
) 

16
. 

Me)K,n:y TO'IKaMH KaCaHH5I paBHO 24, 5) 21 : 
TO ,n:JIHHa oTpe3Ka AB paBna 

EcJIH B paBno6oKOH TpaneQiiH 
MeHhiiiee OCHOBaHHe paBHO 6oK0-

10 BOH CTopone H paBno 4, a TIJIOIUaJJ:h 
TpaneQHH 8+4~, TO OCTphiH yroJI 
TpaneQHH paBen 

EHcceKTpHca yrJia A napaJIJieJior
paMMa AB CD nepeceKaeT CTopo-

11 ny BC B ToqKe K TaK, 'ITO BK =4. 
EcJIH nJiorua,n:h napaJIJieJiorpaMMa 
panna 12, a neJiwmna yrJiaA paBna 
30° , TO JJ,JIHna oTpe3Ka CK panna 

1) 30°; 
2) 38°; 
3) 15°; 
4) 45°; 
5) 70°. 

1) 21; 
2) 2; 
3) 6; 
4) 8; 
5) 1,5. 

2) 3../6; 

4) 7,5--/3; 
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N!! 3a;r~;aHH» BapHaHThlOTBeToB 

0KOJIO OKPY%HOCTH pa;r~;nyca R 
orrncau rrapanJieJiorpaMM. EcJIII 1) 4R3. 2)16R3 . 
nJiomaAh qeThrpexyroJihHHKa c Bep- s ' s ' 

12 lliiiHaMH B TOqKaX KaCaHlU! OKpy%- 3) 8RS; 4) RS2; 
uocTH H rrapanJieJiorpaMMa paBna R2 
S, TO rrepiiMeTp rrapaJIJieJiorpaMMa 5) 2s· 
paBeu 

0Kpy%HOCTb c IJ,eHTpOM B Toq-

r<e 0 I1pOXO;ri;IIT qepe3 nepnmuy 1) 130°; 
A TpeyroJihHIIKa ABC, KaeaeTeR 2) 25°; 

13 rrpRMOH BC B ToqKe B H rrepeee- 3) 10°; 
KaeT cTopouy AC B ToqKe D. EeJIH 4) 40°; 
LAOB=110°, LABD=120°, 5) 95°. 
TO yroJI C paBeH 

)lne eTOpOHhl OeTpoyrOJibHO-
fO TpeyrOJihHIIKa paBUbl 20 eM H 1) 16 eM; 
23,2 eM. EeJIII pa;r~;nye Brrncauuoi1: 2) 13 eM; 

14 B TpeyroJihUHK oKpy%nocnt paBeH 3) 9,5 eM; 
6,4 CM, TO paAHYC omiCaHHOH OKO- 4) 14 eM; 
JIO ;nora TpeyroJibHUKa OKpy%HOe- 5) 14,5 CM. 
THpaBeH 

HoMep 3aJJ;aHIIJI 1 2 3 4 5 6 7 

HoMep npaBIIJibHOro 
5 2 4 3 4 2 5 

OTBeTa 

HoMep 3aJJ;amur 8 9 10 11 12 13 14 

HoMep npaBIIJibHoro 
3 3 1 2 2 4 5 

OTBeTa 
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23 CTEPEOMETPI/Is:l 

CTepeoMeTpneii Ha3biBaiOT pa3,n:cJI reoMeTpHH, B KOTopoM H3y'Ia

IOT CBOHCTBa rrpoCTpaHCTBeHHhiX ¢wryp. IlpocTeHlliHMH ¢wrypaMH B 

rrpoCTpaHCTBe 5!BJI51IOTC51 mOttKa, np5l.Ma5l H YlJlOCKOCmb. 

23.1. CsolllcTsa npfiMbiX 111 nnocKocTelll 

,UBe IIp5!Mhie B npOCTpaHCTBe rrapaJIJieJihHbl, eCJIH OHH JieJKaT B 0.[(

HOH IIJIOCKOCTH H He rrepeceKaiOTC51. 

,UBe IIp5!Mbie B IIpOCTpaHCTBe CKpell(IIBaiOTC51, eCJIH He CyllleCTByeT 

TaKOH IIJIOCKOCTH, B KOTOpOH OHH o6e JieJKaT. 

llpu31taK cKpe~u6aw~uxcR npRMoLY. EcJIH o,n:Ha H3 ,n:Byx rrp51-

MhiX JieJKHT B HeKOTOpOH II7JOCKOCTI1, a ,n:pyra51 I1p51Ma51 rrepeceKaeT clTy 

IIJIOCKOCTh B TO'!Ke, He IIpHHa,n:JieJKaii~eH rrepBOH IIp51MOH, TO 3TH IIp51-

Mbie CKpeii~HBaiOTC5!. 

f1IIOCKOCTh H IIp5!Ma5!, He IIpi1Ha,n:JieJKaU.!a51 IIJIOCKOCTH, rrapaJIJieJib

Hhi, eCJIH OHH He HMeiOT 06111HX TO'IeK. 

llpu3HaK napaJtJteJlollocmu npRMOU u 1UtocKocmu. EcJIH np51Ma51, 

He IIp11Ha,n:JieJKallla51 IIJJOCKOCTH, napaJIJieJibHa KaKOH-JIH60 IIp51MOH, 

IIpHHa,n:JieJKallleH IIJIOCKOCTH, TO OHa rrapaiiJieJibHa l1 IIJIOCKOCTH. 

C6oucm6a nJtOCKocmu u npRMoii, napa;meJloHoii nJZOCKocmu: 
1) eCJIH ITJIOCKOCTh co,n:epiKHT IIp51MYIO, napaJIJJeJihHYIO .n:pyroii 

IIJIOCKOCTH, l1 rrepeceKaeT 3TY IIJIOCKOCTh, TO JIHHH51 rrepece'!eHH5! 

IIJIOCKOCTeH rrapaJIJieJILHa ,n;aHHOW IIp5!MOH; 

2) eCJIH qepe3 KaJK.[(YIO H3 .[(BYX rrapaJI.IeJibHhiX IIp5!MhlX rrpoBe,n:e

Hbl rrepeceKaiOIIIHeC5! IIJIOCKOCTH, TO JIHHH5! HX rrepeceqenn5! rrapaJI

JieJibHa ,n:aHHhiM IIp5!MbiM. 

,UBe IIJIOCKOCTH rrapaJJIIeJJhHhi, eCJIH OHH HC HMeiOT 06111HX TO'IeK. 

llpu3HaK napaJZJteJlonocmu nJtocKocmeu: ecJIH ,n:Be nepeceKa

IOIIIHec51 IIp5!Mbie OJJ:HOH IIJJOCKOCTH COOTBeTCTBeHHO napaJIJieJibHhi 

JJ:BYM rrepeceK3IOIIIHMC5! IIp5!MblM ,n:pyron IIJIOCKOCTH, TO 3TH IIJIOCKOC

TH rrapaJJIIeJibHbi. 

flp5!Ma51 neprreH,n:HKYII5!pHa IIJIOCKOCTH, eCJIH OHa rreprreH,n:HKYII5!p

Ha mo6oii rrp5!MOH, rrpi1Ha,n:JieJK3llleH IIJIOCKOCTI1. 

llpU31lUK nepne1ldUKYJlRp1loCmU npRMOU U nJlOCKocmu: eCJII1 

IIp5!Ma5! rreprreH,n:l1KYII5IpHa JJ:BYM rrepeCeKaiOIIII1MC5! IIp5!MbiM, JICJKa

IIIHM B IIJIOCKOCTH, TO OHa rreprreH,n:HKYII5IpHa IIJIOCKOCTH. 
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' 
C6oiicm6a npRMoii, nepneuiJwcy;mpuoii nJZoc1cocmu: 
1) ecJIH O,J:J:Ha 113 .D:BYX napaJIJICJihHhiX IIpHMhiX nepneH,J:J:MKYJIHpHa 

IIJIOCKOCTH, TO 11 ,J:J:pyra5I IIp5IMa5I rreprreH,J:J:HKYJIHpHa :'HOM IIJIOCKOCTH; 

2) IIp5IM35I, nepneH,J:J:HKYJI5IpHa5I O,J:J:HOli H3 ,J:J:BYX napaJIJICJ!hHhiX 

HJIOCKOCTCH, nepneH,J:J:HKYJIHpHa 11 Apyroi:\: IIJIOCKOCTH. 

llpU31WK nepne11.dUKYllRp110CmU 1lJlOCKOCmeii: CCJll1 IIJlOCKOCTh 

CO,J:J:epJKI1T nepneH,J:J:HKYJI5Ip K npyroi1: IIJIOCKOCTH, TO OHa nepneH,J:J:HI<y

JIHpHa 3TOM IIJlOCKOCTI1. 

I1p5IM35I, rrepeceKaiOina5I IIJlOCKOCTh, HO He nepneH,J:J:HKYMlpHaH K 

Hei1, Ha3hiBaercJI HaKJIOHHOH K n.nocKOCTH. 

TeopeMa o mpex nepneuiJuuyJZRpax. ,l{JIH roro <no6hi rrpHMa5I, Jie

JKalll,aH B ITJIOCKOCTH, 6biJia rrepneH,J:J:HKYJI5IpHa HaKJIOHHOH, Heo6xo,J:J:H

MO H ,J:J:OCTaTO'-IHO, '-IT06hi OHa 6biJJa rreprreH,J:J:HKYJI5IpHa rrpoeKIJ;HH 3TOH 

HaKJIOHHOH Ha ITJIOCKOCTh. 

Ha pucyHKe 23.1 np5IMaH b - HaKJIOHHaH I< nJIOCKocTH, rrp5IMa5I 

C - npoeKIJ,HH 3TOH HaKJIOHHOli Ha IIJlOCKOCTh H TIOCKOJibKY a .l C , TO 

a.lb. 

Puc. 23.1 Puc. 23.2 

YvwM MeJK3y Jta10lmawu u ruzocKocmbiO Ha3biBaercH yroJI Me)KAy 

HaKJIOHHOH H ee npoeKu;neJ:i: Ha IIJIOCKOCTh. Ha pHCYHKe 23.2 rrpHMaH 

b - H3KJlOHH35! K IIJIOCKOCTH, np51Ma5I a - npOCKl{HH 3TOH H3KJIOiiHOH 

Ha IIJlOCKOCTh, a - yroJI MeJK,n:y 3TOH HaKJIOHHOH l1 IIJIOCKOCTbiO. 

JJ,eyzpaHHbtU yzoJL o6pa3yerc5I B pe3yJihTare rrepece'-!eHHH ,J:J:Byx 

IIJIOCKocTei1. IlpHMa5I, rroJiy'-!eHHa5I B pe3yJihTare nepece<JeHHH ABYX 

IIJIOCKOCTCM, Ha3hiBaeTCH pe6po.M AByrpaHHOfO yrJia . .lJ:Be IIOJIYIVIOC

KOCTH C 06liJ;HM pe6poM Ha3hiBaiOTC5I zpaHRMU ,J:J:ByrpaHHOfO yrJia. . 

iloJiyiiJIOCKOCTh, rpaHHIJ;a KOTOpOH COBIIa,J:J:aeT C pe6poM AByrpaH

HOfO yrJia l1 KOT0pa5I ,J:l;CJIHT ,J:J:ByrpaHHh!IJ yroJI Ha ,J:J:Ba paBHbiX yrJia, 

H33hiB3CTC5I 6ucceKmOpllOU IIJIOCKOCTbiO. 

,l{syrpaHHhiM yroJJ H3MCp5IeTC5I COOTBCTCTBYIOll!HM JlUHCUllblM yz
JlOM. JlHliCMHhiM yrJIOM AByrpaH)iOfO yrJia H33hiB3CTC5I yroJJ MCJKAY 

nepiiCH,J:l;HKy.nHpaMH, npoBe,J:J:eiiHbiMH B Ka)!(,J:l;OM rpaHH K pe6py. 
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23.2. nplt13Ma 

MuororpaHHHK, ,n:Be rpauu KOToporo paBHhie n - yroJibHHKH, Jre

:>Karuue B rrapaJIJieJihHhiX IIJIOCKOCT5IX, a OCTaJihHhie n rpauei1- rrapaJI

JieJiorpaMMhi, Ha3hmaeTC5I n-yzoJLo1WU npu3.MOU . 
.ll:Ba n-yroJibHUKa 5IBJI5IIOTC5I OCHOBaHU5IMH IIpU3Mhl, IIapa.JIJieJior

paMMbl - 6oKOBhiMH rpaHHMH. CTopoHhi rpauei1 Ha3hiBaiOTC5I pe6pa
MU IIpH3Mbl, a KOHU,bl pe6ep - BCpWUHaMU IIpH3Mbl. 

BhrcoToi1 rrpu3Mhi na3hmaeTC5I oTpe30K rreprren,n:uKyJIHpa, 3aKmo

qeJ-IHhiH Me:>K,n:y OCHOBaHH5IMH IIpll3Mhl. 

.UuaroHaJibiO rrpH3Mbi Ha3biBaeTC5I 0Tpe30K, COe,l.(HH5IIOIUHH ,l.(Be 

BCplliHHbl OCHOBamiH, He Jie:>KaiUne B O,l.(HOII rpaHH. 

Ilp5L.Moii rrpn3MOH Ha3hmaeTC5I rrpH3Ma, 6oKOBhre pe6pa KOTopoi1 

rrepneH,l.(HKY JI5IpHbi nJIOCKOCT5IM OCHOBaHHH (pH C. 23.3). 
HaJUWJmotl rrpH3MOH Ha3biBaeTc5I rrpH3Ma, 6oKOBhie pe6pa KOTopoi1 

5IBJI5IIOTC5I HaKJIOHHbiMU K IIJIOCKOCT5IM OCHOBaHHH (puc. 23.4). 
06oe.M u n;ww,aob noBepX11ocmu npu3.Mbt BhiCOThi h uaxOil.HT no 

¢opMyJiaM: 

v == SOCII . . h ' s/lVG. == 2S OCII. + s 6oK . . 

I1JioiUall.h 6mcoBoii noBepxnocmu npRMoii npu3M'bt MO:>KHO Bhi

qHcJIIITh no ¢opMyJie s6ol<. = POC/1.. h. 
06oe.M u n.now,aob noBepxnocmu ttaKJtonnoii npu3.Mbt (puc. 23.4) 

MO:>KHO BhlqUCJIHTb TaK:>Ke HHaqe: V = Sceq. ·/ , S6o~<. = pce•1. .[, 

r.n:e MNK - ceqeuue, nepnen.n:uKyJI5IpHoe pe6py /. 

JipaeUJLblWtt npu3AtOU na3hiBaeTC5I np5IMa5I npu3Ma, ocnoBanueM 

KOTOpOH 5IBJI5IeTC5I rrpaBUJibHblll MHOfOYfOJlblUIK. 

Jlapa/lJzeJLenunedoM Ha3hiBaeTcH npi13Ma, Bee rpau11 KOTopoii - rra

PaJIJieJiorpaMMhi. 

JlpmtbLM napaJIJleJtenunedoM ua3hiBaerc5I napaJIJieJierrune.n:, 6oKo

Bhie pe6pa KOTOporo rreprreH,n:HKYJIHpHbl IIJIOCKOCT5IM OCHOBaHIIH. 

JlpmwyzoJtb1lbtM napaJIJleJtenuneooM ua3biBaeTc5I rrp5IMoif rrapaJI

JieJierrune.n:, OCHOBamieM KOTOporo 5IBJI5IeTC5I Ilp5IMOYfOJlbHIIK. 

B B 

A c 

-----~- d 
I -- A Bj._ __ 

c / 
/ 

/ 

/ -
~--

A a c 
Puc.233 Puc.23.4 
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Ceoucmeo dualouaRu npRMOYlORbUOlo napaRReRenuneda 
KBa~paT ~Harona.JIII rrp51MoyroJibHoro rrapMJieJierrHne~a paBeH eyM

Me KBa~paToB Tpex ero H3MepenH:ii: d 2 = a2 +b2 +c2
, r~e a, b, c- ~JIH

Hhi pe6ep, BbiX0~51lilliX II3 O~HOH BepiiiHHbi, d - ~HafOHaJib napaJIJie

JICITHITe~a (pHe. 23.3). 
06oeM npRMOYlORbUOlO napaRReRenuneda naxo~HT no ¢opMyJie 

V=abc. 
Ky6oM Ha3hiBaeTCH rrp51MoyroJibHbii:i rrapa.JIJieJierriirre~ c paBHhiMH 

pe6paMH. Bee rpanH Ky6a - KBa~paThi. 
06oeM, nRO~adb noeepxuocmu u duawuaRb tcy6a e pe6poM a 

naxo~HT no ¢opMyJiaM: 

v ::= a3
, snOB,= 6a2 

1 d 2 
::= 3a2

. 

23.3. n111p8MIIIA8 

MnororpaHHIIK, o~Ha rpanh KOToporo - MHoroyroJibHHK, a oe

TaJibHhie rpaHH - TpeyrOJibHHKH e 06IIIeH BepiiiHHOH, Ha3biBaeTe51 

nupaMuaou. MnoroyroJihHHK na3biBaeTc51 oenoBanHeM rrHpaMH~hi, a 

TpeyrOJibHHKH - 60KOBbiMH rpaH51MH. 

Bbtcomou rmpaMHtJ:bi na3hmaeTe51 OTpe30K rreprreH~HKYJIHpa, npo

BetJ:eHnoro 113 BCpiiiHHbl I1HpaMH~bl K IIJIOCKOCTH OCHOBaHIUl. 

EcJIH Bee 6oKOBbte pe6pa nupaMuabt paBllbt HJIH naKJIOHenhr K mwc

KOCTII OCHOBaHIUI IIO~ O~HliM II TCM )KC yrJIOM, TO BbiCOTa onyeKaeTe51 

B !ICHTP onucallllOU OKPYJIC1tocmu. 
EeJIH 6oKOBbie rpan:n rrHpaMHtJ:bi naKJIOHeHbi K IIJIOCKOeTII oeno

BaHH51 IIOtJ: O~HI1M II TCM )KC yrJIOM ( aayzpallllbte Y2llbl npu OCUOBaUUU 
paB1lbt), TO BhreoTa orryeKaeTC51 B !IeHTP anuca1t1tOU OKPYJIC1locmu. 

A 
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S TI:npaMI1~a Ha3hiBaeTc51 npaBURbllOU, eeJIH 

c 

Puc.23.5 

ee OCHOBaHHCM 51BJI51CTC51 rrpaBIIJibHbiH MHO

royrOJibHIIK, a BbieOTa orrycKaeTe51 B !ICHTp 

BIIHeaHHOH II OiliiCaHHOH OKpy)KHOCTH MHO

royroJibHHKa, JIC)KaiiiCfO B OCHOBaHIIH I1Hpa

MH~bl. BhrcoTa 6oKOBOM rpann rrpaBHJihHOH 

rr:npaMH~bi, rrpOBC~CHHa51 H3 ee BepiiiHHbi, 
B na3hiBaeTc51 anorjJeMou. 

HanpUMep, na piicynKe 23.5 I13o6pa)Ke

na npa6URbUaR mpeylORbUaR III1paMH

~a SABC (TeTpaa~p): AB=BC=AC=a, 
OD = r - patJ:IIye oKpy)KHOeTn, BrrHeanno:U: 

B TpeyroJibHHK ABC, OA == R - pa~Hyc OK-



PY/KHOeTH, ormeannoli oKoJio TpeyroJihHHKa ABC, SO= h - BhieoTa 
rrHpaMHJJ:hi, SD = l - arrocpeMa, LSAO =a - yroJI naKJIOHa 6oKoBoro 
pe6pa SA K ITJIOeKoeTH oenoBamm, LSDO = cp - yroJI naKJIOHa 6oKo
Boi1 rpanH SECK rrJioeKoeTH oenoBamur rrHpaMHJJ:hi. 

TpeyroJibHa5I rrHpaMHJJ:a na3biBaeTe5! mempa9apoJ.t. TeTpasJJ:p na-
3biBaeTe5! rrpaBHJihHhiM, eeJIH Bee ero pe6pa paBHhi. 

06oe.M nupa.MUObt u nllotu,aOb ee no6epxnocmu naXOJJ:5!T no cpop
MyJiaM: 

1 v =]soCII .. h' sno6. =SOCII.+ s6m:.' 

r11:e h - BhieOTa IIHpaMHJJ:bi 
Illlotu,aOb 6oKo6oii no6epxnocmu npa6UllbHOU nupaMUObt naxo-

1 
JJ:5!T no cpopMy Jie s60h' = 2 POC/1 • h6oK' rJJ:e h6oK. - arrocpeMa IIHpaMHJJ:bi. 

Yeeqennoli rrHpaMHi'l,OM na3hiBaeTe5! MnororpaHHHK, BepiiiHnaMH 
KOTOporo eJiy/KaT BepiiiHHbi OeHOBaHH5! IIHpaMHJJ:bi H BepiiiHnhi ee ee
'leHH5! ITJIOeKOeTbiO, rrapanJieJibHOM oenoBaHHIO nupaMHJJ:hi. OenoBa
HH5! yeel.JeHHOM IIHpaMHJJ:bl - IIOJJ:06Hhie MnoroyroJibnHKH. 

06oe.M ycetteHHOU nupa.MUObt naXOJJ:5!T ITO cpopMy Jie 

V =~h(S1 +52 +~5152), 
r11:e 51 l1 52 - IIJIOU~aJJ:H OenoBannli, h - BbleOTa yee'-lennOM IIHpa
MHJJ:bi. 

23.4. npaBIIlflbHble MHOfOfp8HHII1KII1 

llpaBHJihnhiM MnororpannHKOM na3biBaeTe5! BhinYKJihiM Mnoro

rpannHK, y KoToporo Bee rpann- rrpaBHJihnhie MnoroyroJihniiKH e OJJ:

nnM H TeM /Ke '-IHeJIOM eTopon H B Ka/KJJ:OM Bepnmne MnororpanniiKa 

eXOAIITe5! OJJ:nO II TO /Ke l.JIIeJIO pe6ep. 

fpanii rrpaBHJibnOrO MnororpannHKa MOryT 6hiTb liJlli paBnOeTO

ponniiMH TpeyrOJihnHKaMH, liJIH KBaJJ:paTaMH, HJIH rrpaBIIJlbHbiMH n5!

THyrOJibHHKaMH. 

EeJIH y rrpaBHJihHoro MnororpaHHHKa rpami- rrpaBHJihnhie Tpey

roJihnHKH, TO eOOTBeTeTBYIOIUHMH MnOrorpanniiKaMH 5!BJI5!10Te5! rrpa

BHJibnhiM mempaaap (on HMeeT 4 rpanH), rrpaBHJihnhrli oKmaaap (on 

HMeeT 8 rpaneli), rrpaBHJihnhrli uKocaaap (on HMeeT 20 rpaneli). 

EeJIH y rrpaBHJibHOrO MnOrorpanHHKa rpanH - KBaJJ:paTbl, TO MnO

rorpannHK na3hiBaeTe5! Ky6oM HJIH zeKcaaapoM (on HMeeT 6 rpaneli). 
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Ecm1 y rrpaBIIJih.Horo MnororpaHHIIKa rpaHH- rrpaBHJihHLie IT5lTH
yroJihHIIKH, TO MHOrorpaHHHK Ha3biBaCTC5l aoaeKa3apoM ( OH HlVICCT 
12 rpaneli). 

23.5. ltiiiJliiiH.Qp 

Puc. 23.6 

aUJluHapoM Ha3biBaeTC5l cpurypa, IIO
JIY'IeHHa5l B pe3yJihTaTe BpameHH5l IIp5IMO
yrOJibHHKa BOKpyr O,TJ,HOH H3 ero CTOpOH. 

Ha pucynKe 23.6 rrp5IMa5l 001 - ocb 

Bpa:w;eHH5I; 001 = h - BblCOTa, f - o6pa-

3YIOllJa5I; ABCD - ocesoe ce'-Ieime IIH
JIMH.Upa, IIOJIY'-IeHHOI'O BparuenneM IIp5IMO
yrOJihHHKa 001 CD BOKpyr cToponhi 001. 

06aeM u nJto~aiJb no6epxHocmu U,UJtuuiJpa naxo,TJ,5IT no cpop
MyJiaM: 

V = Soc//. · h , Soc·"· = nR
2 

, S noa. = 2S"""· + S 601,. , S 60,. = 2nRl , 
r,TJ,e R - pa,~~,Hyc ocnosaHH5l, h - BhiCOTa, l- o6pa3yiOill,a5l [JHJIIIH,TJ,pa. 

23.6. KoHyc 

B 

A 

Puc. 23.7 

c 

KoHycoM na3hiBaeTc5l cpnrypa, rroJiy
qenna5l B pe3yJihTaTe Bpamenn5l rrp>IMO
yroJibnoro rpeyroJihHMKa BOKpyr O,TJ,HO
ro 113 KaTeToB. Ha pncynKe 23.7 np5IMa5l 
DB - och BpameHn5I; OB = h - Bbico
Ta, l - o6pa3yiOllJa5l, MBC - oceBoe 
ceqenne Konyca, noJiy'-Iennoro Bpame
mieM rrp5IMoyroJihnoro TpeyroJihHMKa 
OBC BOKpyr KaTeTa OB. 

06aeM u nJto~aiJb noBepxHocmu KOHyca Haxo,TJ,5IT no cpopMyJiaM: 

v = ts()('JI. 0 h' SOCII= nR2' snoe. =SO('//.+ s60k',' s601{. = nRl' 

me R - pa,TJ,nyc OCHOBaHH5l, h - BblCOTa, l- o6pa3yiOIIJa5l Konyca. 
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Yce'JeHHotM lWHYCOM Ha3bmaeTC5I qacTb KoHyca, orpaHHqeHHa5I ero 

OCHOBaHHeM l1 ceqeHHeM, napaJIJieJibHbiM IIJIOCKOCTH OCHOBaHl15I. 

llJlOfl4aO'b no6epxHocmu u o6oeM yce<te1l1l020 KoHyca HaXO/l:5IT no 
¢opMyiiaM: 

1 
S60"· = n(R1 + R2 )l, V = 3nh( Rl + Ri +~R2 ), 

r,n:e ~ l1 R2 - pa,n:HyCbi OCHOBaHHH, h - BbiCOTa yce"IeHHOrO KOHyca. 

23.7. Ccflepa 1.-1 wap 

Cpepoii Ha3biBaeTC5I ¢Hrypa, rroJryqeHHa5I B pesyJibTaTe spameHH5I 

ITOJIYOI<py%HOCTI1 BOKpyr ee IJ:HaMeTpa. 

llJlOfl4aO'b cpepbt pa,n:Hyca R Haxo,n:JIT ITo ¢opMyJie Scrp. = 4rtR2 

llJapo.M Ha3biBaeTC5I ¢nrypa, rroJiyqeHHa5I BpameHHeM noiiyKpyra 

BOKpyr ero ,n:HaMeTpa. 
4 

06oeM wapa pa,n:Hyca R HaXO/l:JIT ITO ¢opMyJie V,"apa = 3nR3
. 

CeqeHHe mapa rrJIOCKOCThiO, ITpoxo,n:JIIl(eM qepes ero ueHTp, Ha3bi
BaeTc5I 6oJiomHM KpyroM. 

KacaTeJibHoli ITJIOCKOCThiO K c¢epe ( mapy) HasomaeTC5I nJioCKOCTh, 
HMeiOil(a5I CO c¢epoH eJ(HHCTBeHHYIO o6myiO TOqKy. ::hy TQqKy Ha3hi
BaiOT ToqKoi1 KacaHH5I c¢epbi n ITJIOCKOCTH. KacaTeJihHa5I ITJIOCKOCTh 
nepneHJ(HKYIIHpHa paJJ:nycy c¢epbi B ToqKe KacaHH5I. 

Puc. 23.8 

Cpepu'ieCKUM (wapoe-bw) cel.MeH
mo.M Ha3hisaeTc5I qacTb c¢epbr (mapa), 

oTceKaeMa5I nJIOCKOCThiO. BhiCOTOM h 
mapoBoro cerMeHTa Ha3hiBaeTc5I J(JIHHa 

0Tpe3Ka J(HaMeTpa, nepneHJ(HKYII5IpHO

f0 OCHOBaHHl') rnapOBOfO cerMeHTa, pac

IIOJIO)KeHHOfO Me%J(y 3THM OCHOBaHIIeM 

II c¢epoi1 ( Ha piic. 23.8 AB =h). 

llJtofl4aO'b cpepu<tecKoii noBepxHocmu u o6oeM wapoB020 cel
MeHma HaXOJJ:5IT no ¢opMyJiaM: 

Sno6 =2nRh, V =nh2 (R-!._h), . cew. 
3 

fl(e R - pa,n:nyc mapa; h - BhiCOTa cerMeHTa. 
llJapoeow ceKmopo.M Ha3hmaeTC5I TeJio, rroJiyqeHHoe BpameHneM 

KpyrOBOfO CeKTOpa BOI<pyr OJ(HOfO 113 orpaHHqJIBaiOil(HX KpyroBOM 

ceKTop paJJ:nycoB. BhrcoToli mapoBoro ceKTopa Ha3hmaeTC5I BbiCOTa 
qacTH ero ccpepnqecKOM IIOBepXHOCTII. 
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06&e.M mapoeozo cetcmopa Haxo.zvrT no ¢opMyJie 

2 2 
~eKm. = -rrrR h , 

r.n.e R - pa.n.nyc mapa; h - BhiCOTa cerMeHTa. 

23.8. KoM6111H8~111111 MHororpaHHIIIKOB 

Ill TeJl Bpa~eHIIISl 

1. MHororpanHHK 11 map. 
illap BnHCaH B MHOrorpaHHHK, CCJIH OH KacaeTC5l BCCX rpaHeH MHO

rorpaHHHKa. 

illap OllHCaH OKOJIO MHOrorpaHHHKa, CCJill BCe BCplliiiHhi MHOfO
rpaHHMKa Jie%aT na noBepxnocTH mapa. 

Pernenne 3a,ll,a'I, KaK npaBIIJIO, neo6xo.n.uMo Ha'IHHaTh c onpe.n.eJie
HM.H pacnoJIO%CHII5l rxenTpa rn apa n pa.n.nyca mapa. 

B np51.MoyWllb1iO.M napalllleJtenuneae c BhiCOToJ:i h 11 .n.HaronaJihiO d 
rxenTpOM Bnncannoro n onncannoro mapa .HBJI.HeTc.H TO'IKa nepeceqe
HII.H .n.uaronaJieJ:i napaJIJieJiemme.n.a; pa.n.nyc Bnncannoro mapa naxo-

.lJ..HT no ¢opMyJie R
6
n. = ~, a pa.n.Hyc onHcannoro mapa - no cpopMyJie 

d 
Ron. =2. 

B npou3BOJlb1iOM .M1iowzpa1muKe rxenTpoM mapa, Bnncannoro B 
MHOrorpaHHHK, 5IBJI5ICTC5l TO'-IKa nepecetJ:eHII5l 6HCCCKTOpHbiX IIJIOC
KOCTCH Bcex ,ll,ByrpaHHhiX yrnoB MHOrorpaHHHKa, a rxenTpOM mapa, 
onncanHoro oKoJio ~mororpannnKa, 5IBJI5ICTC5l TO'IKa nepecetJ:eHH5l 
BCeX nJIOCKOCTCH, npOXO,ll,5lllXIIX 'ICpe3 cepe,ll,IIHhi pe6ep MHOfOrpaHHH
Ka H nepneH,ll,HKYJI5IpHhiX liM. 

2. KoM6Hnau;HH TeJI Bparn:enHH. 
illap BnHCaH B KOHyc, CCJIH OH KaCaCTCH OCHOBaHH5l KOHyca B era 

rxenTpe, a 6oKoBoi1 noBepxnocTn- no OKPY%HOCTH. UenTp mapa na
XO.lJ.HTC5l Ha OCH KOHyca H paBHOY.lJ.aJICH OT QCHTpa· OCHOBaHH5I H o6pa-
3YIOIIXCH Konyca. 

lllap onncan OKOJIO Konyca, ecmr BeprnHHa n oKpy)KHOCTb ocnoBa
HH5I Konyca Jie%aT na noBepxnocTn mapa. UenTp mapa Jie)KIIT na npH
MoJ:i, CO,ll,Cp%arrxei1 OCb KOHyca, H paBHOy,ll,aJieH OT BCplliHHhi II TO'ICK 
0Kpy%HOCTH OCHOBaHII5I KOHyca. 

illap BnHCaH B L(liJiliH,ll,p, CCJIII OH KacaeTC5I OCHOBaHHH QHJIIIH,ll,pa B 
HX L(CHTpax, a 6oKOBOH nOBepXHOCTH L(HJIHH,ll,pa no 6oJihlliOil OKpy%
HOCTH mapa, napaJIJieJibHOH ocnoBaHH5IM. UenTp mapa Jie%nT na ce-
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pe.n;HHe oe11 :U:HJIHH.n;pa, a pa.n;IIye mapa Haxo.n;51T no cpopMyJie R
6

n. == ~, 
r.n;e h - BbieOTa IJ;M.lliiH):(pa. 

illap OIIHeaH OKOJIO UIIJIMH):(pa, eeJIH OKpy)KHOeTM OeHOBaHMH UM
JIMH):(pa Jie)KaT Ha TIOBepXHOeTM mapa. I.l,eHTp mapa Jie)KMT Ha eepe.n;M-

He oeM UMJIMH.n;pa, a pa.n;Mye mapa Haxo.n;51T no cpopMyJie Ron. = ~ , r.n;e 
d - .n;MaroHaJih oeeBoro eeqeHM51 :U:MJIIIH.n;pa. 

Kouye BTIHeaU B UHJIMH):(p, eeJIM OeHOBaHJie KOHyea eOBIIa.n;aeT e 
O):(liMM II3 OeliOBaHMH IJ;IIJIIIH):(pa, a BepmHHa KOHyea eOBIIa.n;aeT e UeH

TpOM .n;pyroro OeHOBaHII51 UIIJIIIIi):(pa. 
llpii pemeHIIH 3a):(a'l UeJieeoo6pa3HO eTpOIITb BeiiOMOfaTeJibHOe 

ee<IeHIIe, npoxo.n;51IUee <Iepe3 oeh UMJIIIH.n;pa IIJIII KoHyea II uenrp mapa. 
llpii noM B ee<Iemm UIIJIIIH.n;pa 6y.n;eT noJiy<IaThe51 np51MoyroJihHIIK, B 
ee<IeHIIII KOHyea - paBHo6e.n;peHHhiH TpeyroJILHIIK, B eel.remm mapa -
Kpyr e pa.n;IIyeoM, paBHhiM pa.n;IIyey mapa. 

TeeT .QllH nposepKIII TeopeTVI'-IeCKIIIX 3H8HIIIVI 

YcmalioBume coomBemcmBue (1-7): 
1. IT pii3Ma: 

BMJJ: 

1) npaBHJILHa51; 

XAPAKTEPI1CTHKA 

a) IIp51Ma51 npH3Ma, OeHOBaiiHe
npaBHJihHhiH MHOroyroJihHHK; 

6) Bee rpami - napaJIJieJiorpaMMLI; 

3) IIpaBIIJihHa51 llp51MOYfOJihHa5I; B) Bee rpaHH - KBa.n;paTLI; 

4) napaJIJieJiennne.n;; 

5) rrp51MOH napaJIJieJiennrre.n;; 

6) IIp51MOYfOJihHhiH 
napaJIJieJreniirre.n:; 

r) 6oKoBLie pe6pa- nepneH.n;MKYJI51-
phi K TIJIOeKOeT51M OeliOBaHm1; 

.n;) 6oKOBhie pe6pa HaKJIOJ-IeHhi 
K TIJIOeKOeTH OeHOBaHH51; 

e) oenoBaHHe - npaBHJihHhiH 
MHOroyrOJihHHK; 

)I{) oenoBaHne- rrapaJIJieJiorpaMM, 
6oKOBhie rpaHH - np51MOyroJihHHKH; 

3) OeHOBaHHe - KBa):(paT, 60KOBhie 
rpaHH - llp51MOYfOJihHHKH; 

H) Bee rpaHM- IIp51MOyrOJihHMKll. 

375 



2. TiupaMH,l.l;a: 

B¥UI. 

1) rrpaBJ:LllbHa5I; 

2) TeTpa3,~.~;p; 
3) rrpaBHJlbUb!H TeTpa3JJ;p; 

4) 'IeTbipexyroJihUa5I; 

5) rrpaBHJ!bHa5l 
'!eTbrpexyroJibHa5I; 

6) n-yroJibHa5I; 

7) npaBHJibHa5l TpeyrOJiblla5l. 

3. BbrcoTa rmpaMH,l.l;bi: 

OfiYCKAETC5I 
1) B I(enTp oKpyJKnocTH, BIIH
cannoH: B ocnonamre; 

2) B QenTp oKpyJKnocTH, orm
cannoH: OKOJIO OCHOBaHJ:I5I; 

3) na cepe,~.~;Hny nrnoTeny3hr; 

4) B TO'!Ky, 5lBJ!5liOIQYIOC5IQeH-

XAPAKTEPI1 CTI1KA 
a) OCliOBaHI1e ~ rrpaBHJ!blibiH 
n-yroJibHHK; 

6) OCHOB3HHe ~ n-yroJibHHK; 

B) nee rpamr TpeyroJibHHKH; 

r) nee rpanH ~ rrpaBHJibHbie 
TpeyrOJibHHKH; 

A) OCHOBaHHe ~ np5IMOyroJibHHK; 

e) OCHOBaHHC ~ KBa,a;paT, 60KOBbie 
pe6pa paBnhr; 

JK) OCHOBamre ~ npaBHJ!bHbiH 
TpeyroJibHHK; 

3) OCHOBaHHe ~ rrpaBHJiblibiH 
n-yrOJibHHK, 6oKOBbre pe6pa paBHhr; 

H) OCHOBaHHe ~ npaBHJ!bHbiH Tpey
fOJ!bHHK, 6oKOBbie pe6pa paBHbl. 

I1PI1 YCJIOBI1I1, qTO 

a) pe6pa pamm; 

6) OCHOB3HI1e ~ rrp5IMOyrOJibHbiH 
TpeyrOJibHHK; 

B) OCHOB3HHe ~ IIp5IMOYfOJ!bHbli':'l 
TpeyroiihHHK, pe6pa paBnhr; 

TpOM BIIHcaimoJ:r u onucammH: r) rrpaBHJibHbiH TeTpa3,~.~;p; 
OKPYJKHOCTew ocuoBaHH5l. 

,~.~;) ,~.~;nyrpaHHhie yrJihi rrpH 
OCHOB3HHH paBHbi; 

e) TeTpa3,~.~;p . 

4. l1JIOlU3,l.l;b 6oKOBOH IIOBepXHOCTH MHOrorpaHHHKa: 

<DOPMYJIA 

1) S =4a2
; 

2) s = P,IC/1. • h; 
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MHOfOfPAHHI1K 

a) rrpaBHJibHa5l rrnpaMn,~.~;a; 

6) np5!Ma5l rrpH3Ma; 



<DOPMYJIA 

5. 06beM MHOrorpaHHHKa: 

<DOPMYJIA 

1) V = a3
; 

2) V= SOCfl. ·h; 

MHOf0fPAHHI1K 

B) Ky6 c pe6poM a; 

r) rrpH3Ma; 

11:) IIHpaMIIlJ:a. 

MHOf0fPAHHI1K 

a) HaKJIOHH~ IIpli3Ma, h- BbiCOTa; . 

6) IIIIpaMIIlJ:a, lz- BbiCOTa; 

B) yceqeHHaH IIIIpaMHlJ:a, h - BbiCOTa; 

r) Ky6 c pe6poM a; 
11:) Ky6 c pe6poM h. 

6. llJiomall:h nosepxHoCTII TeJia BpaUJ,eHH5C 

<DOPMYJIA 

1) S =4nR2
; 

2) S =nR2 +nRZ; 

3) S = nR2 + 2nRl ; 

7. 06beM TeJia spaUJ,eHII51: 

CDOPMYJIA 

1) V=~nR2h; 

2) V=inR3 
· 3 , 

1 
3) V=3SOC/I.·h; 

4) V = n; (I~f +R~ +RtR2 ); 

5) V=SOC/I.·h. 

TEJIO BPAIUEHI151 
a) KOHyc, R - pall:HYC OCHOBaHIUJ, 
h - BhiCOTa, 1- o6pa3yron~a.H; 

6) ccpepa pall:Hyca R; 

B) I~IIJIHH.n:p, R - pa.n:nyc ocHOBaJIH5I, 
h - BbiCOTa, f - o6pa3yJOUJ,aH; 

r) yceqeHHbiM KOHyc: 

7EJIO BPAIUEHI151 

a) map pall:Hyca R; 

6) KOHyc; 

B) yceqeJUibiM KOHyc, Rt H R2 -
pa.n:HyCbi OCHOBaHHI.f, h - BhiCOTa; 

.n:) rnapoBoM ceKTop, R - pa,ll,Hyc 
mapa; h - BhiCOTa cerMenTa; 

e) nraposoli cerMeHT. 
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I-loMep 3a,n:amr!l 1 2 3 4 5 6 7 
BapiiaHT 1- a; 1- 3; 
npaBHJihHOro 2- r; 2- B; 1- a; 1-n; 
OTBeTa 3 -3; 3- r; 

2-n; 
1- B; 1- r; 1- 6; 2 -a; 

4-6; 4 -,n:; 2- 6; 2- a; 2- a; 3- 6; 
5- )!{; 5- e; 

3 -B; 
3-a 3-6 3-B 4-B; 

6-n; 6- 6; 
4-r 

5-r 
7-B 7-H 

.npV!Mepbl 

IlpHMep 1. BhrqHcJitne o6neM rrpamiJihHoro TeTpasi'l,pa c pe6poM, 
paBHbiM a. 

D 

a 

c 

Pew.enue. TaK KaK TeTpasi'l,p rrpaBHJih
HbiH (pHC. 23.9), TO ero BbiCOTa orrycKa
eTCH B IIeiiTp TpeyroJibHHKa ABC : ToqKy 
0, TOqKy rrepeceqeHH51 BbiCOT, 6HCCCKT-

pi1C n Mei'l,HaH 3Toro TpeyroJibHHKa. Toma 

OA = R = JJ -pai'l,Hyc OKPY)I<HOCTH, orrH-

B caHHofr OKOJIO MBC; DO= h - BhiCOTa 

TeTpae>i'l,pa. 

Hafri'l,eM BbiCOTy TeTpasi'l,pa. PaccMOT

pHMTpeyroJibHHKAOD. DoTeopeMe nmpa

ropa OD2 = AD2
- A02 HJIH h2 = a2

- R2
. 

Puc. 23.9 /z7 ~ 2a2 .J2a 
Toma h=va--3 = T = J3 . 

06neM TeTpa3i'l,pa BbiqHCJIHM ITO <j:>opMyJie V = -;;S
0

c
11
h, 

- J3a2 .) 
ri'l,e S,c,. --4-. 

1 J3a2 .J2a J2a3 
3amriiieM: V = 3 · - 4

- · J3 = 12 . 

.J2a3 
Omeem: 12. 

IlpHMep 2. B OCHOBaHHH rrHpaMHi'l,bi ne:>KHT rrp51MoyroJibHhiH Tpe

yroJibHHK c rHrroTeny3o:H, paBHOH c, 11 ocTpbiM yrnoM 30°. EoKOBbre 

pe6pa mrpaMHi'l,bl HaKJIOHeHbl K IIJIOCKOCTH OCHOBaHH51 IlOi'l, yrJIOM 60° . 
Haii:i'l,HTe o6neM rrnpaMHi'l,hi. 
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Pewmtue. OcHOBaHIIeM rmpaMIIJl.hi .HB.TIH

eTCH TpeymnbHIIKABC: L C = 90°; AB = c 
(piic. 23.1 0). TaK KaK 6oKOBbie pe6pa 

IIHpaMIIJJ:bl HaKJIOHCHhl K ITJIOCKOCTII OC

HOBaHHH ITOJJ: Oll,HHM II TCM )J{C yrJIOM, TO 

Bh!COTa ITHpaMHJJ:hl OITYCKaeTCH B IICH'fp 
oKpy)KHOCTII, OITIICaHHOM OKOJIO 3Toro 

TpeyroJihHIIKa (na piicynKe 23.10 Tocr- A 

Ka 0 ). Torll,a AO = R = ~ II BhiCOTa ITH

paMHJJ:hi fz =SO. 

s 

PaccMoTpiiM rrpHMoyroJihHI>IM Tpey- c 
roJibiiHK SAO. Yron SAO HBJIHeTCH yrJIOM Puc. 23.10 
JJaKJJOJ-Ia 60KOBOrO pe6pa K TIJIOCKOCTH 

B 

ocnonamm, TaK KaK oTpe3oK AO - ITpocKIIJIH pe6pa AS Ha ITJIOCKOCTh 

ocnonaiiiiH n LSAO = 60°. Torll,a tg 60° = ~~ H SO= 1c =h. 

PaccMOTpnM rrpHMoyroJII>HLrii TpeyroJibHIIK ABC: CB = ~ ITO 

cnoi:J:C"rny KaTeTa, Jie:>Kau~ero ITponm yrJia 30° ; LB = 60° . IIJio-

ru:aJJ.b TpeyroJihHHKa nali:JJ.eM ITO ¢opMyJie S MBC = ~ AB · CB · sinLB, 

1 c .J3 .J3c2 
v 

SMBC =2c·:2'2' SMBC =-8-. HaH,a:eM o6neM niipaMHJJ.bi: 

V = tsoc"h , v = t. ~c2 ·1c = ~~ . 
c3 

Omaem: 
16 

. 

IIpuMep 3. OcnonanweM mrpaMIIJJ:hi 
CJIY)J{HT TpeyrOJibiUIK CO CTOpOHaMH 5, 6 
H 6 CM. ooKOBbre rpann nnpaMHJJ.hi o6pa-

3yroT C ee OCHOBaHHCM paBHh!C JJ:Byrpan

HbiC ymhr, coll,ep:>Ka~IIe rro 45° . Orrpe

JJ.CJIIITe o6neM rmpaMIIJJ.hi. 

Peweuue. OcnonaniieM mrpaMHJJ.bi 
(piic. 23.11) CJIY)J{IIT panHo6eJJ.permhili 

TpeyroJibHHK ABC: AB = CB = 6 eM, 

A C = 5 CM. TaK KaK 6oKOBhre rpamr 
o6pa3yiOT C ITJIOCKOCThiO OCHOBaHIIH 

paBHhie JJ.ByrpaHHhiC yrJihi, TO Bh!COTa 

mrpaMHJJ:hi orrycr<aeTcH n IICHTP 

B 

s 

A 
Puc. 23.11 

c 
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OKPYJKHOCTH, nnwcaHHoi1 B TpeyroJihHHK ABC, To ecTh B TO'IKY 0, 
JieJKaiiJ,yiO Ha BhiCOTe BK ::noro TpeyroJII>HHKa. 

Tor.n:a AK =CK =2,5 eM; OK =r, r.n:e r- pa.n:wyc OKPYJKHOCTH, 

BTIHCaHHOH B OCHOBaHHe IIHpaMH,l(bi H r = ~ . 
a+ +c 

TIJioma,n:r, TpeyroJibHHKa ABC Hai1.n:eM no ¢opMyJie fepo-
/ 5+6+6 Ha St:.il.BC =vp(p-a)(p-b)(p-c), r,n:e p= 

2 
=8,5 (eM) H 

SMBC =~8,5·(8,5-5)(8,5-6)2 
= 

5? (cM2). CJie,n:onaTeJibHO 

_ 5.JII9 _ 5J7 < ) r-2:-r7- 2.Jf7 CM. 

YroJI SKB - JIHHei1HI>ri1 yroJI .n:nyrpaHHoro yrJia SACB, TaK KaK 
BK l_ A C 11 SK l_ A C , 11 corJiaCHo ycJIOBHIO 3a,n:aqw LSKB = 45° . 

3Ha'IIIT TpeyroJII>HHK SOK panHo6e.n:peHHbiHH h = r = 5~ eM. 
I 2"1117 

CorJiacHo ¢opMyJie ~S0c11h uai1,n:eM o6oeM rmpaMu,n:r,r: 

V=1.,5.J119. 5J7 =25·7 =175(cM3) 
3 4 2.Jf7 24 24 . 

0 . 175 3 meem. 
24 

eM . 

IIpwMep 4 . .D:waroHaJib rrp.HMoyroJII>Horo napaJIJieJienwrre.n:a paBHa 
6 eM, a ,n:HaroHaJIH ero 6oKOBhiX rpaHei1 paBHhi 4 11 5 eM. Orrpe,n:eJIHTe 
o6neM napaJIJieJierrHne.n:a. 

A 
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Pewe11ue. PaccMoTpHM rrp.HMoyroJib
HhiH rrapaJIJieJieTIHTie,l( (pHC. 23.12), 
r.n:e a , b , c - TPH ero M3MepeHH.H; 
d = 6 CM - .n:waroHaJih .. 3arrurneM cnoik

c TBO ,n:uarOHaJIH IIp5IMO~fOJibHOfO napaJIJie
JieTIHTie,n:a: d 2 = a2 +b +c2

. PaccMoTpHM 

TpeyroJihHHK DCC1. TaK KaK DC1 = 4 eM, 

TO b2 +c2 = 16. PaccMOTpHM Tpeyro.JibHHK 

DAA 1. TaK KaK A1D = 5 eM, TO a2 +c2 = 25. 

3aiiHIIIeM H peiiiHM CHCTeMy ypaBHe-

lb BTOpOrO ypaBHeHH5I CHCTeMbi Bbipa3HM b2 
: 



b2 = 16-c2
. 113 TpeTbero ypaBHCHIUI Bbipa3HM a2 : a2 = 25-c2

. ITo,n:

CTaBHM IIOJiyqeHHbiC 3HaqeHH5I a2 
H b2 

B rrepBOC ypaBHCHHC CHCTCMhi 

H HaH,l(CM 3HaqetiHC c: 

25-c2 +16-c2 +c2 =36, c2 =5, c=J5 eM. 

3Ha5I C, orrpe,n:eJIHM 3HaqeHH5I a H b: b2 = 16-5 = 11 , b = M CM; 

a2 =25-5=20, a=2J5 eM. 

CorJiacHo cpopMyJie V =abc Hail,n:eM o6beM napaJIJieJiermrre,n:a. 

I1oJiyqHM V = 2J5 · v"'T · J5 =1OM ( cM3). 

llpHMep 5. Onpe,n:eJIHTe o6beM npaBIIJihHOH qeTbipexyroJihHOH 

rrpH3Mbi, CCJIH ee ,l(HaroHaJih o6pa3yeT C IIJIOCKOCTbiO 6oKOBOH rpaiiH 

yroJI 30°, a CTOpOHa OCHOBaHHJI paBHa 2. 
PeweHue. CorJiacHo ycJIOBHIO 

3a,n:aqH OCHOBaHHCM IIpH3Mhl 5IB

JI5ICTC5I KBa,n:paT·CO CTOpOHOH 2 
(pHc. 23.13). 

Bt 
~-------~q 

TaK KaK oTpe30K AB1 JIB- At 
JI5ICTC5I IIpOCKIIliCH ,l(HaroHaJIH f---,1--!..1 --4:----.f'Dt 

rrpH3Mbi DB1 Ha rpaHh AA1B1B, I I \ d 
I Bl \ 

TO yroJI AB1D JIBJIJICTCJI yrJioM h 1 ).;---\..... 
HaKJIOHa ,n:Harona;m rrpH3Mhi / /' ', \ 

K IIJIOCKOCTH 60KOBOH rpaHH II I /..( ' \ 

LABtD=30°. 1
" ',\ 

PaccMOTpHM TpeyroJihHHK A 
AB1D. ITo CBOHCTBY KaTeTa Jie

)Kaiiiero npoTHB yrJia 30° 3ani-I

lllCM BID= 4. 

2 
Puc. 23.13 

TaK KaK corJiacHo CBOHCTBY ,n:I-IaronaJII-I rrpJIMoyroJihHOro rrapaJIJie-

Jieni-Ine,n:a d2 =AD2 +AB2 +AAf,To 16=4+4+h2
, h2 =8, h=2J2. 

Hail,n:eM o6beM rrpi-I3Mbi rro cpopMyJie V = S0 c11h . I1oJiyquM 

v =4·2J2 =8J2. 
Omeem: SJ2. 

llpHMCp 6. I1JIOIIIa,l(h 6oKOBOH IIOBepXHOCTH IIHJII-IH.D:pa paBHa 119, 
a o6beM ero paBeH 7rc. HaHJJ:HTe BhiCOTY 9TOro IIHJIHH,n:pa. 

PeweHue. llJioiiiaJJ:h 6oKOBOH rroBepxHOCTH I-I o6beM IIHJIHHJJ:pa 

naHJJ:CM no cpopMyJiaM S6o1<. = 2nRh H V = nR2h, rAe R- pa,n:Hyc oc-
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HOBaHII51, h - BbiCOTa QHJIMH,n,pa. Tor,n,a corJiacHo ycJIOBHIO 3a,n,a•m 3a-

{
2rrRh = 119, 

IIHIIIeM: 2h Pa31J:eJIHM nepnoe ypamieHHe CHCTeMbi Ha BTO-
rrR = 7rr. 

2nRh 119 2 17 2rr u h 
poe 11 rroJiyqHM: --2- = -

7 
, R ==-, R = 

17 
. Ha1111:eM H3 nepnoro 

nR h rr rr 
119 119·17 2023 

ypanHemnr cHcTeMbi: h = 
2 

R· = -
2 2 

= - 2- . 
rr rr· rr 4rr 

2023 Omaem: --2 . 
4rr 

IIpnMep 7. Pali:HYC ocHOBaHM51 Koi-Iyca paBei-I .Jf5 , a yro.11 rrpM nep
IIIHI-Ie B pa3nepTKe ero 6oKonoH: rronepxi-IOCTH paneH 90° . Onpell:eJIHTe 

o6neM KOI-Iyca. 
Peweuue. PaccMOTpHM Koi-Iyc pa,n,11yca R = .Jf5 (p11c. 23.14) H 

pa3BepTKY ero 60KOBOH IIOBepXI-IOCTM - KpyroBOH ceKTOp pali:Hyca f 
(pHC. 23.15). 

HaH:11:eM lJ:JIIII-IY OKPY:>KI-IOCTM B oci-IoBamm KOHyca 
Cow = 2nR =2Mrr 11 lJ:JIIIHY ,n,yrH B pa3BepTKe 6oKOBOH IIOBepXHOC-

. _ 2rr/ o _ nl _ 2 R ·- nl TH Ko:nyca C0y2u- 3600 · 90 - 2 . TaK KaK CoKp.- C6y2u , TO rr - 2 
11 l =4R =4M. 

PaccMoTpHM TpeyroJihHHK AOS. CorJiacHo TeopeMe flu¢aropa 

3aiiHIIIeM: h2 =l2 -R2
, h=.J16·15-15=15. 

s s 

A 

Puc. 23.14 Puc.23.15 

Omaem: 7 Srr . 
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IlpHMCp 8. B KOHyc, OCCBOC CC'ICHHC KOTOporo- paBHOCTOpOIIIIHli 

TpeyrOJibiUIK, BIIIICaH map. HaH,ZJ,IITC o6neM KOHyca, CCJIII o6neM mapa 

paBeH ~~ CM3. 

Pewenue. 3armmeM <fJopMyJiy ,ZJ,JI5I · 

HaXO)K,ZJ,CHIUI o6neMa mapa: Vw = 1nJ?! . 
Pa,ZJ,IIyc mapa Ha:i1,ZJ,eM, pemM ypaBHerme 

±n~>3 = 91t OTKy,ZJ,aiiOJIY'IIIM R, =l_ CM. 
3 "zu 16 ' 11 4 

TaK KaK oceBbiM ce':leHHC!\1 KoHyca 5IBJI5I-

eTC5I paBI-IOCTOpOHHIIH TpeyrOJihHIIKABC 

(piiC. 23.16), TO [(CHTp mapa (TO'IKa 0 1) 

JIC)KIIT Ha BhiCOTC KOIJYCa II pa,ll,IIYC mapa 

paBeH pa,ZJ,IIycy r oKpy)KHOCTII, BIIIICaH

HOH B TpeyroJihHHK ABC, T. e. R,, = r. 
B cBOIO O'Iepe,ZJ,h pa,ZJ,IIyc oKpy)KHOc-

A c 

Puc. 23.16 

TII, BIIHCaHHOH B rrpaBHJibHhiH TpeyrOJihHI1K CO CTOpOHOH a, HaxO,ZJ,5IT ITO 

¢opMyJie r = 2~ . CJie,ZJ,oBaTeJihHO, a = 2.J3 · r, a = 2.J3 · i = 
3f} (eM). 

HaH,ZJ,CM pa,ZJ,IIYC OCHOBaHII5I KOHyca II ero BhiCOTy: 

- 1 - 3J3 . 
RKou. - 2 ·a --

4
- (eM), 

h,.011• =~a2 - ~2 

= 1_a, hKOI!. = 1· 3!} =%(eM). 

CorJiacno <fJopMyJie V = jsacl!h na:H,ZJ,eM o6neM KoHyca: 

V::::: 1.1t( 3.J3 )2 . .f!_::::: ~i:!I ( CM3). 
3 l 4 4 64 

0 . 811t 3 meem. 
64 

eM. 

IlpHMep 9. PaBHo6e,ZJ,penHM Tparre:QII5I c ocnonanHRMH 12 H 13 eM 

H OCTpbiM yrJIOM 60° BpalllaCTC5I BOKpyr MCHbmero OCHOBaHH5I. Bbi

'IHCJIHTC IIOBCpXHOCTb IIOJiy'IeHHOH <}Jnrypbl BpaiiiCHH5I. 

Pewenue. PaccMoTpnM paBno6e,ZJ,peHnyro Tparre:QIIIO ABCD c oc

HOBaHII5IMH BC = 12 eM n AD= 13 CM (piic. 23.17). BpaiiiM Tparre

:u:nro BOKpyr ocHOBaHM5I BC, rroJiy'IHM TeJio, 6m<aBM rroBepxnocTh 

KOTOpOrO COCTOHT 113 6oKOBOH IIOBepXHOCTII [(11JIIIH,ll,pa 11 60KOBOH 

noBepxnocnr ,ZJ,BYX paBHhiX KOHYCOB: sno6. = s6oK.lfU.7. + 2S60K.KOII .• B Tpa

IIC[(1111 ABCD 113 Bepm11H B II C rrpone,ZJ,eM BbiCOThi BN II CM. Tor,ZJ,a 

383 



"::-r~---
Cr 

I 
I 
I 
I 

Br ___ _ 
.... ~ .... 

D 

M 

N 
- _,...,..- b_-- ..... - ..{!0 ,..,,., ....... 

At ..:;: _____ .L ---- A 
R 

Puc. 23.17 

BN = CM = R,
1
U7. = RKOII. = hmp. · 

PaccMoTpHM npJIMoyroJihHhiH 
rpeyroJihHHK ABN: LEAN = 60°, 

1 1 1 
AN =:z(AD-NM)=:z·1 =:z (eM), 

TOr,aa AB = 2AN = 1 (eM) H 

Gf1\2.J3 
BN=vl -\'2) =:z(cM). 

CorJiacriO ¢opMyJic 

S6mc.!fu.'. = 2nR,1wJ,1wi. IIOJIY'HIM: 

SVO/C.lfll!. = 2n ·1· ·13 = nJJn ( CM2). 

CorJiacno ¢opMyJie 

S . R l S J3- 1 .fJn ( 2) 
fio.-.rwll. == 1t .-on. ram. IIOJIY'II1M: uoK.K0/1. =Ttl· = -

2
- CM · 

HaH:,aeM rrHoru:a,ah noBepxnocTI1 TeJia Bparu:eHHJI: 

s/106. = I3..f3n + 2. ~rc = I4J3'1t ( CM2). 

Omeem: 14.J3rc cM2. 

IIpuMcp 10. Hai:i,aHTe OTHOIIICHHe paAnyca Uiapa, ormcamroro 
OKOJIO rrpaBHJihHOfO TeTpa3_apa, K pa_aaycy Uiapa, BTII1CaHHOfO B 3TOT 
TCTpa3Ap. 

Pewe1me. TiycTh pe6po TeTpa3Apa paBno a. Bhrcora npam1JibHO
ro TeTpa3,apa onycKaeTCJI n ueHrp rrpamurbnoro TpeyroJibHHKa ABC 

(pnc.23.18),rroaroMy OA=R= ~-, OD=r= ar;:;-.UenTpbrormcan-
. "3 2"3 

A 
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S HOfO OKOJIO rrpaBHJibHOfO TCTpa-

c 
Puc. 23.18 

3_apa n Brrncamwro B nero IIIapoB 
conna,aaroT 11 JIC)KaT ua BbiCOTe 
TCTpa:mpa SQ (T01·IKa q ). 

TiocKoJibKY TO'!KH A, B, 
C , S JIC)KaT ua nonepxuoc
TH orrncannoro Uiapa, TO 

B 0 1A = qc = 0 1B = qs = Ronuc. 
Yron ADS - yroJI naKJioua 6oKo
noi:i rpaHif K ITJJOCKOCTH OCHOBa
HH5I (SD 11 AD - rreprreH,aHKYJIJI
pbi K pe6py CD). BnHcaHiibiH map 
KaCaCTC51 BCCX rpaneH TCTpa3_apa; 



CJIC~OBaTCJibHO, ero pa~nyc 5l:BJI51CTC5T nepneH~HKyJmpoM K IIJIOCKOC

THM rpaHe:i1, TO ecTb Rr.nuc = qo = 0 1N. 

TaK KaK 6.50D- 6.SN01 ( LSN01 ;::: LSOD == 90° 11 LS - o6r~11:i1), 
OD SD r SD R. . ·SD 

T03aiii1IIICM --=-- HJIH --=---, OTKy~a Ronuc = 6111111
"" 

N01 501 R1muc. Ronuc. . r 
,llmmy OTpe3Ka SD uai1~eM no TeopeMe nwparopa H3 TpeyroJib-

HHKa SDB: SD=~SB2-DB2 , CD=fa2 --a:-=af . 

.Haj{~eM OTHOIITCIII1C pa,n:HyCOB OITHCHOfO OKOJIO TCTpas,n:pa I1 BIIH

C3HHOI'O B TeTpas~p IIIapos: 

Ronuc. = Rumw. · SD _ SD = aJ3 . a _ aJ3 · 2J3 
R

6
nuc. r · R

111111
c. r -2- · 2J3 - 2a 

3. 

Omeem: 3. 

3a,qaYIII AJUI caMocTmnenbHoro peweHIII.s:J 

1. 113 TOlfKH, KBa~paT paCCTOHHHH OT KOTOpOH ~0 IIJIOCKOCTH panen 
50, rrpOBCJ~CHbl JJ:BC H3KJIOHHblC, o6pa3yiOII~HC C IIJIOCKOCTb!O yrJibl B 
45°. PaccTomll!e MC)KJJ:Y ocHonaHH5IMI1 HaKJIOHHb!X paBHO 10. Hai1~n·· 
TC yroJT MC)KJ~y HaKJTOliHLIMH. 

2 . .Ha pc6pe ;~syrpaHHoro yn1a, panHoro 120°, B3HT OTpC30K AB. 
J.-13 ero KOHUOB B pa3.nH'-!HblX rpaH5iX K J-ICMY BOCCTaHOBJICJ-Ibl nepnen
JJ:HKYJI5ipbl AC .ll.JIHIIOH 1 eM n BD ~JIHHOH 2 eM. PaccT051HHe MC)K~y 
TO<IKaMH C H D pasno 4 CM. Bol'IHCJTHTC .n:mmy OTpe:3Ka AB. 

3. B np5!MOM napaJVIenernme1~e CTopOHbJ ocnonaHH.H panHbi 3 H 4, 
a yron MC)KJJ:Y HITMH co.n:ep:>I<HT 120°. Eonollla5! ~IIaronaJTb ocnonanHSI 
panna MCBbme:i1 ,n:ITaronaJIIT rrapaJIJieJiemme~a. Ha:i1~nre o6beM rra
paJTJienerrnue.n:a. 

4. B ocHonanHH naKnonnoii npH3Mbi JlC)KHT rrapaJIJre;rorpaMM co 
CTOpOHaMII 3 11 6 ~M H OCTpbiM yrJJOM 45°. DOKOBOC pe6po IIpii3Mbl 
HaKJIOHCHO K TIJIOCKOCTH OCHOBaHH5I ITOJJ: yrJJOM 30° . 06beM rrpii3Mbl 

paneH 18.J2 ~M3 . Haii~HTe ~mmy 6oKoBoro pe6pa. 
5. OcHOBaHITCM rrpHMOI'O rrapannenerrnrre.n:a CJIY)KHT poM6. nnoc

KOCTb, IIpOBC~CHI-IaH T.Jepe3 OJJ:HY 113 CTOpOH HH)K.HCfO OCHOBaHH5! H npo
THBOITOJlO)KHYIO CTOpony nepxnero OCHOBaHIIR, o6pa3yeT C ITJJOCKOCTbiO 
OCHOB3HIUI J'l'OJI 45°. TIOJJY<JCHHOC CC'ICHHC liMCCT IIJ!Oll~a,n:b, paBHYIO 
2.J2 . Orrpe~eJmTe 6orwsyro noBepxnocTb napanne.nennne~a. 

6. B ocuosaHI-III rrpRMOro rrapannenerriirre~a Jie:>I<MT napanJienor
paMM co cToponaMH 0,1 H 0,4 ~M H TyrroiM yrnoM 120°. EoJJhll!a5i ~na

ronano rrapaJIJJeJiemme~a paBHa 50 MM. Onpe.n:emue ero o6beM. 
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7. Orrpe.n:emiTe . o6beM rrpaBHJihHofr rnecTHyroJibHOH rrpH3Mhi, 
y KOTopoil HaH60Jihiiia5I .n:naroHaJib pamra J3 , a 6oKOBhre rpanH -
KBa,l.l,paTbi. 

8. Ha:H.n:HTe o6beM Ky6a, ecJIH paccT05IHHe OT ero .n:HaroHaJIH .n:o 
HerrepeceKarorrreroc5I c ne:H pe6pa paBHO 1. 

9. OcHoBaHne rrpH3Mhi - Kna.n:paT co cTopoHo:H, paBHoil 4-J3. 
O.n:Ha H3 6oKOBhiX rpaHei1- TaK>Ke KBa,l.l,paT, .n:pyra5I - poM6 c yrnoM 
60° . Orrpe.n:ennTe ITOJIHYIO rronepxHOCTb rrpH3Mhi. 

10. OcnoBaHneM rrapaJIJienerrnrre.n:a CJIYJKHT Kna.n:paT co cToponoi1, 
paBHOH 2. 0,1J,Ha H3 BCpiiiHH Bepxnero OCHOBaHH5I O,l.l,HHaKOBO OTCTOHT 
OT ncex nepiiiHH HHJKHCTO OCHOnaHII5I H y,IJ,aJICHa OT IIJIOCKOCTH 3TOTO 

ocnonaHH5I na paccT05IHHe, paBnoe J3 . Orrpe.n:enHTe no;myiO noBep
XHOCTh rrapaJIJICJICIIHITC,IJ,a. 

11. Orrpe.n:eJIHTe o6beM rrp5IMoyroJioHoro rrapannenermrre.n:a, .n:Ha
ronaJib KOTOporo paBHa .J2 H COCTaBJI5ICT C O,l],nOH rpanbiO yroJI 30° , 
a c .n:pyroi1 - 45° . 

12. OcnoBanHeM rrp5IMoro napannenemme.n:a cnyJKHT poM6, rrno
rna.n:h KOToporo pamm 5. llJionra.n:H .n:naronaJihHhiX ceqenHi1 paBHhi 3 11 
4. Orrpe.n:eJIHTe o6-oeM 11 6oKonyiO rronepxnocTb rrapaJIJreJierrHrre.n:a. 

13. HaH60Jihiiia5I ,IJ,HaronaJib rrpanHJihHOH rnecTHyroJibHOH rrpn-
3Mbi pasna d H coCTaBJI5ICT c rrnocKOCThiO ocnonaHH5I yroJI 60°. Hai1-
,IJ,HTe 06beM IlpH3Mbi. 

14. CToponr:,r ocnonamui rrpJIMoyroJJbHoro napanJienerrnrre.n:a pan
Ubi ..f5 n 5. )lnaronaJib napannenemme.n:a naKJIOnena K 6oKoBoi1 rpa
nn, co.n:epJKarne:H cTopony ocnonaHH5I, paBnyro ..J5, no.n: yrJIOM 60°. 
Hafr.n:HTe o6beM rrapannenemme.n:a. 

15. OcnonanneM naKJIOHI-IOH TpeyroJibHOH npH3Mhi cnyJKHT pan
nocToponnni1 TpeyrOJibHHK CO CTOpOnOH 10, 6oKOBOC pe6po npH3Mbi 
paBnO CTOpone OCHOBanH5I H HaKJIOneno K TIJIOCKOCTH OCnOBanH5I ITO,l.l, 
yrnoM 60° . Haii.n:nre o6beM upH3Mbi. 

16. Hafr.n:nTe o6beM rrpaBHJihi-IOH rpeyroJihnoi1 rrpH3Mhi co crapo
noli OCHOBaHH5I a, CCJIH f!JIOIIIa,IJ,b OCHOBaHH5I npH3Mbl paBHa IlOJIOBH
HC f!JlOIITa,I],H ee 60KOBOH IlOBCpXHOCTH. 

17. B npamiJihHOii rpeyronhnoii rrpH3Me rrnorna,IJ,h ceqenH5I, npo
xo.n:5Irnero qepe3 6oKonoe J?e6po rreprren.n:nKyn5Ipno rrpoTnBoJieJKarne:H 
6oKonoH: rparm, panna .J3 . CTopona ocnonann5I rrpH3Mhi panna .f5. . 
Hafr.n:nTe rronnyro riOBepxnocTh rrpH3Mhi. 

18. )lnaronaJih np5IMoyroJihiiOro rrapannenennne.n:a panna 10 CM n 
o6pa3yer c rrnocKOCThiO ocnonaHH5I yron 60° . EoKonM rronepxnocTb 
rrapannenennrrc.n.a panna 70J3 cM2. Hail.n:nTe rrJiorna.n:h ocnonann5I. 

19. Orrpe.n:ennre o6beM rrp5IMOyroJibHOro rrapannenerrnrre,n:a, ecJin 
era .n:naronaJih panna 2, a ,n:JIHHhi pe6ep oTHOC5ITC5I KaK 1 : 2 : 3 . 
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20. IJIIOil\aAH 6oKOBhiX rpaHeH IIp5IMOH TpeyroJibHOH rrpH3Mhi paB

Hhi 3, 4 u 5. Ee 6oKoBoe pe6po panna 6. OrrpeACJIHTe o6beM rrpH3Mhi. 

21 IJJIOil\aAh OCHOBaHH5I H 06beM npaBliJihHOH qcTb!pexyrOJihHOf:I 

IIpH3Mhl COOTBCTCTBCHHO paBHhl 18 II 15. BbPIIICJlliTC ee ITOJIHYIO IIO

BCpXHOCTh. 
22. HaHAIITe 6oKouyro rronepxnocTh rrpaBHJihHOH TpeyroJihHOH 

t:lpii3Mbi C BhiCOTOH 7, CCJII1 rrp5IMa5I, npOXOA5Ill\a5I qepe3 I~CHTp Bepx

Hero OCHOBaHH5I H TOqKy K- cepCAHHY CTOpOUhl HIDKHCfO OCUOBaHII5I, 

HaKJIOHCHa K I1Jl0CKOCTI1 60KOB0Il rpaHH, COACp)l(aii(yio TOqKy ](, IIOA 

yrJIOM 30°. 
23. I1paBIIJihHa5I mecnqroJihHa5I rrpii3Ma, 6oKOBhie pe6pa KOTopoi:J: 

paBHhl 3 CM, pacceqena J~HarOHaJibHOH ITJIOCKOCThiO Ha ABC paBHbiC qe

TbipexyrOJibHblC npH3Mhi. OnpeAeJIHTe 6oKoByro nonepxnocTb qeThi-
.., ' r' .... 

pexy~OJlbHOH rrpH3Mhi, CCJIH OObCM IIICCTHyrO.IIbHOH rrpH3Mbi paBCH 

18.J3 CM3. 

24. DOKOBOC pe6po npaBHJlbHOH TpeyroJibHOH npH3Mhi paBUO Bbi

COTC OCHOBaHH5I, a I1Jl0Il(i1Ah CC'ICHHH, npOBCACHHOfO qepe3 3TO pe6po 

H BhiCOTY ocnonanHH, paBHa 3-13 . OnpeACJIHTe o6beM npH3MbL 
25. B rrp5IMOM napa.nJieJiemmeAe CToponbr ocnoBanii5I paBHbi 6 H 

4 11 o6pa3yiOT yroJI 30° . EoKoBa5I rroBepxnocn paBna 2. OrrpeACJIIITe 

o6beM napa.nJICJlCIIHI1CAa. 
26. CTopoHhJ ocmmaHH5I np5IMoyroJihHoro rrapaiiJieJieiiiiiTeAa OT

HOC5ITC5I KaK 0,2:0,3, a AIIafOHaJibHOC ceqcnHe 11pCACTaBJI5ICT co6oi1: 

KBaApaT c IIJIOil\aAniO, pamroH: 9. OrrpeACJIIITe o6I>eM napaJIJieJiemr

ner~a. 

27. M3Mepenrr5I npHMoyroJibHoro napaiiJieJrerrHrreAa 6, 2, H 3. HaH:

AIITe IIJIOII(aAb rpaHH TaKOfO Ky6a, ~ITo6bi o6bCMbl 3THX TCJl OTUOCII

.7IIICb KaK HX IIOBCpXHOCTH. 

28. OrrpeACJIIITe o6beM HaKJIOHHOH TpeyroJibHOH npH3Mbi, y KOTO

poH: rrJiorn:aAb OAHOH H3 6oKOBhrx rpaHei1 paBna 4, a paccTo5Inne oT 

IIJIOCKOCTH 3TOH rpann AO. !!Q_OTHBOJIC)I(all(CI'O pe6pa paBHO 6. 
29. Ky6 o6beMOM 64~27 nepece'leH rrJiocKOCThiO, npoxoA):[Il\HH 

qepe3 cepeAHHhi Tpex ero pe6ep, BbiXOA5Ill\HX H3 OAHOH BepmHHbi. 

Hai1AHTe nJiorn:aAh ceqeHH):[. 

30. BnrqncJIHTe o6beM npaBHJihHOro TeTpa3Apa, ecJIH PaAHYC OK

pyJKnocTH, OllHCaHHOH OKOJIO ero rpaHH, paBCH 8. 
31. CTopona ocHonanii5I npaBHJibnoi:J: TpeyroJihHOH rrHpaMHAbi 

paBna a, a AByrpaHHbiH yroJr npn ocHoBaHHH paneH 45° . OnpeACJIHTe 

o6beM H nomryro rroBepxnocTh nnpaMHAbL 
32. IJJIOCKHH yroJI npH BCpiiiHHC rrpaBHJlbllOH TpeyrOJihHOH rrupa

MH/~hl paBCH 90° . HaHAHTC KBaApaT OTHOIIICHH5I ITJIOil\aAH OCHOBaHH5I 

nnpaMHAhi K ee 6oKOBOH ITOBCpXHOCTH. 
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33. OcHoBaHHCM npaBHJibHOH rrupaMIIIJ:bi c.ny:amr rnecruyroJib· 
HHK. DOKOBOC pe6po, paBHOC ~ , COCTaBmiCT C BbiCOTOH mrpaMHIJ:bl 
yroJI 30° . Onpe,n:eJiuTe o6neM rrupaMII.Ubi. 

34. ,lluaroHaJih KBa.n:para, Jie)Kan~ero B ocHoBamm npaBHJibHoi1 
':ICTbipexyrOJihHOH D11paMH,Ubi, paBHa ee 60KOBOM)' pe6py H paBHa 2. 
Han,n:ure noJIHYIO rroBepXHOCTh n11paMI1.Uhi u ee o6neM. 

35. AnocpeMa npaBHJihHon rneCTI1)'fOJihHOH rrHpaMH.Uhi pasHa 'if3, 
a 60KOBCUI rpaHb rrnpaMH,Uhi HaKJIOHCHa K TIJIOCKOCTH ee OCHOBaHH51. 
noll: yrJioM 60° . Han,n:Mre noJIHyro rrosepxHocTh rrMpaMM.Uhi. 

36. Han,n:11re noJIHYIO nosepxHoCTb npaBHJihHOH TpeyroJibHoli: nM
paMH.Uhi, CTOpOHa OCHOBaHI'l51. KOTOpOH paBBa a, CCJIH anocpeMa TIHpa· 
MI1,Uhi o6pa3yeT C ee BhiCOTOH yroJI 30° . 

37. 0cHosaHI1e ':leThipexyroJihHOH niipaMII.Uhi - np51.MoyroJihHIIK c 

,n:11aroHaJibiO, pasHon .J6, II yrJIOM 120° MC)K.ZJ:Y .n:uarmraJI5l.MH. Ka)K
.n:oe 113 6oKOBblX pe6ep o6pa3)'CT C TIJIOCKOCTbiO OCHOBaHHR yroJI 45° . 
HaHIJ:HTe o6neM niipaMIIIJ:hi. 

38. CTopona ocHosamm npaBIIJihHOH rpeyroJihHOH niipaMIIIJ:hi 
paBHa 1 eM, a ee 6oKoBa51. noBepxHoCTh paBHa 3 cM2. Han.n:nre o6neM 
TIHpaMIIIJ:hl. 

39. OcnoBaHIIeM niipaMII.Ubi CJIY)KIIT TpeyroJihHHK co CTopoHaMH 
3, 3 II 5. Bee 6oKOBhre pe6pa HaKJIOHCHhi K nJIOCKOCTH ocHOBaHIIR no.n: 
yrJIOM 60°. Onpe.n:emne o6neM nHpaMll.Uhi. 

40. BoKoBoe pe6po npaBMJibHOJI rpeyroJihHOH nupaMH.Uhi paBHo 
11, a BhiCoTa pasHa 7. Onpe,n:eJiuTe o6neM mrpaMII.UbL 

41. 0cHOBaHll5l.MH npaBHJihHOH )'CC':ICHHOH nupaMM,Ubl CJiy)KaT 
KBa,n:paThi CO CTOpOHaMH 8 11 6. DOKOBhiC pe6pa HaKJIOHCHhl K TIJIOC
KOCTll ocnosaHM51. no.n: yrJIOM 45°. Orrpe,n:eJII1Te o6neM yce'IeHHOH nii

paMIIIJ:hL 
42. EoKOBbie pe6pa npaBIIJibHOH yce'IeHnon TpeyroJibHOH mrpa

MII.Uhi HaKJIOHCHbi K IlJIOCKOCTll OCHOBaHM51. TIO.U )'fJIOM 60° . CTOpOHbi 
HH)KHCfO ll BCpXHCfO OCHOBaHHH paBHhi COOTBCTCTBCHHO a H b (a> b). 
HaH:,n:nTe o6neM yceqeHnoH: nupaMH.ZJ:bi. 

43. Onpe)l:CJIHTe .n:naroHaJib npaBIIJihHOH ':ICThrpexyroJihHOH yce
':ICHHof'r TIIIpaMII,Ubi, CCJIH ee 06bCM paBCH 872 CM3, a ,UJIHHbl CTOpOH 
OCHOBaHMH 14 H 10 CM. 

44. Orrpe,n:emne o6neM npaBHJihHOH ':ICThipexyroJihHOH nnpaMII
.Uhi, CCJIII ee 6oKO~OC pe6po COCTaBJI5leT C IIJIOCKOCTb!O OCHOBaHIIR yroJI 
45° , a IIJIOIIIa.Uh ,UIIarOHaJibHOfO CC':ICHII51. paBHa 81. 

45. OcnoBaHIICM rriipaMIIIJ:bi cJiy)KIIT poM6 c ocTphiM yrJioM 30° . 
DOKOBbiC rpaHII HaKJIOHCHhi K IIJIOCKOCTII OCHOBaHHR IIOIJ: yrJIOM 60° . 
Orrpe,n:eJIIITe o6neM II rroJinyiO noBepxnocTb nnpaMII.Uhi, ecJIII pa.n:uyc 
BTIIICaHHOfO B poM6 Kpyra paBCH 1. 
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46. 06beM npaBHJibHOi1 TpeyrOJibHOH TIHpaMHll:bi paseH 9 CM3, 
ZJ:ByrpaHHhie yrJihl npH ocHoBaHHH pasHbi 45° . HaiiZJ:HTe noJIHyro no
sepxnocTh nHpaMHZJ:bl. 

47. B TpeyroJihHOH TIHpaMHZJ:e 6oKOBbie pe6pa B3aHMHO nepneH
ll:HKymrpHbi H HMeioT ZJ:JIHHbi .Jfi, .JfS H .Jf8 CM. HaiiZJ:HTe o6beM 
nnpaMHlJ:bl. 

48. BbicoTa npasnJihHoro TeTpaaZJ:pa pasna h. BbPil1CJIHTe ero noJI
HYIO nosepxHOCTb. 

49. Ka:>KZJ:Oe 113 6oKOBhrx pe6ep nHpaMIIlJ:bi pasno 4. Ee ocHOBaHHeM 
CJIY:>KHT Tip5IMOyrOJibHbiH TpeyroJibHHK, KaTeTbl KOTOporo OTHOC5ITC5I 
KaK 3: 4 , a rHnoTeHy3a pasHa 6. BhilfHCJIHTe o6beM mrpaMHZJ:bi. 

50. B ocHoBaHHH nHpaMHZJ:bi Jie:>KHT KBaZJ:paT. ,llse 6oKOBbre rparm 
nepneHZJ:HKYJI5IpHbi TIJIOCKOCTH OCHOBaHH51, a ZJ:Be ZJ:pyrHe HaKJIOHeHbi 
K new noll: yrJioM 45° . Cpe.n:Hee no seJiwnme 6oKosoe pe6po pasHo 
J2 . Haii.n:HTe o6beM II POJIHYIO rrosepxHoCTb rrHpaMH.ZJ:bL 

51. flo CTOpoHe OCHOBaHH5I, paBHOH a, onpe.n:eJIHTe 6oKOBYIO TIO
BepXHOCTb H 06beM npaBHJibHOH lfeTbrpexyrOJibHOH ITHpaMH.ZJ:bi, y KO
TOpoii ITJIOJ.l(a.ZJ:b .ZJ:HarOHaJibHOrO CelfeHH51 pasHa ITJIOJ.l(a.ZJ:H OCHOSaHH51. 

52. HaHZJ:HTe OTHOIIIeHne o6beMa npaSHJibHOH IIIeCTnyroJibHOH ITH
paMH.ZJ:bl K o6beMy rrpaBHJibHOH TpeyrOJibHOH TIHpaMH.ZJ:bi, eCJIH CTOpo
Hbl OCHOBaHHH 3THX rrnpaMH.ZJ: paBHbi H B 2 pa3a MeHbiiie HX ano¢eM. 

53. B nHpaMn.n:e FACB qepe3 Me.n:HaHy BK ocnosannR ABC H cepe-
.n:nny L 6oKosoro pe6pa FA npoBeZJ:ena TIJIOCKOCTb. HaiiZJ:IITe OTHOIIIe
HHe o6beMa MnororpanHHKa BCKLFK o6beMy rrnpaMH.ZJ:bi ABKL. 

54. B npaBHJibHOM TeTpaa.n:pe SABCnocTpoeno ceqenne, rrpoxo.n:R
mee qepe3 pe6po AC II TOlfKY K, npHna.n:Jie:>KamyiO pe6py SB, npHlfeM 
ZJ:JIHHa oTpe3Ka BK s .n:sa pa3a 6oJibiiie ,LJ;JIHHbi oTpe3Ka KS. HaiiZJ:IITe 
o6beM nnpaMH.ZJ:bi KABC, ecJIH pe6po TeTpaa.n:pa pasno 3. 

55. UHJinn.n:p o6pasosan spamenHeM npRMoyroJibHHKa soKpyr o.n:
Hoii n3 ero cTopon. HaH:.n:nTe o6beM IJHJIHH.n:pa, ecJIH TIJIOII(a.ZJ:b npRMo
yroJibHnKa pasHa 15, a .n:mma oKpy:>KHOCTH, onncannoii TOlfKOii rrepe
celfeHn51 ero .n:naronaJieii, pasHa 151t. 

56. BbiCOTa Konyca pasna .n:HaMeTpy ero ocHoBaHH5I. Haii.n:rue OT
HOIIIeHHe TIJIOJ.l(a.ZJ:H ero OCHOSaHH5I K 60KOSOH TIOsepXHOCTH. 

57. HaiiZJ:HTe o6neM KOHyca, ecJIH ero 6oKOBM nosepxHOCTb pasHa 
3 li paCCT051HHe OT IJeHTpa OCHOBaHH51 .ZJ:O o6pa3yiOII(eH paSHO 1. 

58. BbrcoTa KoHyca pa3.n:eJieHa Ha Tpn paBHbiX oTpe3Ka H qepes Toq
KH .n:eJieHH5I napaJIJieJibHO OCHOSaHHIO npose.n:eHbi TIJIOCKOCTH, pa36H
BaiOIIIHe KoHyc Ha TPH lfacTn. Haii.n:IITe o6neM cpe.n:Hero ycelfeHHoro 
KoHyca, ecJin o6beM .n:annoro KoHyca paseH V. 
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59. bOKOBaH llOBCpXHOCTb KOHyca pa3BepHyTa Ha nnOCKOCTH B 

ceKTop, qeHTpanbHhiH yron Koroporo co.nepmnT 120°, a ee nnoru:aJl.b 

panHa 6n: . Hail.n»Te o6beM KoHyca. 

60. Bbi'-IHCn»Te noBepxHOCTb rena, nony<J:emwro npn nparu:emn1 
4 

poM6a nnOII(a)l,biO - BOKpyr O)l,HOH 113 era CTOpOH. 
n: 

61. Ha orpe3KC AB KaK Ha ;a:naMerpe noCTpoeHa nonyoKpymHOCTb 

c u,eHrpoM B TOl.J:Ke 0, aHa oTpe3Kax OA II OB nocrpoenhi rro.rryoKpym

HOCTn, pacnonomeHnhre B TOH JKC nonynnocKocrn c rpamn~ei1 AB, '-ITO 

H nepBaJI. HaH)l,HTC OTHOIIICHHC 06'beMa II llOBCpXHOCT¥I Tena, KOTOpoe 

o6pa3oBaHo nparu:eHHCM BOKpyr AB ¢nryphr, orpamrqenHoH STHMH 

nonyoKpy:>KHOCTJIMH, ecn11 AB = 20 CM. 

62. MerannH'-ICCKHH IIIap nepennannen B KoHyc, ITJIOII(a)l,b ocHo

BaHHJI KOTOporo B 3 pa3a MCHbiiiC IWOIIIal(H 60KOBOH llOBepXHOCTH. 

Bhrcora Konyca paBna 4. Hai1.nnre )l,HaMerp mapa. 

63. Onpe.nenHTC o6beM OKTas.npa (npaBHJihHoro BOChMHrpanmr

Ka), pe6po KOTOpOrO paBHO 3J2. 
64. UeHTp nepxHero ocnoBaHH5l npaBHJibHOH '-ICThrpexyroJihHOH 

11pH3Mhl H CCpC)l,J1Hhi CTOpOH HH)KHCfO OCHOBaHHJI CJiy:>KaT BCpiiiHHa

Mll nn»car-moii B npH3MY rmpaMHJl.hi, o6beM Koropoi1 paneH 6. Hai1.nn

Te o6beM np!13Mhi. 

65. Ha OCHOBaHimX ll,IIJIHH)l,pa C KBa)l,paTHhiM OCeBbiM CC'-ICHJ1CM 

nocrpoeHhi ,nna KOHyca c neprmmaMH B cepe.nrme ocn U,HJIHH)l.pa. Hai1-

Jl.HTe cyMMY llOJIHhiX llOBepXHOCTCH KOHyCOB, CCJI!1 BbiCOTa U,IIJII1H)l,pa 

panHa 2( v'2 -1). 
66. Orrpe.nemiTe o6heM mapa, Brrncanuoro B npaBHJihHyro n»pa

MH;a:y, y KOTOpOH BhiCOTa paBHa 3, a )l,ByrpaHHbiH yroJI npH OCHOBaHim 

paneH 60° . 
67. KoHyC l1 TIOJIYillap HMCIOT o6ru:ee OCHOBaHMC, pa)l.IIYC KOTOporo 

paneH 5. HaH)l,HTe 6oKonyro noBepxHOCTh KoHyca, ecmr era o6beM pa

Ben o6beMy rronyiiiapa. 
68. HaH)l,IITe OTHOillCHI1C IIOBCpXHOCTII H o6beMa IIIapa COOTBCTC

TBCHHO K IIOBCpXHOCTJ1 H 06beMy BIUICaHHOfO B IIIap Ky6a. 
69. HaH)l,J1Te OTHOIJICHHe IIOBCpXHOCTH II o6beMa mapa COOTBCTC

TBCHHO K llOJIHOH IIOBCpXHOCTH 11 o6beMy OITHCaHHOrO BOKpyr Hero 
KOHyCa C paBHOCTOpOHHHM OCeBbiM CC'-ICH11CM. 

70. Onpe.nennTe noBepxHoCTb mapa, ormcanHoro OKOJIO Konyca, y 
KOTOpOrO pa)l,»yc OCHOBaHHJI paBCH 2, a BbiCOTa paBHa 4. 

71. B IIIap nn»caH KoHyc, o6pa3yiOuJ,a5l Koroporo panHa .nnaMeTpy 
OCHOBaH!1.H. HaH)l,llTC OTHOIIICHHC TIOBepXHOCT!1 IIIapa K IIOJIHOH no

BepXHOCTH KOHyca. 
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72. MeTaJIJIHqecKIIM map pa,n:Hyca ifi neperiJiaBJieH B KoHyc, TIJIO
II(aJJ:h OCHOBaHII51 KOTOpOfO B 3 pa3a MeHbme 6oKOBOM TIOBepXHOCTH. 
BbrqncJinTe Bbicory KOHyca. 

73. OceBoe ceqeHIIe KoHyca - paBHocropoHHHM rpeyroJibHHK. 
HaMJJ:HTe OTHOmeHHe o6neMa BTIIICaHHOfO B KOHYC mapa K o6neMy 
KOHyca. 

0mBembl: 1. 60° . 2. 3 CM. 3. 36,Ji. 4. 4 Jl:M. 5. 8. 6. 4.J3 CM3. 

27../5 17\ ( 17\) Mi'\ 9d
3 

7. ---sQ. 8. 2v2. 9. 13 4-v3 .10. 24.11. 0,5.12. -v30; 10 .13. 
64 

. 

25-/6 3 M 2 12M 14. -
3
-. 15. 375. 16. 0,125a . 17. 6+v3. 18. 12cM . 19. ~. 

20. 1. 21. 36+10,Ji. 22. 294. 23. 30 CM2. 24. 3ffl. 25. 1,2. 26. \~2 . 
a3. a2.J3(i+,J2) 1 3 

27. 9. 28.12. 29. 6. 30. 128-/6. 31. 24, 4 . 32. 3. 33. 8. 
r;:;. 2../3 3a2.J3 3,Ji J47 3 34. 2+2v I , 3· 35. 4,5. 36. -

4
-. 37. 4· 38. UCM. 

15../3 148,J2 (a3
-b

3 ).J3 
39. -

4
-.40. 126.J3. 41. -

3
-.42. 

12 
. 43. 18 CM. 44. 486. 

45. 8f; 24. 46. 9.J3(,J2+1)cM2. 47. 6.JT0 CM3. 48. 1,5h2.J3. 

72.fi 1 r;:; 2 a 3 J2 6../1833 49. ~-50. 3 ; 2+v2. 51. 3a; -
3
-. 52. 

47 
. 53. 3. 

3,[i .J5 7V 8n 5 54. -
2
-.55. 2251t. 56. S. 57. 1. 58. 27 . 59. 3 . 60. 16. 61. 3 CM. 

62. 2ifl. 63. 36. 64. 36. 65. 8n(,J2-1)'. 66. 4;. 67. n25.JS. 

68. 51 : 52 = 1t: 2; V1 : V2 = n.J3: 2. 69. 51 : 52 = V1 : V2 = 4: 9. 70. 25n. 

71. 16:9. 72. 4. 73. ~. 
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KoHTponbHbllll TeeT 

N!! 3a.n;aHIUI BapnauTWOTBeToB 

flJJOI.l\a,ll;b 60KOBOli ITOBepXHOCTH KOHy-
1)47t; 

ca pasHa 2n.J13 . EcJJu paiJ.HYC KOHyca 
2) 67t ; 

1 3) 4n.J3; 
S ITOJJTOpa pa3a MeHhiiie ero Bh!COThl, 

4) 2n.J3; 
TO ITJJOlll,a,ll;h OCHOBamm KOHyca paBHa 

5) 127t. --
,llHaroHa.Jih npaBIIJihiiOH qeTbipexyroJih- 1)2J2; 
HOH npH3Mhi o6pa3yeT yroJJ 30° c 6o- 2)2J3; 

2 KOBhiM pe6poM. Bo cKOJJbKO pa3 cyMMhi 3) 2..f6; 
llJIOlll,a,ll;eH OCHOBaHUil npH3Mbi Meiibiiie 4) J3; 
llJIOJ:Ua,ll;H ee 6oKOBOH llOBepXIiOCHI? 5) ..f6. 
fiJIOlll,a,ll;h 6oKOBOH llOBepXHOCTH U:HJJHH- 1) 32; 
,npa pasHa 30. Ecmr oceBhiM ceqetmeM 2) 52; 

3 QHJJHH,'lpa 5IBJJ5IeTC51 KBaJJ;paT, TO IIJJO- 3) 36; 
UlaJI.b llOJIHOH llOBepXHOCTH U:HJJHU,n:pa 4) 45; 
pasHa 5) 30. 
BepiiiHHbi np51MoyroJibuoro TpeyroJJhiiH- 1) 7t; 
Ka c KaTeTaMH 5 II 6 JJeJKaT Ha nonepxuoc- 2) 31,24; 

4 TH ccpepb!. Ecmr IIJIOUla,'lh ccpephr pasHa 3) 4; 
125 7t, TO pacCT05IHHe OT u:euTpa ccpephr 4) 9,3; 
,21;0 IIJJOCKOCTII TpeyrOJJbHHKa paBHO 5) 23,5. 
B paBHo6e.n;peHHOM TpeyroJJhHHKe ABC 
c ocuonaHIIeM AB = 6 H 6oKonoil: CTopo-

1) 10; 
HOH BC = 5 H3 u:eHTpa 0, Brr!Icarmoil: B 

2)M; 
5 TpeyrOJJbHHK OKPYJKHOCTH, BOCCTaHOB-

3) .f[9; 
JJen rrepneH,'liiKYJI5Ip OK K nnocKOCTII 

4) 5,5 
TPeyroJihHHKa ABC. EcJJII paccT05In:He 
oT ToqKH K ,no rrp5IMOH AB paBHO 3,5, TO 

5) 25. 

.n;JJHHa OTpe3Ka OK pasHa 

B rrpaBIIJJbuoil TpeyroJJbnoil nnpaMn,ne 1) 4; 
6oKOBOe pe6po o6pa3yeT C BhiCOTOH yroJJ 2) 2,9; 

6 60°. EcJJH rrJJoma,n:h 6oKonoli rronepxHoc- 3) 2.J7; 
TH rmpaMII,ll;hi panna 3.J7 , TO cTopoua ee 4) 3; 
OCHOBaHII5I paBHa 5) 2f3. 
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3aAaHIUI BapuaHTbi OTBeToB 

7 

8 

9 

B TpeyroJibnyro rm:paMHAY BIII1can Ko- 1) 14; 
nyc, IIJIOII(alJ.b OCHOBaHI151 KOTO_?OfO paB- 2) 7,7; 
Ha 1t. Ecmr nJIOIUa,IJ,b 6oKOBOH rroBepx-

3
) 21 . 

HOCTH ITIIpaMHlJ.bi paBHa 7 .JfO , a o6beM 4 7 J7 . 
nupaMHlJ.bi paBeH 7, TO nepHMeTp ee oc- 5~ 2Ji0 . 
HOBaiUUI paBeH 

B Kouyc Brrucaua nupaMMAa SABCD, 
"' 1) 12; 

OCHOBaHMeM KOTOpOM CJIY)KMT Tpaneu;M5I 
2

) 
24

. 
ABCD. EciiM yroJI BAD paBeu 45°, oc- 3) 26; 
uoBaHH5I Tpaneu;HM BC =6, AD=30, 4) 

6
M. 

a o6pa3yiOIUa5I Kouyca paBua .J810, TO S) 3,25.J1o. 
BbiCOTa rmpaMMlJ.bi paBHa 

EcJIH OKOJIO rrpaBHJihHOH TpeyroJihHoii 
npM3Mbi, CTOpOHa OCHOBaHM5I KOTOpoif 
BlJ.BOe MeHbllle BbiCOTbi, OIIHCaTb map, TO 
OTHOlllenne o6beMa mapa K o6beMy rrpn-
3Mbi 6y11.eT paBHO 

IliiomaAb ocnoBamui npaBHJibHoii 
TpeyrOJihHOH IIMpaMHlJ.bi paBHa 9.J3 , 
a ee 6oKoBoe pe6po paBHO 3.J2 . Ecm1 

1) 641t . 
27 , 

2) 2n.J3; 
3) 1t; 
4) 181t; 
5) 32. 

1) 9,5; 

1 O qepe3 CTopouy OCHOBaHH5I IIIIpaMHlJ.bl 
nepneHAIIKYJI5IpHO IIpOTMBOJie)Kall(eMy 
60KOBOMY pe6py npoBeCTM llJIOCKOCTb, 
TO IIJIOII(a,IJ,b noJiyqenHoro ceqemm 6yAeT 
paBHa 

2) 9; 
3) 10; 
4) 12,2; 
5) 6.Jf0. 

B np5IMoi1 napaJIJieJiennneA, o6beM KO- 1) 6; 
Toporo pasen 36, BmrcaHa c¢epa. EcJIM 2) 10; 

1f llOJIOBHHa OlJ.HOH H3 CTOpOH OCHOBaHM5I 3) 4,5; 
napaJIJieJienuneAa paBHa 2, TO AMaMeTp 4) 4; 
c¢epbl paBen 5) 3. 

--------------------------+~------------~ 
OcnoBarmeM np5IMOH npH3Mhl CJIY)KIIT 1) 72 cM2. 
paBuo6e11.pennM Tpaneu;n5I ABCD co 2) 180 c~2; 

12 cropouaMn AB =CD= 13 cM, BC = 11 CM 3) 222 CM2. 
n AD= 21 CM. EcJIH o6beM npH3Mbi pa- 4) 150 CM2: 
Ben 1728 CM3, TO IlJIOII(alJ.b ee AHafOHaJib- S) 70 CM2. ' 
noro ce<IeHH5I paBna 
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.N!! 3a,z:t;aHHJI BapnaHTbi OTBeToB 

B ocHoBamm qeTbipexyroJibHOH nHpa-
MHJl.bi PABCD JieJKHT KBa,z:t;paT ABCD. 

1) 2J2; Pe6po PB nepneH,z:t;HKyJiapHo nJIOCKOCTH 
ocHoBaHHa H HMeeT ,z:t;JIHHY !if2 . Tol.JKa 2) JPi.; 

13 
M- cepe,z:t;HHa pe6pa PC. EcJIH rrJIOCKOCTb 3) 2; 

BMD o6pa3yeT c nJIOCKOCThiO ocHoBaHHa 4) 12; 

ITHpaMHJI,bi yrOJI 45° , TO IlJIOill,aJJ,b Tpey- 5) 1. 

roJihHHKa BMD paBHa 

B KoHyc BITHCaH map pa,z:t;Hyca 1. Ecm1 
1) sin4ex; 

2) sin3ex. 
o6pa3yiOill,a51 KOHyca BHJJ,Ha H3 !IeHTpa 3 ' 

14 BIIHCaHHOfO B KOHYC mapa ITOJJ, yrJIOM ex 
3) _ tg ex . 

, To paJJ:Hyc mapa, omrcaHHoro oKoJio Ko- sin4ex' 
Hyca,paBeH 4) 2cosex; 

5) 5cosex. 

HoMep 3MaHIHI 1 2 3 4 5 6 7 

HoMep npaBHJibHoro 
1 3 4 3 2 5 1 

OTBeTa 

HoMep 3a.naHH.H 8 9 10 11 12 13 14 
Hol\mp npaBHJibHoro 

2 1 2 5 2 5 3 
OTBeTa 
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